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Chapter 1

Baker-Campbell-Hausdorftf Formula

1.1 Introduction

Recall the power series;

1 1
epr:[+X+§X2+§X3+-~-, (1.1)
we wish to study
log(exp X expY') (1.2)

which will yields an expression for C' such that exp C' = (exp X)(expY’). The problem is
that X and Y need not commute. For example, if we retain only the linear and constant
terms in the series we find

logl1+ X+ )14+Y+--)]=logl+ X +Y +-- ) =X+Y +--- (1.3)

On the other hand, if we go to to terms of second order, the non-commutativity begins
enter:

1 1
log[(I+X+§X2+---)(I+Y+§Y2+...)]
1 1
:109[1+X+Y+§X2+XY+§Y2+-~-]
1 1 1
:X+Y+§X2+XY+§Y2—§(X+Y+~-~)2+-~-

1
= X+Y + (X Y]+ (1.4)



Collecting the terms of degree three

1 1 1 1
log[(I+X+§X2+§X3+-~-)(I+Y+§Y2+§Y3+--.)]

1 1 1 1 1 1
:log[I+X+Y+§X2+XY+§Y2+6X3+§X2Y+5XY2+6Y3+---]

1 1 1 1 1 1
= X4+ Y+ X2+ XYV + Y2+ X34 XY + —XY? oY
2 2 6 2 2 6
1 1 1 1
—§(X+Y+§X2+XY+§Y2+---)2+§(X+Y+---)3---
1 1 1
:X+Y+(§X2+XY+§Y2)—§(X+Y)2
+(1X3+ 1X2Y+ 1XY2+ 1Yi")
6 2 2 6

1 3 3 1 1
—§(X3 + EX2Y + 5XY2 + EY?X + 5YX2 +XYX +YXY +Y?)

1
+§(X3+X2Y+XY2+Y2X+YX2+XYX+YXY+Y3)+-~-

1 1
:X+Y+§[X,Y] +E(X2Y+XY2+Y2X+YX2 —2XYX —2YXY) + ---
(1.5)

We can rearange

1
— (XY + XY? 4+ YV’X +YX? —2XY X —2Y XY)

12
- 1_12 (XY - XYX) - (XYX -YX?)+ (Y’X -YXY) - (YXY — XY?))
= SXIGY] = XYY 4 YT X] - [V X]Y)
= DI Y]+ VY X (16)

The content of the Campbell-Baker-Hausdorff formula is that the series log(exp X expY’)
can be expressed entirely in terms of successive Lie brackets of X and Y.

1.2 Dynkin Formula

log(exp X expY) = Z
k=

(—1)k-1 5 1 (XY 6 . X6y )
<k i+ -

T A T AR T
(1.7)



where, and the following notation has been used

[X(il)Y(jl)...X(ik)Y(jk)]:[ X XYL Y XX XYY L Y]

. (- .

-~ -~ -~ -~

i1 Ji iy Jk (1‘8)
Since [A, A] = 0, the term is zero if j, > 1 or if j, =0 and 7, > 1.
The first few terms are
Z(X,Y) = log(expXexpY)
= XY 4 S[X Y] o (X [X, Y] - [V [, X)
1
_2_111[1/7 [X> [X> Ym
_%([Ya [Y> [Ya [Y> X]m + [X’ [X’ [X’ [X’ Y]m)
s (1Y [, 1Y, X + [ [, X, [ V)
—Hlo([Y, (X1 XY+ G Y X IY XTI + - (1.9)
1.3 Derivation
1.3.1 Derivative of the exponential map
4 xiy _ x L= e dX() (1.10)

dt ady  di

where ad is the linear transformation of the Lie algebra given by ad,(Y) = [X,Y]. It
1—exp(—adx)

dx is given by the

is the adjoint action of a Lie algebra on itself. The fraction
power series

1 —exp(—adx) _ i (_1)k (adX)k (1.11)

(@)



Proof

Define

0
(s, t) = e_SX(t)aeSX(t). (1.12)

Let Ad denote the adjoint action of the group on its Lie algebra. The action Ad, =
AXA™! where A € G, X € g. A relationship between Ad and ad is given by

Adx =", Xeg. (1.13)
Proof of (1.13):
Define
fO) =eMAe ™M = —C (1.14)
n=0

We have f(A=0)=C, = A and

C%\eAXAe,\X = M[X, AleX
2
%eAXAe)‘X = X, [X, Al]le™™
dm -
d)\—me’\XAe_)‘X = ™ ((ady)™(A))e ™M (1.15)
implies
_ — A" m
MAeM =) —r(ady)™(A). (1.16)
n=0
and so
S 1 m a
Ad_x(A) = X Ae™ = ZO —(ady)"(A) = e dx(A), (1.17)

establishing the result.



Algebraic proof of (1.13):

We will first show that by induction that

- n!

(ady)"(A) =) mX’“Y(—X)”*k. (1.18)

k=0

Assume the result for m, then

(ad )™ (A)

- m! k m—k
ad (; m}( A(=X) )

- m! k m—k
k=0
- m! k m—k
Zk!(m_k) (X, XPA(=X)"]
k=0
XkA X m+1—k Xk+1A -X m—k
> T X AR XA X))
k=0
XkA X m+1—k Xk+1A X m—k
%k'(m s ACX) +Zk!(m—k) (=x)"
m S m' m+1—
A(—X) +1+ZkaA(_X) +1—k
— k! !
m+1 m'
=+ . XkA X m—+1—k
;(k Di(m+1—k)! (=X)
x)m m+1)! k m+1—k m+1
+Zk,m+1_ >XA(—X) + XA
m+1
(m+1)! k _
XFA(=X)mHi=F, 1.1
Zk'(m+1—k) (=X) (1.19)

k=0

We check the result for m = 1:

Zkl(lliik)lx’%(—x)l—k = XA+ A(-X)

— ady(A). (1.20)

Now by direct computation



Ad_x

e

;0 n;O 1
= Z_()% Fm S A0

=1 “ m! k ek
- ZOM (; Kl (m — k)'X A=%) )
= 3 ()" (4)
= ea;X(A)

where we introduced the index k = m + n.

Using the product rule twice with (1.12)

By (1.13)

Integration yields

o 9 —xw9 axw
0s ds ot
est(t) (_X)gesX(t) + 67sX(t) g [X(t)esX(t)]
ot ot
dX
est%esX‘
r
or_ = Ad, X' =" X',
Ds
L(1,t) = X(t / —ds—/ X X'ds.

(1.21)

(1.22)

(1.23)

(1.24)

Using the formal power series to expand the exponential, integrating term by term, and

finally



k=0
(=D RAX
= d VP2
; (k + 1)!(a x) dt
1— _
_ exp(—ady) ax (1.25)
ad dt
and the result follows.
1.3.2 General Case
The formula in the general case is given by
d /
7 SXP(C(1) = exp(C)e(exp(C))C", (1.26)
where
e*— 1 [
o(z) = . :1+5Z+§Z +..., (1.27)
which formally reduces to
d 1 — e %c dC(t)
- = 1.28
i PO0) = e — T (1.25)
1.4 Derivation of Dynkin’s series formula
If Z(t) is defined such that
Z(t) = et (1.29)

an expression for Z(1) = log(exp X expY'), the BCH formula, can be derived.
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d Z
2

= Vet (X XtV | X YY)

dt
= e XM +Y
= e X 1Y (1.30)
By the general formula (1.26),
Z(t —ad
2 @e?Y 1 ez dz(t) (1.31)
dt ad, dt
Using this in (1.30) gives
=e Y X +Y. 1.32
ad, @t °© * (1.32)
Hence, formally,
dZ(t) ad, —tady
= WX 4+Y). 1.33
dt 1 — ez (e +Y) (1.33)
However, using the relationship between Ad and ad given by (1.13) we have,
7(A) = Ady(A)
= e?Ae?
XY ot o tX
= ¥ Ad,, (A)e ™
= AdyyAd,y (A)
= efrdxetady (4), (1.34)
Using this in (1.33) gives
dZ(t) adZ ad —tad
T = me z (6 v X + Y)
_ adZ tadx tad —tad
= e Xl (g7t X +Y)
_ ady, tad
= A (X 4y, (1.35)

11



Now since

ad, = log(exp(ady,))
= log(1+exp(ad,) — 1)
= (-1

=2

n=1

(exp(ad,) —1)", |lad,|| < log2

it follows

n+1
(exp(ad,) — 1)"(X + €“xY)

0 _s o

n=1

Changing the summation index in to K = n — 1 and expanding

N

— kE+1

The log-series and the exp-series are given by

k
i i 20 i j
(eadixeadey _ 1)kA = ( t'(ady) Zt (afiy) _ I) A

! !
-~ =
. ; NE
_ ( Z ti+j(adX) (&dY)j> A
i,j>0,i4j>1 ily!
1

X 1\k
_ Z 1) {(eadtxeadty - 1)kX + ( ad; x adiy _ 1)€athY} )

Ji ... i Jk
_ E :tilJrler"'JrikJrjk ady " ady ady ™ ady, A

(AVARERY MY

0,7, >0, 47 >01<r<k.

SES

Using this result in (1.38)

12

(1.36)

(1.37)

(1.38)

(1.39)

(1.40)



% _ Z (=1)* Z {ti1+j1+"'+ik+jk adx"ady™ - - 'adxzkadyij

1 g e 1]
k=0 k+ $E€Sk i1 >0 B! U I

i1 g, .. ik Jk 1
4 it i i ady"ady ady™ady ™" ady Y}
)

AVARRT AT AT
ivd, > 0,0, +j,>0,1<r <k (1.41)

or by switching notation

z _ Z (—-1) Z {tz‘1+j1+-~-+z‘k+jk (XY G X @)y Gk) X
AVARERY MY
(XY G X @)Y Gk) X (k1) Y] }
(MY PRERER Y MY A ’
b Jp 20,0, +7,>0,1<r <k (1.42)

k=0 SESk,ik+120

4 til +iit At tietig

Now integrate Z = Z(1) = fol 4 ¢, using Z(0) = 0,

O (—1)k 1 X @)y @) ... X))y Ue) X
D e IR v XA
k=0 + SESkixs1>0 Wt t Tyt (SRVSRRRRNIRYIX
1 [X(i1)y(j1) .. .X(ik)Y(jk)X(ik-&-l)Y] }
(S e i e i [ SO gyt !
i.,7, >0 +7. >0,1<r<k. (1.43)
We can write this as
[e.e]
(-1)*
7 =
R pY
k=0 SGSk,Z]H_lZO
{ 1 [X(il)y(ad) .. .X(ik)y(jk)X(ikH=1)Y(J'k+1=0)]
Pl e i ol o (ik+1 =1)+ (jk+1 = 0) SIVIRAR 'ik!jk!(ikJrl - 1)!(jk+1 = 0)!
1 (XY ). X @)Y Gr) X Grrn) y e =1)] }
gttt gt g + U = 1) iy i i U = 1)
i3, >0 +7. >01<r<k. (1.44)

But this is equal to

13



00 _1)k
2T 2

k=0 SGSk,ik+1ZO
{ 1 [X @)Y @) .. X @)Y k) X Gre1) y (Grs)] }
(O P e ol W ol o A s ol PR (RVREE 'ik!jk!ikJrl!ijrl!
r,jr207ir+jr>0,1§r§k+1. (1.45)

using the fact that [A, A] = 0.

Finally, shifting the index, k — k — 1,

- o -
1 - 1 (XY 6D .. X6y 6]

z = log(epreprzZ Zi+j+---+i+j AN AT A
k=0 ses, 1 1 k k “1°J1° kJk "k+1"Jk+1"

by Jp 20,0, +7,>0,1<r<k (1.46)

establishing Dynkin’s formula.
1.5 Expansion

Z(X,Y) = log(expXexpY)
Z 1 [X(il)Y(jl)]

1+ 7 il‘jl!
Z (X )y 1) X (2)y (72)]
i+, +Z2+32) BIVIROY

Z 1 [X(il)Y(jl)X(i2)Y(j2)X(i3)Y(j3)]
3(iy + ) + iy + Jo + iy + Jy) PIVACY IS

Z 1 [X (Y 1) x (2)y (2) X () y (73) X (1a) y (54))]
3(iy + gy iy 4 Jy iy + Gy iy + ) VNIRRTV

+-- (1.47)

14



Z(X,Y) = log(expXexpY)
1
= X+Y+ [ X, Y]+

2
1 1
_2(1+0+0+1)[X’Y]_2(1+0+0+1)[Y’X]
1 1
_2(1+1+1+0)[X’[X’Y”_2(1+o+1+1)[Xv[Y7X]]
1
_2(0+1+1+1)[Y’[Y’X”_'“
L X [X Y]] 1 Y, [Y, X]|
T22404+0+1) 20 2042+4041) 2
1 1
+3(1+0+0+1+1+0)[X’[Y’X“+3(1+0+0+1+0+1)[X’[X’Y”
1
+3(0+1+0+1+0+1)[Y’[X’Y”+"'
= XY LX) (XX Y] 4 VY XT) (1.48)

2 12

1.6 Special Case: (X, [ X, Y]|=[Y,[X,Y]]=0
We wish to prove that

exp(X +Y) = exp(X)exp(Y) exp(C/2) (1.49)

where C' = [X,Y].

1.6.1 Simple Proof

From () we have

exp(AX)Yexp(—AX) = Y+ AX, Y]+ ;—7[)(, [X, Y]] +...

= Y +AX,Y] (1.50)

where we have used [X, [X,Y]] = 0.

Now differentiating

15



g(A\) = exp(AX) exp(AY) (1.51)

with respect to A yields

d

ag()\) = Xexp(AX)exp(AY) + exp(AX)Y exp(—AX) exp(AX) exp(AY)

= (X +Y 4+ XX, Y])g(N) (1.52)

where we have used (1.50). A natural “guess” for a solution

g(\) = exp ()\X + Y + )\;[X, Y]) (1.53)

does indeed work when we assume [Y, [X, Y]] = 0. Combining (1.51) and (1.53) gives;

exp(X)exp(Y) = exp (X +Y + %[X, Y]) (1.54)

for A = 1, which is the desired result.

1.6.2 Algebraic Proof Involving Mathematical Induction

We split the proof into a number of steps.

Step 1:

Substituting

YX=XY-C (1.55)

into, for example,

XYYYX = XYYXY - XYYC
= X(YYXY)-CXYY
= X(YXYY -YCY)-CXYY
= X(YXYY)-2CXYY
= X(XYYY —CYY)-20XYY
= XXYYY —3CXYY. (1.56)

16



It should be clear that ant sequence of X’s and Y'’s can be explained in series whose terms
are of the form

ctxmy™, (1.57)
We define a normal ordering
(X +Y) = (:1) xXmynm, (1.58)
m=0

This is to make the calculation a little more tractable, it allows us to write

1 1 1 1
exp(X)exp(Y) = (IL+X+§X2+§X3+---) (1+Y+5Y2+§Y3+---)

1 1
= 1+ (X+Y)+ (§X2+XY+§Y2)

1 11 11 1
+ (—X3 + ——X?Y + ——XY2—Y3) + ...

3! 211 112! 3!
+%§(Z) Xmynmog
= 1+:X+Y:+%:(X+Y)2:+%:(X+Y)3:+-~- (1.59)
To prove the BCH formula is to show
exp(X +Y) =rexp(X +Y) : exp(C/2) (1.60)
Step 2:
We show by induction that
(X+Y)""=XX+Y)"+ (X +Y)"Y —nC(X +Y)" 1. (1.61)
Proof: First we assume for (X +Y)™ that
X+Y)"=XX+Y)" '+ (X+Y)"'Y — (m-1)O(X +Y)™? (1.62)

17



and we multiply both sides from the left by X + Y,

X+Y)X4+Y)" = X4+YVXX+Y) "' (X + V)X + Y)Y
—(m—-1D)(X+Y)C(X +Y)"? (1.63)

This immediately simplfies

X+Y)" = (X + VXX +Y)" '+ (X +Y)"Y — (m—1)C(X +Y)" " (1.64)

After a bit of rearrangement we have

(X+Y)™™ = [ X(X+Y)-Cl(X+Y)" ' (X +Y)"Y — (m - 1)C(X + V)™
= X(X+Y)"+ (X +Y)"Y —mCO(X +Y)™ 1. (1.65)

It is easy to check that for m = 2 that
(X+Y)P=XX+Y)+(X+Y)Y -C. (1.66)

Step 3:

By the argument any combination of X’s and Y’s can be written in (1.56)

[n/2]
(X+Y)" =) a,, " (X+Y)": (1.67)
m=0
where
B n/2, n even
[n/2) = { (n—1)/2 nodd. (1.68)

Thi is called a floor function and it gauarntees that [n/2] is always an integer and that
n — 2m does not become negative.

We now derive a recursion relation using (1.61) to find the v, ’s. We have

18



[(n+1)/2] /2]

Z Qi RO (X + Y)n+1—2m =X Z Oén’mcm (X + Y)n—2m :

m=0
2 ((n=1)/2]
Z Oén7mcm N (X + Y)TL—Qm : Y — TLC Z Oénfl,mom : (X + Y)Tb—l—Qm .
m=0 0
(1.69)
By noting
P
X:(X4+Y)P:+:(X+Y)P:Y = Z <§) [Xpﬂyqu i Xpypﬂ,q]
q=0
- p
- ntl p+1y p+l—q n+1
- X +Z[(q_l)+()}x Y 1Y
qg=1
p+1
= 2 (p - 1) XpHlypti-a
q
q=0
= . (X + Y)erl . (170)
(1.69) simplifies to
)2 (n/2)
Z X1 O (X 4 y)mti=2m . — Z a, ,C": (X +Y)r+i-2m .
m=0
[(n—1)/2]
—nC Z Q, 1,m :(X+Y>n—1—2m:
(1.71)
which then becomes
[(n+1)/2]
anJrl,OCO : (X + Y>n+1 Pt Z an+1,mcm : (X + Y)n+1_2m :
[n/2]
=aq, C’O (X +Y)"tt. +ZO‘ O™ (X 4 Yy
m=1
[(n—1)/2]
—nC Z a, ,,,C": (X +Y)r—1t-2m .
m=0
(1.72)

19



or

[((n—1)/2]
X0 - (X + Y)n+1 T4 Z an+17m+10m+1 (X + Y)n7172m :
m=0
[(n—2)/2]
=, (X + Yy Z O‘n,m+1cm+1 (X 4+ Y)niam
m=0
[(n—1)/2]
—n Z animem-I—l . (X +Y)n—1—2m .
m=0

(1.73)

We consider n even and n odd separatly. Firtst n even. The upper value in two of the sums
is [(n—1)/2] = (n—2)/2 and the upper value in the other sum is [(n —2)/2] = (n —2)/2,
meaning the upper value in all summations is the same. We arrive at

an+1,m+1 = an,erl - nanfl,m (174)

(provided «,, o = @, o). This recursion relation is solved by
" n!
=(-z) ————. 1.75

Ynm ( 2) (n — 2m)!m! (1.75)
Proof:
N o _ (" n! (LN (1)

mamtl n—lm (n—2—=2m)l(m+ 1)! 2 (n—1—2m)!m!

) M—l—;%mn+nﬂm—1—%m—04xm+n]

)m“( (n+1)!

n—2m—1)!(m-+1)!

| I
/\/T/\
NI~ NI~ N~

(1.76)

an—l—l,m—f—l :

and the condition « =« , is obviously satisfied).
n+1,0 n,0

+

We now consider n odd. The upper value in two of the sums in (1.73) is [(n — 1)/2] =
(n —1)/2 and the upper value in the other sum is [(n — 2)/2] = (n — 3)/2, meaning the
upper value in the summations is not the same. We must consider the condition

20



Qi1 (n-1)/241 — ¥ 1 n-1/2 (L.77)

separaletly. This can easily be shown to be satisfied by (1.75):

n—1

e _ (_1) R (n—1)!
ot 2) =020 0/~ 1/2)

= 2 (—%) o O'((+'1)/2)'

(_1)"7‘1“ (n+1)!, (n+1)/2
n+1 ((n+1)/2)!

B 1 ol (n+1)!
- (_é) 0 ((n—1)/2+1)!

Qb1 (n—1)/2+1°

(1.78)

(and again the condition o,
established in general.

110 = @, is obviously satisfied). Thus (1.75) has been

Now substituting (1.75) into (1.67) gives

[n/2] m
n __ 1 TL' m . n—2m .
(X +Y)" = mEZO: (—5) g O Y (1.79)

and using this we have

exp(X +Y) = Z%(XjLY)"

n=0
oo [n/2] m
1 1 !
LSRR oY (A L R
n! 2) (n—2m)lm!
n=0 m=0

iO: [n/2] (—C/Q)m (X + Y)n—2m .

m! (n —2m)! (1.80)

We reorder the summations:

21



exp(x +¥) = S HEEIE Sy LAY

all m=0 terms all m=1 terms

. (=C/2)2: (X + V)4
+Z( 2!/) <(n—4))! *

~
all m=2 terms

o0

_ (1+(—0/2) S(=C/2y )Z X+ )

n=

= exp(X)exp(Y)exp(—C/2).

Hence we arrive at

exp(X +Y) = exp(X) exp(Y) exp(—C/2).

22

(1.81)

(1.82)



