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Terminology and Notation

Here is a list of symbols.

] commutator

Poisson bracket
Hermitian conjugation
definition

identity

— A
—

IEl

only true in a special coordinate system

iff If and only if
Mab Minkowski metric
n(x) test function of a variation of action
A space of gauge fields or area
A, (z)  Yang-Mills connection
Du covariant derivative
M spacetime manifold
M The Master consraint
M The Master consraint operator
wz‘ﬁ spin connection
C constraint surface in phase space
S labells spin-network
S equivalent class of spin-networks under the action of Diff denoted s— knots
s(S) denotes equivalent class S to which belongs
9ub spacetime metric
b extrinsic curvature of 3
G Einstein tensor
T, The energy-momentum tensor
e}, B¢ tetrad and triad
L, Lie derivative with respect to t
n, unit normal to X,
N, (N) lapse function (density)
N¢ shift vector on X
Q.5 sympletic form
A/G space of gauge fields moduli gauge transformations
[4] gauge equivalence classe of the connection A

HA the holonomy algebra
HA the completion of the holonomy algebra in the norm |[f|| := supyc 4,6 | f([A]) |

A/G spectrum of H.A
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Chapter 2

Quantum Electrodynamics

An open problem in quantum gravity is to compute particle scattering amplitudes from
the background-independent theory and recover the low energy physics.

Calculations should agree with low energy conventional field theory. Here we introduce
conventional scattering theory.

Feynman derived his rules in a non-rigorous fashion but it still incorporated all QED
processes. These rules were shown to follow from a systematic treatment within the
framework of quantum field theory. In this appendix we follow the route taken by Feyn-
mann, we breifly demonstrate its equivalence to the more rigorous quantum field theory
in the next appendix.

2.1 The Electromagnetic Field and the Photon

Light behaves as a wave as it demonstrates interference and diffraction. Maxwell’s theory
seemed to confirm the wave theory of light.

But then the development following the discovery of the photoelectric effect led to the
realisation that sometimes light behaves like particles.

2.1.1 Review of Special Relativistic Notation

(2.1)

=
=
R
I
S OO
[a=)
|
—

19



1 0 0 O
0 -1 0 0
J7 7 -1 _
n (77 ),uy 0O 0 =1 0 (2'2)
0 0 0 -1
The world four vector
ot = {20 2t 2 2} = {t, 2,9, 2} (2.3)
describes the spacetime coordinates. The covariant four vector is
T, = nlwa:” ={t,—x, —y, —2} = {x,, v,, 2,5, 75} (2.4)
We have
r-x = bz, (2.5
= tP -2 —y* - 22 (2.6)
The definition of four-momentum vector is analogous,
P ={E,p,p, .}, (2.7)
and the scalar product p, - p, is
-p, =pip,, = E E, —p, (2.8)
Py Py = P1Dy, 1H2 =P Py
and the scalar product x - p is
r-p=uatp, =z p=Et—x-p. (2.9)
We use the general notions for four vectors
a={ay a,a, a;}. (2.10)

We denote three-vectors by bold type as in

20



a={a,ay a5} (2.11)

The components
a* ={a°,a*,d? a®}

2.1.2 Maxwell’s Equations

(Classical electromagnetism is described by Maxwell’s equations. In the presence of a
charge density p(x,t) and current density j(x,?), the electric and magnetic fields E and
B satify the equations

V-E = p (2.12)
OE

B = j+— 2.1

V X J+8t (2.13)

V-B = 0 (2.14)
0B

VxE = = (2.15)

From the second pair of Maxwell’s equations follows the existence of scalar and vector
¢(x,t) and A(x,t) potentials defined by

B=VxA, E:—v-gf)—%—i‘ (2.16)

These equations do not determine the potential uniquely, since for an aribtrary function
A(x,t) the transformation

6= =012 A A=A-VA (2.17)

Expressed in terms of potentials the first Maxwell equation becomes

%) o (0
—-V? —a(V-A):qu—a(a—f—i—V-A):p (2.18)

For the second we need V x (V x A)

21



[V (VXA = €;0;(6p0,A)

eijkeki,j,ﬁjai/Aj,

— 2
= 0,0,A,— V4, (2.19)
DA+V(%+V-A):j (2.20)

In four-vector notation the gauge transformations (2.17) read

At — AF 4 0" A(x).

The first (2.18) and second (2.20) Maxwell equations can be combined into one equation

CA" — 9(3, AY) = j* (2.21)

2.1.3 Transverse Gauge field

It is always possible to find a function A(x) such that the transformed potential satisfies
the Lorentz gauge

9, A" =0. (2.22)

Only in this gauge does the wave equation have the simple form

A* = 0. (2.23)
For
k“ku =0 (2.24)
its solutions are plane waves
At (x, k) = e“Nk(e”'k'x + etF ) (2.25)

22



In the Lorentz gauge, we can make futher gauge transformations A* — A* + 0"A(x)
provided A satisfies

OA(x) = 0.

Such regauging does obviously does not change the Lorentz condition. The radiation
gauge

A"=0, V-A=0. (2.26)

can be chosen. To see this consider aribtrary A’(z), and postulate A(z) such that

V-A(x)=V-A(r) - V*A(z) =0 (2.27)
We obviously need to solve the equation
~V?A(z) =V - Al(z) (2.28)
Notice this is just the equation

~V2A(z) = f(x) (2.29)
which we know has the solution
A _ 3,/ f(T/) 2.
(@) = [ o T e (2.30)

Therefore this gauge can always be choosen. In this gauge the timelike component of e*
vanishes. e satisfies

e-k=0 (2.31)
and normalised such that
e-e=1 (2.32)
e“ku =0
e, = —1 (2.33)



2.1.4 Blackbody Radiation, the Photoelectric Effect and the
Compton Effect

E=hf (2.34)

where f is the frequency and h is Plank’s constant.

Blackbody Radiation

Boltzmann statistics for a gas of free particles is

p(@) = Ne BT

(Classical physics can be used to derive an equation which describes the intensity of the
blackbody radiation as a function of frequency for a fixed temperature - the result is known
as the Rayleigh-Jeans law. Although the Rayleigh-Jeans law works for low frequencies, it
diverges as f?; this divergence for high frequencies is called the ultraviolet catastrophe.

Planck’s law states that
2hf3 1

2.35
T (2.35)

I(f,T) =

We analyse using Bose-Einstein statistics: a “gas” of photons. There is no constrainton
the number of photons. We find that for a system of photons, that the number of photons
n(e)de in a (small) energy range € to € + de is given by

Consider an energy level €, with degeneracy g, containing n, bosons. This can be repre-
sented by g, — 1 lines, and the bosons by n, circles. The number of distinct orderings of
lines and circles is

(n, +g,— 1)!

n (g, — 1) (2:30)

The total number of microstates for a given distribution is

I] (0 +g,— 1! (2.37)

n;!(g; — 1)!

For g, >> 1 this can be replaced by

24



({ny) = [T %) (2.38)

n,lg,!

%

If we assume that both g, and n, are large enough for Stirling’s approximation to hold for
Ing,! and Inn,!, we find that Int is given by

Int~ Z[(nz + gi) ln(ni + gi) — g; In g; —n, In ni]dni (2'39)
We want to maximise In¢ subject to the constraint
> emn,=U. (2.40)

If Int were maximal the change in In¢ resulting from changes dn; in each of the n,’s would
zanish:

dlnt ~ Z[ln(ni +g,) —Inn,dn, = 0. (2.41)

If all the dn,’s were independent from each other, each coefficient in (2.41) would have
to zanish. However because of the constraint (2.40) it no longer follows that all the dn,’s
are independent from each other as they have to satisfy

dU = " e;dn, = 0. (2.42)

7

Adding this multiplied by the Lagrange multiplier 5 to (2.41) we obtain

> [n(n, +g;) — Inn, + Be;Jdn, = 0 (2.43)

2

which is a condition for a maximal value for Int subject to the constraint (2.40). For
appropriate value of 3 we can consider all dn, independent from each other. Therefore,
each coefficient must zanish separately:

In (M) + Be, = 0. (2.44)
n.

2

We then find that the most probable distribution is

25



g;
= 2.45
n, pc— ( )

This is the Bose-Einstein distribution. 3 is related to the temperature, so the Bose-
Einstein distribution takes the form.

n; = ——+—. (2.46)
exrr — 1
We consider a “gas” of photons.
d
n(e)de = 956) ‘ (2.47)
err — 1

where g(€) are the density of states. We first derive the density of states as a function of
the wavevector k.

In order to determine the available wavevectors, we ask what standing waves can propagate
within the box subject to boundary condition that the amplitude is zero at the boundaries.
Using a cube with a side of length L, we see that there must be an integer number of
half wavelengths in L for each of the directions. Hence if the vector is /;, with Cartesian

components (k,, k,, k_), we must have

po= e T T 9.48
- i 2.9

where n_, n, and n_ are from the set of positive non-zero integers - these define “elementary

cells”. The total number of states with wavwenumber, ]E\, less than some value £ is found
by counting the number of triples (n,, n,, n,) such that

7r
—\/ne+nl+n2 <k (2.49)

We can find this by considering the octant of a sphere of radius % in /;—space. The volume
of the sphere in k—space is

h

4
§7T]€3

and the volume of an elementary cell is



therefore the number of states satisfying (2.49) is 1/8 the volume of the sphere divided
by the volume of an elementary cell,

where V' is the volume of the container. We must multiply this by a factor of 2 from
the fact that there are two polarisations for the photons. Using g(k) = 2 x dN(k)/dk we
obtain for waves in a box

14
(27)?

Now we use the quantum relationship between photon energy and wave number:

g(k)dk = 2 x 47 k*dk. (2.50)

e=hf= % = hc% = hck. (2.51)
Vo€
= 2.52
g(€)de = 8w o)’ (hc)?’de (2.52)
Thus, the number of photons n(¢€)de in the energy range from € to € + de is
87V €2de
The energy u(e) in the range € and € + de is given by:
87V de
u(e)de = n(e)ede = P er —1 (2.54)
Since the energyand frequency are related by the quantum formula,
e=nhf,
we find that the density is:
8tVh f3d
u(ydf = TS (255)

A err — 1
The total energy, U. This the area under the graph of the energy spectrum
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o 8tV [ (hf)3d
U=/ u(fldf = +3 3/ (L{) I (2.56)
0 € Jo err —1
Define
_ s
YTkT
in terms of which, the expression for the total energy becomes
o 8rV < 93dy
= df = kT)! 2.
U= [ i = gy [ 22 (2.57)
The integral is 7*/15, hence
u__sm (KT)* (2.58)
vV 15(hc)3 ‘ ‘

The Photoelectric Effect

The photoelectric effect is the ejection of electrons from a metal surface exposed to elec-
tromagnetic radiation. The energy of the emitted electrons is given by the frequency of
the irradiating light.

An increase in the intensity of the radiation leads to the emision of more electrons, but
does not change their energy. This clearly contradict the view of Maxwell’s wave theory
where the energy of a wave is given by its intensity.

There is no smaller quantity of energy in radiation of a certain frequency f than the
energy of a single photon. The radiation is regarded as a stream of photons, each having
an energ hf.

The Compton Effect

The successes of blackbody radiation and the photoelectric effect were not sufficient to
convince all scientists of the idea that radiation is quanatised. Further evidence for the
photon concept came from the so-called Compton effect.

In 1923 Compton was studying the the scattering of x-rays off graphite. Classically, the
charges should oscillate at the same frequency as of the incoming radiation and then give
off radiation of the same frequency. However he found that radiation was being emmitted
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at a longer wavelength. This is called the Compton effect. Specifically, if the incoming
radiation is scattered by an angle # and if A and X are wavelengths of the incident and
scattered radiation, respectively, we find that

N =)= L(l — cosf). (2.59)
myc

where m,, is the rest mass of the electron. Thomson scattering, the classical theory
of an electromagnetic wave scattered by charged particles, cannot explain the results
of the experiment and demonstrates that light cannot be explained purely as a wave
phenomenon.

The photon idea provides a clear explanation and provides additional direct confirmation
of the quantum nature of radiation. The results can be analyzed in terms of a collision
between a photon and an electron (in the experiment the energy of the photon was very
much larger than the binding energy of the electron and could therefore be considered as
a free electron). The incident photon collides with an at rest electron, which then recoils
as a result of the impact, the scattered photon has less energy, smaller frwquency, and
longer wavelength than the incident photon.

In fact we can derive (2.59) by a simple calculation. Classically we know from the equation
E? — ®p* = mZc* that for a photon implies p = E//c. Since the energy of a photon is hf,
its momentum is

hf  h
p=
C

Part of the energy of the radiation is transferred to the recoiling electron, we have

_:_+E

by pY kin (2'60)

where X is the wavelength after scattering and E,;, = (y — 1)myc? is the relativistic

kinematic energy of the recoiling electron. We consider the collision in the x — y plane,
where the incoming photon is scattered by an angle # and the electron, initially at rest, is
deflected by an angle ¢. Conservation of momentum in the z and y directions respectively
gives

% = %cos@—i—pecosgf)
0 = %sin@—pesind) (2.61)

where p, = mv = ymyv. By noting from (2.61) that
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2
p?sin? ¢? = —h2 sin? p? cos® ¢ = h? 11 cosf
€ N ’ € AN

and adding these together we can eliminate ¢ and after some manipulation obtain

, h* h?  2h?
. = ﬁﬂLF —Wcose.

We can obtain another expression for p? by using E? = p*c* + mic* = (E
(2.60)

kin + Tn’OCQ)2 and

Lo h\° h h
— X—y +2 X—y moc.

Equating these two expressions for p? we obtain after cancellation of terms

2h? 2h? h h 9
— cosf = — + 2 SURBY m,c

which after simplifying gives the final result

N =)= L(l — cosf).

myc

the quantity h/myc = 2.43 x 107 "*m is called the Compton wavelength. The wavelength
shift A — X is at most twice the Compton wavelength (for § = 180°).

2.1.5 Photons

The formula
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means that the energy E carried by a photon and the frequency of the photon’s elec-
tromagnetic vibration are directly proportional, the constant of proportionality being
Planck’s constant, h.

We find the energy of the electromagnetic field of a plane wave

EN () (2.62)

by using

1 1
:—/d3x<E2+B2>:4—

photon 87 T

/ d*r < B* > (2.63)
and substituiting in

B=VxA=iNkxe(e® —e")=2N, kx e sin(k-z) (2.64)
and using
(kxe)-(kxe) = e-ek-k—(k-e)?

= (e —e-e)k> — (kye, — k- €)?
= ek’ +k* — ke

= kK =u (2.65)
We find the energy to be
4w? ) 2,2
E hoton = ENI? /d3x < sin®(wt — k- x) >= EN,?V (2.66)

where V' the volume of the box. The condition £, , = hw (where w = 27 f is the

angular frequency and i = h/27) leads to the normalisation constant

47
N, =) 7. 2.67
k 2wV ( )

We write

Am —ik-x ik-x
A, (v, k) =1/ oV e, (k,A)(e + e, (2.68)
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2.2 Dirac Spinors

As a precursor to the Dirac equation, we introduce the Klein-Gordon equation which
describes relativistic scalar particles.

2.2.1 Klein-Gordon Equation

From quantum mechanics we know about the correspodance between Schrodinger’s equa-
tion

oy [ R
ih—r = —2—mov2+V(:c) Y(x, 1) (2.69)

and the non-relativistic energy relation,

E=-—+V(x). (2.70)

Eob — il 2.71
ot
p—p = —ihV. (2.72)
Now consider the classical relativistic equation
E? =p*+m?, (2.73)

Make the same substitutions as before (that is 2.72 and 2.72). In terms of these operators
the Einstein relation between energy, momentum, and mass can be written as

—hQ@ = —R°V?¢ +mie (2.74)
ot? 0 '
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Current density

Multiply Schrodinger’s equation from the left by * and its conjugate by the left ¢ then
substract. One obtains

ol h*

h
! ot 2my,

[0 (x, ) V2 (x, 1) — h(x, ) V2" (x, t)] (2.75)

This is the continuity equation in the form

dp
r i=0 2.76
5 TV i=0 (2.76)
where
p= vl (2.77)
is the probability density and
. ih * 2 2,/ %
my
is the current density.
dp 0
—d3x:—/,0d3a::— V~jd3x:/j~dS: . 2.79
/v ot ot Jy v g ( )
Hence,
/ @dgx = Const. (2.80)
v ot

By similar reasoning (see section ) obtain for the Klein-Gordon equation the four-current
density

Ju = g 07V"0 = 0V*6") (281)

The probability density is
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¢ 09*
2m0 (¢ ot )

10:.0

(2.82)

Since the Klein-Gordon equation is second order in time, at a given time both ¢ and
0¢ /0t may have arbitrary values and so p could be negative! Also if ¢ is real then the
probability density is zero. The Klein-Gordon equation also has negative energy states.
This and the problem with the probability interpretation was the reason for a long time,

the Klein-Gordon equation was considered physically meaningless.

2.2.2 Dirac’s Equation

This difficulty led Dirac to search for a first order differential equation in ¢ with positive
definite probability density. Dirac wanted to construct a Hamiltonian that is linear in spa-
tial derivatives aswell so that time and space are put on the same footing. He postulated

an equation of the form

00 o o0 0 .
at [ Zh(ala 1 +O{28x2+a38$3)+6m0]¢

where &  are N x N matrices and v is a column vector

Uy (1)

To find the concrete form of this equation we follow the natural requirements:

e Energy-momentum relation for relativistic free particle

B? = p? +m,
e continuity equation for the density

e Lorentz covariance

Energy-momentum relation for relativistic free particle

Every component v of the spinor must satify the Klein-gordon equation
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—n’ O, _ (=R*V? +md) o (2.86)
ot 07 e '

0% 0
o =

L. 0 5 0 .
— [—zhai? + ﬂmo} {—zhaj? + ﬁmo] Y

L0 0
—h zhgw)—zhEHw—Hw

3 A A PO
a0+ asa; 9% NN R
N v J J ? . ~ ~ 2 9
= —h Z; 5 S O] ihm,, ;(alﬂ + 6ai)8xi + B *mgi
(2.87)
Comparison with (2.86) implies the following requirements
;05 + a6 = 20,1,
&Zﬁ + ﬁAi = 07
A= = 1 (2.88)
For the Hamiltonian to be Hermitian, the matrices di,ﬁ have to be Hermitian
ol =a, B=45 (2.89)

Therefore the eigenvalues are real. Since &7 = 1 and BQ = 1, it follows that the eigenvalues
can only take the values £1. The eigenvalues are independent of the representation.
Consider the diagonal representation of &, for example, we have

A 00 0
0 A, 0 0
a=| 0 0 A 0 (2.90)
Lo : 0
0 0 0--- 0 A
with eigenvalues A ,..., Ay, and &7 = 1 yields
1 0 O 0 A% 0 0 0
01 0 0 0 Ag 0 0
R=7=|00 1 0 |l=| 0 0 A4 0 (2.91)
Lo 0 : S0
000--- 0 1 0 0 O 0 A?\f
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from which

Al=1, de A ==l (2.92)
Now from the anticommutation relations we have
and the identity
TrAB = TrBA
we conclude
Tra, = —Trp&,3 = —Tra,0° = ~Tra, = 0. (2.93)

We see that the matrices ¢, 8 must even dimensional.

The smallest even dimension for which the (2.88) can be fulfilled is NV = 4. In fact it is

easily shown that the following is a representation

000 1 0

. loo1o0 . |o

! 0100 | “ 0
1000 ;
0 0 1 0

A 0 0 0 —1 X

@3 1 00 0 |* P
0 -1 0 0

To see this note that

o O = O

S O = O

—i

0

O )

0

0 0

0 0

o (2.94)

0 -1
(2.95)
(2.96)



as this means

0 o 0 ¢ 0 o. 0 o
Y A A — ? J J ?
saran = (5 5) (5 9)+(5 5) (5 F)
_ (c}ic}] AOA )Jr(c}j&i AOA )
0 10 0 0,0,
_ 0,0, 40,0, 0
0 &Zc}j+€7j€fZ

1 0
S (10, )

and also

0 —o, 0 6\
(D) (8 %) ase

Continuity equation for the density

We need to construct the four-current density and the equation of continuity. Let us
multiply (2.83) from the left by ¢t = (¢7, ¢35, ¥%, %)

.0 o~ . D .
iyl o = —zh;w* Gy + mgt) 3y (2.99)

Take the Hermitian conjugate of (2.83)

3

zh— =ih) ai +my Bt (2.100)
k=1

and multiply from the right by 1, taking into account the Hermiticty of &, B, we get

—m—;z) = hz ak¢ +myt By (2.101)
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Then, subtraction of (2.101) from (2.99) yields

w ¥) = —mZ o (V@)

which can be seen as

0
—+V-j= 07
ot v I
where
p=1'Y
is the positive definite density and
j = ylaty

(2.102)

(2.103)

(2.104)

(2.105)

We still have to show that p(z) is the temporal component of a four-vector so that the
spatial integral [ pd®z becomes constant in time. Only the the probability interpretation

of p(z) ensured.

Lorentz covariance

2.2.3 Free Motion of a Dirac Particle

Zﬁ%—f—?‘hﬁ <ol-f)+m03)¢

Stationary states can be found by substituting

b(x,t) = P(x) exp[—(i/h)et]

into the Dirac equation. We get

et(x) = Hip(x)

Split the four-component spinor into two two-component spinors ¢ and Yy, i.e.
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I O I
= 1/)2 = ( . ) (2.109)
Uy
gpz(z;) and X:(zi). (2.110)
or
€p = OA(X'IA)‘i‘moQD
ex = ap-Pp—myX (2.111)
The states
eN_ (¥ <ol (i :
(X ) _ ( “ ) ol(i/h)p - x] (2.112)

This results in
(e—my)lp,— - -Px, = O,
6P, + (e+my)lx, = 0. (2.113)

This linear homogeneous system of equations for ¢, and x, has notrivial solutions only
in the case of a vanishing determinant of the coefficients, that is

(e=mg)l —6-Pp

.2 = 0. 2.114
—6-p  (e+my)l 0 ( )

Using the relation

E

‘A)(G-B)=A Bl +i6- (A xB) (2.115)

(2.114) becomes

(& —mg)I —(6-p)(G-p) = (€ —my)[—p-pl—i5-(pxp)
= (&-m)—p-pl[=0 (2.116)
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or

2 2 2
€ =my+Pp

from which it follows

e=+E, E = \/P?+md

2.2.4 Positive and Negative Energy Eigenvectors

with solutions

o represents a particle, while x represents an antiparticle.

N :(&'f))(p
O my+e "

Let us denote the two-spinor ¢, in the form

with the normalisation

UlU =UU, + U3U, = 1,

where U, U, are complex numbers.

2.2.5 Helicity

(2.117)

(2.118)

(2.119)

(2.120)

(2.121)

(2.122)

There is another quantum number, the helicity, can be used to classify the free one-particle
states. Its operator should commute with the operators whose eigenvalues have already

been introduced to label our free solutions.
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)
I
o | St
™»
I
Y
o
Q> O
N——

(2.123)

Hence

[ﬂ, S p} —0 (2.124)
and obviously we have
[f), > f)} =0 (2.125)
the helicity operator
f\S:iLi-EZS-E (2.126)
2 Ipl p|

Helicity is the projection of the spin onto the direction of momentum.

If the electron wave propagates into th edirection of the z—axis, we have

p ={0,0,p}
and because of (2.126),
1 0 0 O
- - h - 0 -1 0 0
As=5=3%=510 0 1 o0 (2.127)
0 0 0 -1
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with eigenvalues +h/2. Clearly, the eigenvectors of ]\s are

() (i) () () 2128

with

ulz((l]) and u_lz((l)). (2.129)

If in any particular direction a quantum state take one of two values it is likely to do with
spin half particles. In fact Lorentz-covariance of Dirac’s equation will imply that these
two-state systmes transform under rotations as two-spinors.

2.2.6 Coupling of Dirac spinors to the Electromagnetic Field

Under a gauge transformation the wavefunction ¢ (x) transforms as
)(w) — Dy () (2.130)
and
1
At (z) — A¥(x) — —0"A(x) (2.131)
e

thus

(zhi - eA“) (2.132)

oxH

is gauge covariant. The minimal coupling prescription

0 0
results in the equation
(ih “i—eA b —my ) = (2.134)
T e u 0 ’ ’
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2.2.7 Lorentz Transformations for Dirac Spinors

How do we construct the wave function ¢'(2") in one inertial frame if we know the wave
function v () in another frame, where the two frames are related by the Lorentz transfor-
mation ay? Here we construct the Lorentz transformation law between ¢ (z) and ¢'(2).

We start from the principle of special relativity which states that the laws of physics
should take the same form in all inertial systems, ¢'(2’) must be a solution of a Dirac
equation which has the form

;0
(ifw“ S mo) P'(2') =0 (2.135)

in the primed system, where v* satisfy the same anti-commutation relations as v*:

A A = 2T (2.136)

and
A0f =40 (2.137)
it =" =123 (2.138)

It can be shown that 4 that satify the above relations are identical to 4* up to a unitary
transformation U, i.e.

V=T, Ut =0 (2.139)

Since unitary transformations do not change the physics, we may use the same v matrices
in both Lorentz systems. From now on we just take v# = v*'.

(iﬁv“i — mo) () =0 and (ifw“ 83/# — mo) P'(2') =0

oxH
Let a denote the matrix of the Lorentz transformation a/‘:. We write
Y (x') = ¢ (ax') = S(a)y(x) = S(a'a') (2.140)
We must have an inverse transformation
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Start with Dirac equation

We the multiply by S(a)

(mé*(a)y”ﬁ—l(a)a%l — mo) Y'(z') =0 (2.141)

Now we transform 9/dz* to a’ coordinates is given by

= =a” 2.142
Dait  Ozh 0xv HOxV ( )
So that () becomes
. SN S—1/~\ v a v
ih(S(a)y*S™ (a)a “)W —my | ¢'(2") = 0. (2.143)

Comparing this to Dirac’s equation in the 2’ coordinates we see that S (@) must satisfy

S(a)y*S(a)a”, =~ (2.144)

or equivalently

S(a)y'S~'a) = a 4" (2.145)
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2.2.8 Infintesimal Generating Technique for Lorentz Transfor-
mations

We first give the idea of the infintesimal generating technique with a couple of simple
examples.

Example 2: Lorentz transformation in x, —direction for 2d-spacetime

We derive the Lorentz transformation formula for boosts in the x, —direction. Consider
two inertia frames, the ‘primed’ frame one moving away from the ‘unprimed’ frame at
an infintesimal velocity v along the z,direction. For an infintesimal relative velocity the
spacetime transformation is Galilean:

rh =z, — dut. (2.146)

How is special relativity brought into the calculation? This is done by requiring that

2 -t =gt (2.147)

From this we see that ¢ # ¢, and so t should transform some way as well. Let us write

t' =t + advz,. (2.148)

Using this in (2.147) we find @ = —1. The two transformation equations can be combined
in the matrix equation

() =16 3)= ()
= (1+5vf2)<;) (2.149)

where fx = —1. Now we repeat the transformation N times to generate a finite transfor-
mation with velocity pararmeter § = Név. Then

( fc/, ) = (1 +%;)N ( fc ) (2.150)
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~

0 \Y
lim (1—|— ) = exp(01,).

N—oo N z
Noting IZ = 1, we expand the expontential
272 373

exp(0l) = 1+601 + 2133 + T‘B +

1
— 1[1+§02+...]+I[0——+...

B coshf —sinhf
o —sinh® coshé

(2.151)

(2.152)

cosh @ and sinh 6 can be identified by considering the origin of the primed coordinate

system, ' = 0, or x = vt. Substituiting this into () we have

0 =2xzcoshf — tsinh 6.

So

tanf = v
Using 1 — tanh® 6 = (cosh? )71,

1
coshf = ———— sinh @ = Y

(1 —v2)1/2’ (1 —v2)1/2

We finally obtain the known Lorentz transformations

o t —vx ,  x—ul
o (1 _02)1/2’ L= (1 _1)2)1/2

L]

(2.153)

(2.154)

(2.155)

This result can easily be generalised to 4-minkowski space time. We just use the generator

0 -1 0 0
-1 0 0 0
L= 0 0 00
0 0 00

(2.156)



We end up with the answer

t—vx T — vt
r_ o ;. r
C=Gome Yo YT FE (2.157)

If we had wanted to do boost in the direction given by the unit vector

1 = (cos a, cos 3, cosy) (2.158)
we would use the generator
0 —cosa —cos3 —cosvy
—Cos 0 0 0
IL,=1 _ cos 3 0 0 0 . (2.159)
— Cos Y 0 0 0

Note that, to first order, t*> —i? = (#)? — 72 is satified for an infintesimal relative velocity.

The reader is invited to do the full calculation and derive the Lorentz transformation
formula.

Example 2: Rotations about the z—direction for 3d-spacetime

It is easily seen, drawing a diagram, that under an infintesimal rotation d¢ around the
z—axis results in

¥ =z +ydo, y =y —xdd (2.160)

The two transformation equations can be combined in the matrix equation

() = 1Ga) e (o)l (5)

- O+Mﬁﬁ<z) (2.161)

where 7, is a Pauli matrix. Let us now do the expontentiation using 65 = 1:
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AT
exp(¢io,) = 1+ ¢io, — 5&2 — i§&2

— 1(1—2—?+...)+i&2(¢—2—?+...)
= 1lcos¢+id,sing
B (f:isn¢¢ cs;g;i) (2.162)
So that
( gyc ) N ( —CZiSn¢¢ 22;2 ) ( ) ) (2.163)
]

In 4d-minkowski space time we use the generator

0 0 00
0 0 10
I, = 0 -1 0 0 (2.164)
0 0 00
We end up with the answer
t=t, ' =z cosd+ ysin ¢, y' = —xsin ¢ + ycos @, 2=z (2.165)
Proper Lorentz Transformations
a’, =0, +Aw”, (2.166)

We denote the inverse Lorentz Transformation as a,”. Then, neglecting terms quadtratic
in Aw,

aal = 8= (8" + Awh) (87 + Aw,?)
5167 + 8FAw 7 + 67 AW,
= 87+ Aw S+ Aw (2.167)

Q

Hence,
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Aw 7+ Aw’, =0
or
" (Aw,” + Aw’ ) = 0 = Aw"? + Aw.
so we must have

Awh” = —Aw"™ (2.168)

Consequently, there are six independent non-vanishing parameters Aw*”.

2.2.9 The S Operator for Infintesimal Lorentz Transformations

We aim to determine the operator S by assertaining its infintesimal form by finding its
expansion to linear order in the generators Aw*”. We write

~.

~

S(Awt”) = 1-— 1 0, Awr” (2.169)
where 0,5 = —0g,. The inverse operator being
o—1 v - i N v
STHAwW) = 1+ ZUWAw“ (2.170)

By finding 0,5 we can find S. By substituting (2.169) and (2.170) into the defing equation
for S:

(6 + Aw V)" = S(Aw™ )y’ S~ (Aw)
we can find an equation that determines O os-
v v /L ~ v /L A
(0, + Aw )" = (1 — ZaaﬁAwaﬁ) Y (1 + ZaaﬁAwaﬁ)
or omitting the quadratic terms in Awu”,
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v i s
Aw 'yt = —ZAwaﬁ(aafﬁ ) (2.171)
Using the antisymmetry of Awu”, the LHS becomes
Awu o= UAwu"v“
= Awy (1",7")
= —Aw(n",75)

1 14 14
Comparing this with (2.171), we end up with the relation
—27L(77V°‘7ﬁ - ﬁyﬁ’ya) = [0,57"] (2.173)
It is shown in section 2.14.4 that this is solved by

l

~

O-O(ﬁ = 2[’7@7’7ﬁ]
The operator S(Aw™) is now
S(Aw') =1 + l[ | Aw (2.174)
wh) = 3 T VoA :

The problem of finding S for finite proper Lorentz transformations has now been essen-
tially solved! To construct S we now sucessively apply the infintesimal operators (2.174).
In order to do this we write

Aw’, = Aw(l)", (2.175)

Here Aw is an inintesimal parameter of the Lorentz group around an axis in the n direc-
tion.

2.2.10 The S Operator for Proper Lorentz Transformations

. N
V@) =S@ue) = Jin (1= 5o 00" ) u)
o /D0 T) ) () (2.176)
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Example: Lorentz boost along x-axis

So (2.176) becomes

V@) = e { =G0 o) +o0(1)"] v

= exp {—iw (60, (+1) + 610(—1)]} ()

= exp {—Ewc}m} P(x) (2.177)
[
Example: Rotation around z-axis
Recall that

Aw”, = 0¢(1,)", (2.178)
where I, is given by (). Thus only the elements (I,)'*> = —(I,)?' are non-zero, and we get
V) = e {108, ot

= exp {—%¢ [&12(19;)12 + &21(13)21] } ¥(x)

= oxp {10001 + oy (+1)]  0(2)

= exp{ 500 p o) = exp { 505} 0o (2.179)
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Spinor for spacial rotations
2.2.11 The Four-Current Density

Ju(2) = ¥ (@) (). (2.180)

This current density transforms under the Lorentz transformation as

) = Yl (@) ()

= ()51 59 (x)
= M@ (1° STy S (2)
= N (@)y°S Sy (x
Y (2)7°(a” )Y ()
a” j"(x) (2.181)
and as such is identified as a four-vector.
2.2.12 Plane Waves in Arbitrary Directions
Free solutions have the form
Y = W' (0)eermo/Mt (2.182)
We have
1 0 0 0
gy | O 2 | 1 sy — | 0 am | 0
0 0 0 1
W'(p) = S(=v)w"(0) = e~ @/ Dav/vyr(() (2.184)
a—,u,y(fn)wj = 2(6-01 (IAn)01 + (]A-n)o2 + (An)(]g) (2185)
v
— = (cos a, cos 3, cos ) (2.186)
v
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Also

)
5(70% - '7{70)

MoV
—i"y' = ="y aq, = —iq, (2.187)

With this the spinor transformation for Lorentz transformations to interial systems with
direction of velocity v/v now becomes

When we expand S we will need the following

We expand S

S(—v) :S<—%> e~ (w/Dav/v (2.188)
A 2 i
(@-v): = aa?vivj‘
= v Y v,
1 iAd J A/t
= —50" +7" v
1 ..
= —52" v = +0°1 (2.189)
wa-v 1 w? 1 w?
1-= (A v)2Pi— (a4 V)
2 v 2!4@2(& ) 3!81}3(a V)T
1w? a-v,w
1(14+-—)— =
At+55)—— G
1coshg S Y e (2.190)
v

The matrix written out & - v/v
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a-v LU, Yy,
= o,— t+ta—+tao,—
v v Yo v
0001 ‘ 0 0 0 -1
_ b, 0010 +7f& 0 0 1 0
~ pl 0100 P 0 -1 0 O
1 000 1 0 0 0
0 0 1 0
r,{ 0 0 0 —1
11 0 0 0
0 -1 0 O
0 0 p p
1 0O 0 p. —»
= - z 2.191
P p, p_ 0 0 ( )
Dy —D, 0 0
where p L =D, Tip, We obtain
10 00 0 0 p, »p_
A w| 01 00 w tanh % 0 0 p, -»,
S(—V)—coshE 00 10 —cosha 5 b, b 0 0 (2.192)
0001 p, —p. 0 0

To find expressions for cosh ¥ and tanh %

we consider only motion in the x direction. We

convert the rotation angle w with the aid of

—v, = tanhw, (2.193)
or
w = tanh™' (—v_) = —tanh™" (v,) (2.194)
We need the equations
cosh = sinh 2 = = sinh w,
2 2 2
w w 1
hecoshy = Z(coshw + 1
cosh = cosh 5 2(COS w+ 1),
1
sinh g sinh% = 5 (coshw - 1), (2.195)



Therefore

T sinh z tanh z tanh z
tanh — = = = (2.196)

2 coshz+1 1+1/coshz 1+\/m

With (2.194)

—tanhw

1+\/1—tanh2w
v

14 /1 -2
my//1 — v2
mo/\/l—v21+\/1—v2

= —T 2.197
o (2.107)

—tanhg =
2

taking into account that we are considering only motion in the x direction, we may write

w P
—tanh — = . 2.198
an 2 E—i—mo ( )

And
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1

/1 —tanh3
1
\/1 — [tanhw/(1 + /1 — tanh® w)?]
1

cosh Yo
2

V1= lo/(1+ yT=22)
L+/T—2
U+ T2+ 0
L+y/1-0}
V2T +1-02) — 02
1+ 10
\/5\/1 —v2+ /1 =22
[1//1 =3 + 1]m,
1+ [/ T=e2vam,

B E +m,
B Vmy + Ey/2m
E
_ Bt (2.199)
2m,,
substituting this result and(2.198) into (2.192) we obtain
- p-
Co ) mm Eg
S(—v) = E+m, 19 pl_ E+mo  Etmo
27”0 E+mo  E+mo 1 0
e
E+4+mg E+mg
= [w!(p),w(p),w’(p),w (). (2.200)
2.2.13 Bilinear Covariants
Linear independence
ns AV AP
r- =1, Fu =Y FW—OW— O
I = i’y =4, T =7, (2.201)
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i) ()2 = £1.
Proof: Proved explicitly.
i) To each I except I'S there exists at least one I'"" such that

" = e (2.202)
Proof: Proved explicitly.
iii) Tr(I™) =0
By (2.202)
As (I™)2 = 41

+Tr (") = Tr(0™(I™)?) = =TrT™I"T™) = —Tr(L"T™T™) = 0.
iv) For given I'* and I'* (a # b) there exists a I # I'S such that
reft = i (2.203)

Proof: Proved explicitly.

v) The [ are linearly independent. Suppose
> a,Im=0. (2.204)

Multiply from the right by I'™ # 'S we get

0 = ZanTT(f”fm)

n

= a, (I™)?+ Z a Tr(I"T™)

n#m
= a, (™) +)  a,Tr(f,I")
n#m
= Hdq_. (2.205)
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Thus a,, = 0 for all m # 5. Now in the case of [m=1%

n

0=Tr (Z anfsf"> =a Tr(I) + Z a, Tr(™) =0, (2.206)

n#S
Le. ag = 0.

[]

Lorentz transformations

Under Lorentz transformations

Y — S, P — ST (2.207)
This is proved by
V) = i
= ¢i(2)8h"
= V@) (4°5%")
= P(x)S™. (2.208)
[]
We now prove
V.S = det|a| S, (2.209)

This is easily proven that for proper Lorentz transformations (here det|a| = 1), first

1

[5:0,) = 50,7 = %7 = (0% = 17.)7%) =0

where we have used y*v, + ;7" = 0. So from the formula for proper Lorentz transfor-
mations



we have

19(a). 7] = 0. (2:210)
We know prove (2.209) for spacial reflections, which are given by
x' = —x, t'=t, (2.211)
with corresponding transformation matrix
a’, =n". (2.212)
The relation

~ N

SIyktS = at "

holds for improper Lorentz transformations as well. Let us dente the parity operator by
P. We can then write

or

This is equivalent to

0oy = P() _n™y") P! (2.213)
v=0
which in turn is equivalent to
PN P = 7740 (2.214)
This has the simple solution
P =¢%70, Pl = ¢mivn0 (2.215)
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For this operator we easily have

A A

Py, = —v,P.

[]
i) Y1) is a scalar:

by — PSTISY
ii) E%w is a pseudoscalar:

Py — S8y
= det|al Eg_lg%w
= d€t|a‘ E%ﬂ/)
iii) 1y is a vector:
Py — PSS
= 'y

iv) E”y{y“w is a pseudovector:

E%VW -
= Eg_175g(a”y’71j)¢

= det|ala”, Py Y
= det|ala”, Py¥ap

v) 16#9) is a pseudovector:
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D @S*l&ﬂ”ﬁw
s -
— %Jﬁ—l(y“éé‘lv” —7"88719") 59
_ %@{(aﬂpyp)(a”TvT) — (" 7")(a" ")}
= a"a’, E%(vf’vf—va)w

= " a¥, P67,
]
2.2.14 Properties of Free Solutions

(p, " —€,mp)w"(p) =0

[(p " = e,mg)w” (P)]T = 0=w"(p)(p, 1" — €,my)’

0
= W(p)(p, " — €,my)
w

Multiplication from the right by 7° yields

W) " —eme)” = 0=w"T(P) (p)° +p* —emy)

= (P —emy)
The normalisation condition

The quantity @ (p)w” (p) is a Lorentz scalar and hence

' (p)e (p) = @ (0)e" (0) = wH(0)°% (0) = &

rr’e

61

"T(P)(py” — Py — €.my)

re

(2.217)

(2.218)



The completenes relation

We have

W(e,p)w" (e, ) = 0,,.(E/my)

This is proved in section 2.14.6.

The closure relation

In the rest frame of the electron we have

D 6w (0)(0) =6, (2.219)

<
—_

We know that

and so

(2.220)

where we have used

Using these we find
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r=1 r=1 v, =1
4 “p\ - b 4
= Y. 5., (f) Sis (f) D 6wl (0)@}(0)
7,A=1 r=1
- —-p —-p
= 2P (f) s (f) O
¥,A=1
= 5aﬁ (2.221)
Therefore we have the closure relation
Y Wl (D)T(p) = 3y (2.222)

r=1

2.2.15 Projection Operators for Energy and Spin
Projection Operators for Energy

Recall

(p, 7" — €e,myc)w"(p)  which implies €, p Y*w"(p) = mycw”(p)

We immediately see that the projection operator for eigenstates with positive or negative
energy is given by

. €p " +my

A, (p) = (2.223)

2my,
and that it is Lorentz covariant. We check that it has all the properties of a projection
operator. Obviously

- - _ tp A my N —p, "+ my

A(p)+A_(p) =1

2m,, 2myc

~

We now establish (A,)2=A,, (A )2=A ,and A, A_=0. This is done with the help of

+
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Py, = %(v,ﬂy +7,7,)P"p"
= 1,0
- E2_ p2
(mz 4+ p°) —p° =mg. (2.224)

Now

(e, +myg)(e,.p"y, +my)

4m
_ (Grer/pupyryuryl/ + m(2) + (Gr + €r’>m0pury/l
4m3
_ m(2)(1 + 67’67”) + mopuﬂy‘uer(l + 67,67,,)
4mi
L+ee, PV +mg  14€e€, .
= rr = A . 2.225
T S8, 0) (2.22)

Projection Operators for Spin

In the non-relativistic limit the operator for “spin up” or “spin down”

. 146
Po=

We can generalise this to a spin-projection operator in an arbitrary direction

P(u) = ——— (2.226)

where u is a unit vector. We need the relativistic generalisation of this. To that end
introduce the four-vector

u” (2.227)

which in the rest system of the electron is

(u") s = (0,0,0,1) = (0,0,0,u,) (2.228)

z
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75%(“2)1%.5.

VeV
Yy,

Oy

(o 5) (5 %) (4 %)
(5 %)

(2.229)

In the rest frame we have for positive-energy w!?(0)

~

z

Y(u)wh?(0)

1+ 7573(U§)R.S.w1,2(
2

o 1 I+03 0 1,2
5( 0 [_03)w ©

1 { 1-w'(0)

21 0-w?0) °

0)

(2.230)

In the rest frame we have for negitive-energy

. 1 3(,,3
S)w(0) = + 57 (uz)R.S.w?)A(O)

_ 1(]%;03 [—003)w374(0)
_ }_{ O-ui(O)
2 | 1-w*(0)

2
(2.231)

The projection of negative-energy states arre opposite to those of positive-energy states.
The opposite occurs because the spin of the missing particle of spin T corresponds to a

particle of spin |.

We generalise the spin projection operator for an arbitrary spin vector s* with stp, = 0:

~

X(s) = %(1 + 753“%) (2.232)

We show that it is a true projection operator. We have

S(s) + S(—s) = 1 (2.233)
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1 14
32 (s) = (147587, (1+755"7,)

4
1 14

= L2988y, + 885" 757,%7,)
1 14

— Z(1 + 2758y, — s''s vgvlﬂy)

1 1
= (L4258, — "5 (1,7, +717))

1
= Z(l + 278"y, — 5+ 5)

= %(1 + Y55M,) = 3(s) (2.234)

Similarly 32(—s) = $(—s).

E(6)8(-s) = 7(L+7%9,)(1 —757,)

= i(l_‘_S‘S) = 0. (2.235)

Simjultaneous Projection Operators for Energy and Spin

Y5 s, = P Y s,

= =" s,p,
—Y5 (27" = "")s,p,

= s"p,vs+ 5,077

= 75,7, " (2.236)
implies
2() Aup)] = 0 (2.237)
Po= A (p)S(u,)
P, = A(p)Z(-u,)
P, = A(p)S(u,
P, = A_(p)2(—u,) (2.238)



2.2.16 Summary

Maxwell’s equations with source are

OA* —o#(0,A”) = j* (2.239)
where we are free to perform gauge transformations

AP — AF = AP 4 PA. (2.240)

The free Dirac equation can be written

Oy (x)

i
o

= [a - (=ihV) + Bmyl(x) (2.241)
where = (&, &,, &3) and 3 are 4 x 4 Hermitian matrices satisfying

Q,&; + a.d, =20, Q0+ 0a, =0, =1, i=1,2,3 (2.242)

With

V=8, ¥ =pa, (2.243)

Dirac’s equation becomes

OY(x)

with the 4 x 4 matrices v*, u = 0,..., 3, satifying the anticommutation relations
VY Ay =2 (2.245)
and Hermiticity conditions
P = A0yt (2.246)

Coupling of a Spinor to the electromagnetic field is given by
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(179, — 7" A, () — mq)(x) =0,
The four current density of the dirac field is given by
J* =Py

The plane wave for a photon is

47
2wV€“

A (z,k) = (k, \)(e ™ 4 ethr)

Plane waves of electrons: incoming

and outgoing

The general free solution has the form

U (@) = o (p)e "

where

Pz
5 oy T
+m
0 (0) S (0), 0 ] = oo | )
mO E+4+mg E+4+mg
P+ —Pz 0

E+4+mg E+4+mg

The orthogonality condition for spinors

w (e p)w” (e p) = Eé
T T mo rTr

The completeness relation for spinors
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p_
E+4+mg

E+4+mg

0
1

(2.247)

(2.248)

(2.249)

(2.250)

(2.251)

(2.252)

(2.253)

(2.254)



Z €, (P)W,(p) = d,p (2.255)

r=1

There are projection operators for Energy

. Ep 7+ my
A -+ 9 2.256
L) = (2256)
and spin
A 1 u
Y = 5(1 +758,7") (2.257)
such that
Su(p, +s) = u(p,+s), Su(p,—s) =0. (2.258)
The basic bilinear covariants of Dirac theory are
P scalar
Yy vector
ot antisymmetric second-rank tensor
Py pseudo-vector
Yy51Y pseudo-scalar (2.259)
2.3 Perturbation Theory
2.3.1 Non-Relativistic Green’s Function
Given Schrodinger’s equation
L0 -
zhE — Hy(z) = V(z) ) ¥(z) =0 (2.260)

The retarded Green’s function is defined by the differential equation
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L0 =
(Zﬁ% — Hy(z") — V(x/)) Gt (/s x) = 6*(a' — x) (2.261)
and the boundary condition
Gt (z;2) =0 fort <t. (2.262)

Free Green’s function in momentum space

(zh% — ]:Io(x’)) Gt (a';2) = 6*(a' — x) (2.263)
where
H, = —h—Qv’Q (2.264)
0 2m '

As the above differential equation can be turned into an algebraic equation in energy-
momentum space, we write

Gi(w' —o) = [ e 1B W 0] ew [ 1o 00| GmE) 2209

(27Th)4 h i
and apply
50 n 2 +/.0
(ZFL% + %V ) GO (;p — I)
_ dgpdE p2 o 1 ’ 7 ,
a / (27h)* {(E - %) Gy (p; E)} exp {—ﬁE(t — t)} exp {ﬁp (x - x)}
= M) (2.266)

We will recall the d-function integral representation

/ % exp {—%E(t’ - t)} exp {%p (X = x)] _ oM — 1)

Therefore for E # p*/2m we obtain

70



G (p, B) = — (2.267)

How do we deal with the singularity when we do the inverse Fourier transformation? The
clue how to proceed comes from the integral representation of the step function:

1 o) —WwT
O(1) = —=——lim dw=

2mi =0 ) w+ie

(2.268)

By adding a small imaginary part 7€ to the energy one will obtain the retardation condition
(2.262), while the resulting Green’s function still satisfies the Green’s function differential
equation (2.263) in the limit € — 0. Write

) d®p i , * dE exp|[—iE(t' —t)/h]
Gi(r' —x) = ﬁ/ Wexp {ﬁp S(x' = x)} / ok B P e (2.269)
> 2m

With the substitution £’ = E — p?/2m the last integral becomes

/OO dE" exp[—i(E' + p?/2m)(t' — t)/h]

.2k B+ ie
[ 5 2 7] 0 / S n/ye
ip dE" exp|—iE'(t' —t)/h]
= oo |t -0) [ e
[ 5 2 ) ; 00 ST ()
i p*,, - —1 ,exp[—iE'(t' —t)/h]
= = -t —-— [ dE
e ]y = B+ e
[ i p’? 17 i, (t—t
e e ()
. B . 2 B
L tP /
- lep | o - 2.2
> eXP { = om (t t)} ot —1) (2.270)

We do indeed recover the retardation condition. Now (2.269) becomes

GHa — 2) = —i0(t' — 1) / (2%))3 exp {% {p o x) - P t)} } (2.271)

2m

This can be expressed in terms of plane waves of the free Schrodinger’s equation. The
0-function normalised plane waves are
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o,x0) = oo [ﬁ (<p~x—p—2t)]

=L itk x — wh)]

V2mh

where

Gi(a' —z) = —iOF' —1t) /d3p ¢, (X, 1) (x, 1)

Full Green’s function in terms of plane waves

We give a proof that the Green’s function can be written as

GH(a'sx) = =0 — 1)) (0)v, (7).

(2.272)

(2.273)

(2.274)

where ), (x,t) are a complete set of eigenfunctions of Schrodinger’s equation. We do this

using the closure relation

Zzﬁ:;(x, ty, (x', 1) = 8 (x' — x).

for the eigenfunctions of Schrodinger’s equation

(z’h% — ﬁ(x/)) ¥ (2') = 0.

Using this we have

(m% - ﬁ(x/)) GF(a'z) = ho(t' —t) ;w;;(x, Y, (X', 1)
0

(2.275)

(2.276)

—iolt —0 % | (ingy ~ #)) 0,0 w30

= Rhé(t' — t)53(;/ —x)
= ho*(a' — ).
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We have the relations describing the evolution of solutions of Schrodinger’s equation:

i [ @Gt i, @) = O -0 Y0, ) [ deu @, )

= O —t)y, () (2.278)

and on the other hand

; / ) ()G (a'sx) = O 1)) / ', (") () P (x)

= Ot —t)Yl(x) (2.279)

The first of these relations expresses the propagation of ¢, (x) forward in time and the
second corresponding backward propagation of ¢*(z').

Perturbation theory

<zh% — ﬁo) Gt (z/;x) = 6*a' —2) + V(2")GH (/s 2) (2.280)

The RHS can be interpreted as the source term in an inhomogeneous Schrodinger equa-
tion:

(ih% — Ho(x/)) G (2';2) = p(2'; ) (2.281)

Using the free Green’s function G, the solution is

G (z'52) = /d%lGar(x/;xl)p(xl;x) (2.282)

This leads to the following integral equation for the integrating Green’s function

GHalia) = / d'z, G (s 2) (64w, — 2) + V(2)GH(2y52))

= Gy (s2) +/d4x1G8L(x';xl)V(xl)G+(x1;x) (2.283)
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Repeatedly substituting this equation into itself we obtain perturbative series

G(ao) = Giwha)+ [ ', Gl wsa)V ()G (a0
— Gg(x';x)+/d4x1G3'(x';a:l)V(xl)GS'(xl;a:)

+/d4x1d4x2Gar(x’;xl)V(xl)Gar(xl;xz)V(xQ)Gar(xz;x)

(2.284)
Boundary condition
v) = im0 [ @Gt @in)o()
— tEr—n i/d3x <Gar(x/;x) —l—/d4x1G(J{(x’;xl)V(xl)G+(x1;x)) o(x)
= o(2) + lim d4x1G5r(:U/;xl)V(xl)i/d3xG+(xl;x)qﬁ(x)
= ¢(@)+ lim [ d'z,G{(2;2,)V(x)(z)) (2.285)

t——o00

The second the on the RHS is the scattered wave.

We consider a scattering problem where no interaction occurs in the distant past and
future:

V(x,t) - 0 for t— Foo (2.286)

The initial wave ¢ is therefore a solution of the Schrodinger equation for free particles,
which fulfills the initial conditions of the experiment. The exact wavefunction 1 (x,t) then
approaches the incoming wave ¢(x,t) in the limit £ — —oo:

U(x,t) — o(x,1t). (2.287)

The scattering matrix

Let ¢,(z) and ¢,(z) denote the intial and final free wave with quantum numbers ¢ and
f that are emitted, observed at the begining, end of the scattering process respectively.
The full wavefunction v, (z) is given in terms the integral equation,
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00 = 0,0) + [ G o)V (), (2.289)

The wavefunction v,(z) satifies the boundary condition ¢, (x,t) — ¢,(x,t) for t — —o0.
The scattering matrix results from the projection of ¢;(z) on the final state ¢ ,(x,t)

U () (2.289)

Sy = lim <¢f(x)

t—-4o00

o0+ [ ata, Gl V(o))
= Gyt im / 0 () / dh2, G (.2, )V (2,)(2,)

= 0y + lim d'z, (/ dga:gb;(x)GaL(x,xl)) Vi(x)(x,) (2.290)

t——4o00

Using the equations (2.279) for free particles we obtain

/d%qﬁ;(x)Gar(x’;xl) = —ip;(v,) fort' >t (2.291)

so the x integral can be carried out resulting in

Sp =0y —1 lim d4a:1¢}(a:1)V(x1)1/)(xl) (2.292)

t——+o0

Now repeatedly substituting (2.288) into this we obtain

Sy = 8- [ dn6ye Vo)
i [ a0 )V ()G (o )V ()6, ()

—1

0l4$1d4352q5;(351)V(JI;I)GSr (2, 25) V() Gy (2 25)V(23) 0, (25)
T (2.203)

Each line represents a free Green’s function G (z,;z,_,), i.e. the amplitude that a particle
wave originating at the spacetime point z, , and propagates freely to the spacetime point
x;. At the point z, the particle wave is scattered with probability amplitude V' (z,) per
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t A !

»
>

T

Figure 2.1: nth-order Green’s function as the probability amplitude for multiple scattering.

unit spacetime volume. Such points are called interaction vertices and are denoted by
filled-in circles. The resulting scattered wave then again propagates freely foward in time
(recall G (2,,;2;) = 0 for t,,, <t;) from the spacetime point z; towards the point x,,
with the amplitude G (x; +1; ;) where the next interaction takes place, and so on.

2.3.2 The Electron and Positron Propagator
Differential equation for relativistic propagator
Let us introduce the relativistic propagator

Sp(a!,z; A) (2.294)

in analogy to the nonrelativistic propagator, by satisfying the following differential equa-
tion

[7“ (zh 0 _ EA“(x')) - m0] Sp(a',z; A) = hé* (2 — 2)1. (2.295)

/
81’# c

We from now on use natural units

L e, T Ly (2.296)
he " h 0 '
Thus we write
['y“ (z’@l“ — eA“(aH)) — mo] Sp(a', z; A) = §* (2" — 2). (2.297)



where we have suppressed the unit matrix, however, it must be kept in mind that we are

dealing with a matrix equation.

The free-particle propagator satisfies (2.297) with the interaction term -, A*(2') absent,

le.
(iyﬂ@l“ —mgy)Sp(2,z) = §*(2' — 2).

As in the non-relativistic case we calculate S.(2’, ) in momentum space.

Non-interacting propagator in momentum space

Sp(a!,z) = Sp(2' —z) = / (;7(];4 exp[—ip - (¢ —z)] Sp(p)

which implies that

(pu')/“ +my)Sp(p) =1

This can be solved for S (p) by multiplying by (p#y, +m,) from the left

(P, + mo) (P, — my) Sp(p) = (P, + my)

Since

1
o v _ w, v wo v o wo__ .2
P07, = 50 e =, 0 = ot =p

we then have

(p* = mg)Sp(p) = p'y, +my

SO

2 2

Sp(p) 2z m
0

for p* # mg

Let us consider the inverse Fourier transformation.

7

(2.298)

(2.299)

(2.300)

(2.301)

(2.302)



where C' is contour of integration choosen to avoid the singularities of S,(p).

/ %SF(M exp[—ip - (¢ — )]

/%S}?(!)) exp{[—ipo ) (t/ - t) —p- (X, - X)]}

/@d—;SF(p) explip - (x' — x)] X/C

dpy exp[—ip, - (' —t)]

27 p? —m?

(2.303)

As we

know from the nonrelativistic case the choice of contour encodes the boundary conditions

imposed on Sy(2' — x)

Propagator describing positive-energy particle waves

Considering the particle’s propagation forward in time implies that ¢' — ¢ is positive so
that the p, integration must be performed along the contour closed in the lower half plane
as this gives zanishing contribution. Then the only pole is at

The propagator is then

by =+ p:+\/p2+m(2)'
A Imp,
/7
/ \CY2
Po = <t
—/P? +m? /C >
a3 '3 » Rep,
Do~ >t
++/P? + mi
v c,
Figure 2.2:
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SED (G — 1) = —i/ p explip - (x' — x)] exp[—iE (t' —1)]

(2m)3
EA’—p-v+m
><( 2l 2pE i o) for ¢ >t. (2.304)

p

Instead of deforming the contour as in fig (2.3.2), we can move the poles an infintesimal
distance 7 off the real axis, as shown in fig (), and perform the p, integration alng the
whole real axis

Propagator describing negative-energy particle waves

On the other hand, considering the particle’s propagation backward in time implies that
t' — t is negative so that the p, integration must be performed along the contour closed
in the upper half plane as this gives zanishing contribution. Then the only pole is at

pOZ_Ep:_\/ p2+mg

, d?
S ) = =i [ Ghsexplip- (¢~ )] expl+iE, (' 1)
—EA"—p-y+m
X ( 2 2Ep 7 o) for ¢ <t (2.305)

p

2.3.3 Propagating Positive and Negative Particles

We combine the two propagators describing positive-energy particle waves and negative-
energy particle waves moving forward and backward in time, respectively.

Sp(a' —x) = Sg/>t) (' —x)+ Sl(?t/)(x' — ) (2.306)
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Sp(a' —x) = —z/%

{eXp[—i(+Ep)(t’—t)] exp[+ip - (& — )] (B + P+ my)

2B,

ot —1)

T exp[—i(—E,)(t' — )] exp[~ip- (& - 7))

- E 0 _ ‘i_‘_m
L (CENY =iy o)@(t_t,)}

2F,
. d3 m p Y +m0 . / /
= —7,/ Ok F {Texp[—zp- (2" —x)]e(t —1)
—p " +m
e eplip- (& ) ~ 1)
~ =i [ BB ) evloip (D6l 1)
= — 27)? E, +(p)exp|—ip- (v —2
+A_(p) explip - (¢ — 2)]O(t' — 1))
(2.307)
Free propagator in terms of plane waves
This can also by written in terms of the normalised Dirac plane waves
Sp(a' —z) = —iO —1) /d?’pZ@/J
+iO(t / d3pz yr(a (2.308)
Proof:
2 B . m 2
> ) (z) = o )Qﬁexp[ ip-(z' —2)] > W ()@ (p)
r=1 r=1
4
. 1 mO . ’ r —r /ﬂu + mo
= @ B, exp[—ip - (z' — )] 2 e,w" (p)@"(p) 2
N ;rl 7
L my . , pY*+my
- (2 )2 E exp[ p ('CE x)] 2m0
1 m , A
= @ EO exp[—ip - (v' — )] A (p)
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A similary calulation for the secod part gives

. 1 ‘ ) .
U T) = — g el (¢ = 2] A(p) (2:309)
r=3 p
[
Using this we easily verify:
Ot — )y B (2") = i/d?’xSF(x' — )7, (2), (2.310)
Ot — )W (') = —i / BPrS (2 — )y (), (2.311)

(see section 2.14.9). Equation (2.310) explicitly expresses the interpretation of electrons
in terms of positive-energy solutions propagating forward in time and equation (2.311)
the interpretation of positrons in terms of negative-energy solutions moving backward in
time.

time time
(a) (b)

Figure 2.3: (a) t < t": an electron propagated from x to z’. (b) ¢ > t': a positron
propagated from z’ to x.

The reader should be warnerd no to take this pictorial description of the mathematics as
a literal process in space and time. For example, for x and x’ with space-like separation,
our naive interptetation of propagation would imply the electron/positron travels between
the two points with speed greater than the speed of light.

2.3.4 Perturbation Expansion for the Stuckelberg-Feynmann Prop-
agator

Equations () or () determine the free-particle propagator of the electron-positron theory.
Here we develop a perturbative expansion for how this is modified to the exact propaga-
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tor in the presence of an electromagnetic potential, the so-called Stuckelberg-Feynmann
propagator, Sp(2', x; A).

(17,0" —my)Sp(a',2; A) = 52 —x) + eA (2" Sp(a, x5 A) (2.312)

This can be viewed as in inhomogeneous Dirac equation of the form

(17,0" —my)¥(x) = p(z) (2.313)

which is solved by

¥a) = Wya) + [ d'9Sila - p)olw) (2.314)

As is easily seen:

(1,08~ mg)W(@) = (19,00 = my)Wy(o) + [ duli7,02 = my)Sp(a = p)olw)

= / d'ys*(x — y)p(y)
= p(x) (2.315)

In this way we obtain an integral equation for S,(2', z; A)

Sp(a a3 A) = / d'ySu(@ —y) |5y — ) + eA, (@) Sy, 7 )]
= Spa@ —y)+ e/d4ySF(x’ =y A, @) Sp(y, x; A).  (2.316)
Repeatedly substituting this equation into itself we obtain

Sp(',z;A) = /d4ySF(x' —y)+ e/d4x15F(x' —x))A, (x)V"Sp(2, — 2)

+ € /d4x1d4szF(x’ —x)A (x)VSp(w) — 1,) A, (7,)7"Sp(z, — 7)
oo (2.317)
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Boundary condition of Feynman and Stuckelberg

() = dla) + / S — y)er, AR ()T (y) (2.318)

The second term on the RHS represents the scattered wave.

Now by () t = 2° — +o0

Sp(z —y) — —i / ’p> ()P (y)

and t =12° - —x

Sp(z—y) — +i/d3p2¢;($)%;(y)

So that

¥a) ~v(o) — [ ST (ie [awT@aurrve) ot oo
= (2.319)

and

U(z) —Y(x) — / dgpiw;(x) (+ie / d*y E;(x)A#(y)v“‘If(y)) for t — —o0
T (2.320)

Therefore the scattered wave contains only positive frequencies

2.3.5 The S—Matrix Elements

The S-matrix elements are defined in the same manner as in the nonrelativistic case.

Let ¢, (x) denote the final free wave with quantum numbers f that is observed at the end
of the scattering process.
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Sy = lm <opp(2)|¥,(z) >

fi t—=+oo
=t (v o)+ [ dSeo - pea, i u ) (2am)
wf? %
A A
\Iji
scattering scattering
process process
\Iji

(o time b,? time

(a) (b)
Figure 2.4: W (x) stands for the incoming wave, which either reduces at y, — —oo to an
incident positive energy wave 1),(x) or at y, — +0o to an incident negative energy wave

¥;(x). (a) ¢, describes an electron in the limit ¢ — +o0. (b) ¢, describes a positron in
the limit ¢ — —o0.

There are four basic processes to consider: (a) electron scattering; (b) positron scattering;
(c) electron-positron pair creation; (d) pair annihilation.

We will need the following relations for adjoint spinors (proven in section 2.14.9).

ot — t')@HE} (') = i/dgaﬂHE) ()7, Sp(a" — ) (2.322)

o — 1) V') = —i / P (@), S (2’ — ). (2.323)

These are the adjoint spinor versions of equations (2.310) and (2.311).

Using (2.322), for electron scattering we have
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tﬂ tﬂ

(a)
tﬂ tﬂ
() (d)

Figure 2.5: (a) electron scattering; (b) electron-positron pair creation; (c) pair annihilation
(d) positron scattering.

Sy = lim <1/)f(a:)

t——+o0

by (x) + / d'ySp(x — y)eAu(y)v"‘Ifi(I)>
= G tim [ dovyo) [ S, - A, @)

e tin [y (i [ @000, - 0)) A0, 0)

t—-4o00

=

= 5y ie [ 4T, )4, ()

while, using (2.323) similarly, positron scattering is described by

Sy = by +ic / d'y,(y)A (Y, ()

Both results can be combined by writing

Spi = 0p; — ey / d'yd 1 (y) A, ()", () (2.324)
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where ¢ P = +1 for positive energy waves in the future and e = —1 for energy waves in
the past. U, (x) stands for the incoming wave

Repeated substitution of (2.318)

sz‘ = 5]% —egf/dzlyaf(y)/l“'y“(y)lpi(y)
= 0 —egy U d'y, ¥ () A, (Y)Y, (yy)

+ /d4y1 /d4y2Ef (y2)A“2 (Y2)7"* Sp(yy — 91)14“1 (Y)Y ¥, (yy)
+ .

— 5ﬁ+zs<’;> (2.325)
n=1
where
Si = —iee, / d'y, ... / A"y, 0 () A, WV Sy = Y ) A, G )Y
XSp(Yy = y1) A, (Y)Y (yy) (2.326)

“Ordinary” scattering of electrons

e U (y) in this case at Yy, — —oo reduces to a plane wave with positive energy.

In this case

1
\Ijz(y) - ¢i(+E) (y) = % (27T)3/2u

(p_,s_)exp(—ip_-x) as y,— —oo  (2.327)

an incoming electron with positive energy £ and momentum p_ and spin s_

n - n _(+E) . n—1
S§ = —ie / d'y, ... / d'y, 0y () A, @S e W, = Y ) A, (Y)Y
xSy = 1) A ()7 0 () (2.328)

In addition to ordinary scattering intermediate pair creation and pair annihilation are
included in the series.
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t A

[
>

X

Figure 2.6: The electron at z, propagates backward in time from z, to x,. Physically a
positron-electron pair is created at x,, the positron propagates forward in time where it
anihilates with the intial electron at x,.

Pair production processes

e U (y) in this case at y, — 400 reduces to a plane wave with negative energy.

The positron state at ¢ — +oo is described by a plane wave of negative energy. We use
the notation

By hole theory a positron is an electron with negative energy, negative momentum and
negative spin.

Now we need the plane wave propagating backward in time. There will be an exponential
with a positive sign in the exponent

e(i+p+y)
expressing the property that it has negative energy and momentum. It also will involve

v(p,,+1/2) =w(p,) and wv(p ,—1/2) =uw?(p,)

where w? is the spinor corresponding to a negative energy electron with spin up and w?
a negative energy electron with spin down. By using the spinors v(p, s) we take care of
the fact that the spin of electrons withe negative enery is —s. Here s is the spin of the
positron.

77Z)Z‘(electron)(_pf’ _Sf) = Const. U(pf7 8f> exp(—i—ipf . I) (2329)
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m 1 P
V. (z) — E—_OWU(])+, s, )e TP Y oas y, — 00 (2.330)
n - n _(+E) . n—1
SE = —ie / d'y, ... / d'y, 0y () A, @ Se W, = Y ) A, (Y)Y
xSp(y — y) A, ()" ¥, (= E)(y,) (2.331)

Pair annihilation processes

e U (y) in this case at y, — —oo reduces to a plane wave with negative energy.

n - n —(=F n n—
St = tie / dy, ... / d4yn¢(f )(yn)Aun(yn)v“ SeWn = Yn ) A W)V

< Sp(Wy — y) A, )Y o () (2.332)
ta ta ta
¥,
Ly
9, 4, "y,
Figure 2.7:

Scattering of positrons

e U (y) in this case at y, — —oo reduces to a plane wave with negative energy.

n . n —(=F —1
S = tie / d'y, ... / d4ynw§e )(yn)Aun(yn)v“”SF(yn—yn_l)A#n,l(yn_l)v""

<Sp(yy — y) A, () vl (y,) (2.333)
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(—F) positron
(2 vy

- ositron
v pret

»
>

\/

(a) (b)

Figure 2.8: Lowest order positron scattering. (a) incoming negative energy electron ¢§_E)

)

is scattered into an outgoing negative energy electron w](fE . (b) This corresponds to an

incident positron w;OSitron and emerging positron w?mtm". This is the link between the

calculational technique and the real physical picture of positron scattering.

2.4 Scattering of an Electron off a Coulomb Potential

2.4.1 The Scattering Amplitude

We calculate the Rutherford scattering of an electron at a fixed Coulomb potential to
lowest order of perturbation theory. The appropriate S-Matrix element is the first order
term of (2.328)

Sy = —ie/d4x ﬁf(a:)AMv“(a:)zﬁi(x) (2.334)
Y, () is given by the incoming plane wave of an electron with momentum p, and s;:

Y, (x) = w/% u(p;, s;)e” 7" (2.335)

) f(x) is given by

" my _ ipfex
V() = ﬁu(pf,sf)epf . (2.336)
Recall
A
E— VA -2 B—_vxa
ot
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Dy, Sy

pi? 8@

Figure 2.9:

Choosing

Ze
x|’

corresponds to a Coulomb force generated by a static charge —Ze. With these assumptions
the S-Matrix element becomes

1 m2 4 1
Sy =iZe*— | —=u(p;, s )7 ulp;, s, /d4 ips=pi)e___ 2.338
f’L tse V EfEZu(pf Sf)ﬁ)/ u(p'msz) ze ‘X| ( )

The integral over the time coordinate can be integrated

Ay(z) = Ay(x) = — A(z) =0. (2.337)

/ dxy PP = 21§ (E, — E)) (2.339)

o0
The remaining integral is

1

e—iq~x
|z

A (x) = —Ze / d*x

where q is the momentum transfer i.e. q = p s — ;. This can be evaluated using
integration by parts of Poisson’s formula A(1/]x|) = —4wd%(x):
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/d?’xie_iq'x = —i d%—Ae
x| q? x|

- %/ Td (|x\)
= ¢ / dPx(—47m6° (x))e'I*

47
Thus the S—matrix element becomes
. 1 mé _ 4
Sy = ZZ€2V ﬁ u(p;, s )7 u(p,, s;) Z 2r0(E, — ). (2.341)

2.4.2 The Cross Section

A differential cross section o is defined by the effective area of target particles.

>
: \\\_’
e T,
N
1 @ |
e !
) ——>
N b o :
\\\ |
A
\J—’
target
Figure 2.10: .
s _ N,o
Chance of hitting a Coulomb potential = i (2.342)

Let us say that there are IV, incoming particles. The number of scattering events is then

N.,.o
number of events = N, 2

(2.343)
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so that the cross section is then expressed as

number of events
= A. 2.344
7 ( NNy ) (2.344)

We wish the express the cross section in terms of the flux of the incoming beam,

flux = pv

where v is the velocity of the beam moving toward the stationary target. The number of
particles in the beam NV, is equal to the density of the beam p times the volume of the
beam, vtA. The cross section can therefore be written as

number of events/t
(putA)Ny/t
number of events/t 1

pu N,
transition rate 1
_ L 2.345
flux N, ( )
S y52dN, 1
= 2.346

dN f is now determined.

2.4.3 Transition Probability Per Particle into Final States

Standing waves in a cubical box of volume V = L? require

p, L = n2x,
pyL = ny27r,
p,L = n2m, (2.347)

with integer number My Ty, M, For large L the discrete set of p—values approaches a
continuum. The number of states is
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dN = dnajdnydm

1 3

— (2ﬂ)3L dpxdpydpz
V

= d>p. 2.34
2t ? (2.348)

The transition probability per particle into these final states is

Vd3p
AW = |8, |P—1
‘ fz’ (27T)3
Z2(47ra)2m(2) m(pfasf)ﬁ)/ou(pws‘)‘Q dgpf
A 26(E, — E.))? 2.349
By @ G, TR )

2.4.4 Transition Probability Per Particle, Per Unit Time

We smear out the d—function 27d(E; — E;):

/2 . T/2
/ dmoei(Ef—Ei)$0 — . ei(Ef—Ei)$0
—T/2 Z(Ef — Ez) 12
2sin(E, — E)T/2
- (B = E)T/ (2.350)
E,—E,
Thus we replace the square of the d—function is replaced by
o (B, — B = 4o B BT/ 2.351
. = .
The area of this function is
TS BT 2.352
/_OO (Ef_Ez‘)2 g4 ( )

Knowing that the “area” under the square of the ¢ is lim,  __ 27T, we make the replace-
ment
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(2m8(E; — E))? — 2rT8(E, — E,). (2.353)

Denote the rate R

_ dWw B Z2a2m(2) m(pfa 3f)70u(pi7 Si)|2 dgpf

T  EV ql* E,

dR

3(E, - B,) (2.354)

2.4.5 Formula for Differential Cross Section

The scattering cross section can be defined as the transition probabilty per particle and
per unit time divided by the incoming current of particles

Tine(2) = 0, (2)y" ¢, (x) (2.355)

Taking the spinors with spin polarisation in the z-direction we determine the current

Toe = i@y (x)

= %H(pw%wgu(pw%)
1
_ oy (Bt m) (107@’ 0) S
EV  2m, E, +m, Eiilmo
0
1
My (B, 4+ m,) (10 D; 0) ( 1 o 0
BV 2m, B, +m o® 0 B
0

Il
3
[e)
—~
=
+
3
[e)
S~—
VR
—_
(@)
=
(@)
N———
&
o~ OTfF
3
o
N— ~__

EV 2m, 7
p. 1
- - 2.
BV (2.356)
Vil
J. | =—-r. 2.357
| ZTLC‘ V ( )

The differential cross section can now be determined
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d 47202m2 |u .S 0 i?Sing
R 47%a*m} [u(py, s,)7" u(p;, 5;)| pfé(Ef_Ei)

do = = :
el EZ.V‘U—‘}‘ |al* Ly

Use

d’p, = p}d|p,|dQ,

Then the differential cross section becomes

4720®m?2 [a(py, s )7 ulp;, )1 p7d|pyl|

do = -
gyl ! E,

dQ, §(E; — E,)

2.4.6 Averaging Over Spin

(2.358)

(2.359)

(2.360)

The differential cross section above can be applied to calculate the scattering of a particle

with initial polarisation (s;) to final polarisation (s ).

First we give a simple example. From the relation

o' (p, " —€,my) = 0.

we see that

for r = 3,4, where

B —p, "+ my
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Zuﬁ iy $)Us(P;8;) = ug(p;, 1ug(p;, 1) + ug(p;s g(p;, 1)

= ) _wi(p,) Y W (p)A45(p)
= D i)W, (p)(AD)),,
— (AP

where we used the completeness relation

r=1

Using this result and similar considerations we now calculate the spin sum.

Z Zaa(pf’ Pya,ﬁ’ Zu pw i u5 pp Z) ”Yggug(Pfan)

,0,8,6 sy
_ (pz) 4+ m,
= > Y w,(pps,) (V") u,(pysy)
2m0
o0 Sf [67e
),7 +m0 0 T
= Yy (P ) gy
a,0 r=1 0 ao
4 ( L 4 v
P, "+ my (pp), Y +m
_ =T 0M/p 0 f/v 0
- Exemon (o) S (M
a,0 r=1 oo =1
o) +my (pp), " +my
=2 ) (T
a,0 My ao my oo
. ’y( );ﬂ +my o(pf)ﬂ +m
2my, 2my,

Using this the differential cross section can be written

dg _ AZ’a’mi, {70 (p;) " 4y 0 (py), " +myg

dS2; - 2|qft 2m, 2m,
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2.4.7 Taking the Trace of the Product of Gamma Matrices in
the Differential Cross Section

We first prove that the trace of an odd number of y—matrices vanishes. To do this we
use (7°)* =TI and v,7° +1°7, = 0.

Try,...v, =

1)”T7"yu (2.364)

where in the third line we used the cyclic permutation of the trace. With this () reduces
to

do 472> m? 5
= = T (1 (p), " (), ") + mETT (12 (2.365)
dsd, 2[q|

We have Tr(7°)? = Trl = 4. To evaluate the first trace we derive a couple of results:
Firstly

a,b Try'y" = a,b T?"(vv +9)

uov vv 9
= a,bn"Trl
= da-b. (2.366)

where we have used p and v are dummy variables in the first line. Secondly, starting with

aubvcvd Trotav~y"7° = 2q- bc ds Trvy” o buavcvd Traytay¥~7~°

= 2a-bc ds Trvy” ”y —2a~cbﬂd5Tr”y ”y
+ bucvavd Tryt~Y~7 7
= 2a-bcd; Try"y’ —2a - ¢ b,ds Traty°
+ 2a-d bucy Tryty" — bucydw&é Troyty"~1y°

then using the cyclic property of the trace we find
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a,b,c.ds Tryfy"y7° = a-b c,d, Try"y —a-cb,d, Try"y”
+a-db,c, Try'y” (2.367)

Using the second result first with a = ¢ = (1,0,0,0) we get

(pi)u(pf)y Tr(Y'y~°4") = a p;Ir—a-aTr+a-p,Tr

Now using the first result we have

(), (pg), Tr(Y°9*7°y") = 4(a-p;)(a-p;) — (a-a)A(p; - py) +4(a-py)(a-p,)
= AEE, — AB,E; — 7, 7,) +AEE, (2.368)

2.4.8 Mott Scattering Formula

The §(E, — E f) function of the cross section ensures energy conservation £, = F 3 thus
E? = 2
( f

implying

75| = 1Pyl = 1]

The scalar product of initial and final momentum is the following function of the scattering
angle 0

p;-py = [p[*cosd
0
= |p|*(1—2sin®=
ol (1 - 250
- PR’ (1—25in22) (2.369)

From this we have for the momentum transfer
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lal = |p; —p|l
= \/Ipf|2+|pi\2—pf-pi
= /2p® — |p|cos b

0
= 2|p| sin§ (2.370)

A simple exercise, left to the reader, gives us the well known Mott scattering formula

de  Z°a*(1— (#*sin’ §)

= : (2.371)
df2, 4ﬁ2\p\25m4§
In the limit § — 0 (small velocities) reduces to Rutherford’s scattering formula
do Z2 2
7 a (2.372)

dsd, B 462|p|? sin*

2.5 Scattering of an Electron off a Free Proton

In the last example we considered scattering off a central potential. Now we make our
first step toward the derivation of Feynmann’s rules by considering scattering off two free
particles.

2.5.1 Inhomogeneous Wave Equation and Photon Proporgator

In electromagnetism the invariance in A“ comes about because the field strength F, =
auAy — Q/A“ is left unchanged by the gauge transformations

A (z) — A () +09,A(z)

We wish to calculate the four-potential A () produced by a source current J*(z) term,

DA (z) — 0"0,A"(x) = 4w J¥(x) (2.373)

We are free to choose the most convenient gauge for the calculation intened to make.

We will choose the Lorentz gauge
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9,A"(x) =0

In momentum space this reads

ke AR (k) = 0.

OA"(z) = 4nJ" (z) (2.374)

The solution of the above equation may be systematically formulated using the appropri-
ate Green’s function which we call D (z — y), the propogator for electromagnetism.

OD,(z —y)(z) = 4n6*(z — y). (2.375)

The Fourier-transformed proporgator is defined by

Dyta =) = [ Gtzesplia- (e =)D, (o) (2.376)
Using
Sa-y)= [ (577; expl—iq - (z — y)] (2.377)

and making comparison we get

Dy(q) = 7 (2.378)
The four-potential A*(z) solving (2.374) is
W)= [ dyDy(x ) y). (2.379)
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2.5.2 Potential of Proton Current

S, = —ic / 0 ()7, A (1), (z) (2.380)

At first order the four-potential A*(z) is the field produced by the proton to lowest order
in a.

Sy, =i [ dtad'y [67 (a1, 0,(0)] Dite = ) 7(0). (2.381)

The term in the brackets represents the current of the electron. As the electron and
proton play equivalent roles in the scattering process, the proton’s current should be of
the same form as the electronic current. Therefore we make the replacement

J*(y) — e, 03 ()"l (y) (2.382)

where E?(y) and ¥¥(y) have the same for as the electron wavefunctions

My

D _ —q .
Vy) = EWU(PZ»SZ-)GXP( ib; - y)
M .
Vily) = Ejﬁ?/ ;) exp(—iP; - y) (2.383)

where P, and P, denote the four-momentum of the proton, S;,S ; and E?, E? denote its
spin and energy respectively. M, is the proton’s rest mass. The proton’s current is then

S expli(P, — P) y) u(Pp S0 u(PS). (2.384)

Inserting this into the expression for the S-matrix gives

M2
sz = +Z_ EE EpEp pf7 ryu pw 1)]

< [ dtadty W —expl—iq - (z — y)] expli(p, — p;) - 7] expli( P, — P,) 2]

<) WS (e, s) (2.3

q% + i€
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p;

Figure 2.11: Lowest order electron-proton scattering.

2.5.3 Conservation of Four-Momentum

The x— and y—integrations give

/d4a:e><p(i(pf —p;—q) -x) = (2m)'"(p; —p, —q)

/d4y exp(i(p; —p, —q)-y) = (2m)*"(P; — P, —q) (2386)

The integration over q is then readily done:

/ ((2][754 (27T)454(pf P~ @(277)454(}71" —Fi-d) {_ (12447‘T ZJ

4
(py — p;)? + i€

= (2m)*0" (P, — P+ p; — p;) [— (2.387)

2.5.4 Remarks on the Form of the S-matrix Element

Here we display properties of S-matrix element that are a first step toward “deriving” the
Feynmann rules for QED. The total S-matrix element the reads

. 4 ¢4 1 m% Mg

where
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— 4

M .
Py —p;)?* e

s = [U(py, 54) (=i, Julp;, si)](

[E(Pp Sf)(_iep”Yu)u(Pw S;)] (2.389)

This describes the lowest order contribution. This is put in diagrammatic form in fig
(3.7). The wavy line represents the virtual photon being exchanged between the electron
and proton. The four momentum of the photon is

q=p;—p; =P =P, (2.390)

e The following factor represents the amplitude for the propagation of a photon
with momentum g¢:

— A phv

T (2.391)
q° + 1€

e There is a factor of —tiey, for every vertex.

e These act between spinors u(p,s) describing the free ingoing and outgoing
Dirac particles.

e There is a four dimensional j—function, ensuring conservation of total energy
and momentum in the scattering process.

2.5.5 The Scattering Cross Section

>
: \\\_’
;o o Sh— X X
1 ° 1
I 1 x
L. ! X x
1 L )'(
e —> X
k\ [ ] . : x x
\\JI—’
target

Figure 2.12: .

We divide |S,[* by the time interval and the space volume of the reaction (Dirac waves
normalised so that there is one particle per unit volume)
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S
fi—yr

(2.392)

Now we come to calculating the cross section. As in section we have to consider the square
of the §*—function

(2m)*5* <pf + Py —p; — Pi) = T_}(E’I{/l_}w /_Z/; /V d*x exp [zx : (pf + P —p, — Pz>]
(2.393)
[(n)6* (o, + P, —p,~ P)| = TV(2r)'s* (p, + P, —p,~ ) (2.394)

To obtain the transition rate to a group of final states with momenta in the intervals
f =1,2, we multiply by the number of these states which is

V&P, VP,
(2m)? (27)?

(2.395)

number of target particles per unit volume = 1/V

Combining these results with (), we obtain the required formula for the differential cross
section

dp, &P, 1 1
do = v?_—L_—1 W,
g (2m)3 (2m)3 |3 |1V i

nc

_ (2.396)
2.5.6 Lorentz Invariance
Each particle leaving the scattering process contributes a factor
d3
my &Py
— (2.397)
E (2m)?

to the cross section. Consider
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/OO d*p 6(p* —m)O(p,) =

— 00

where

_J 1 forp,>0
@(po)_{o for p, <0

This step function is obviously Lorentz invariant since Lorentz transformations always
transform timelike four vectors into timelike four vectors. Thus we have established that
d®p/2F is a Lorentz-invariant factor.

Now we consider the factor

mo% 1
3, 0= Ly, — v, (2.308)
mc V KA 3
P P.

This gives

my M, 1 B myM,
EE—iP el V - EEl|v, =V
_ my M,
~ EEP\NVZ+V,—2v,-V,

M
= o ~o (2.399)
VPE? + P2E? — 2p, - P,E.EF

(A A
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We prove that for collinear collisions that this is equivalent to the Lorentz invariant scalar

myM,
V(- PP —miMg’

because
my M, _ myM,
\/(pi - P)? — mg Mg \/(EZEZP -p;-P)?— mg Mg
_ myM,
VE!EP? —2E El p, - P, + (p, - P,)2 — m2M?
_ myM,
\/(m(Q) + pf)(Mg + PZQ) - 2EiEiP p, P, + (pi : Pi)2 - m(2)*Mo2
— Moy (2.400)
\/pleim + mgP; — QEZ‘EiP p, P, +(p, P)? ‘
As the velocity vectors are collinear we have that (p, - P,)* = p7P7.
my M, _ my M,
\/(pi ' PZ>2 - mgMg \/1322£22‘132 + m%P’LQ - QEZ‘EZ‘P p,‘ : PZ' + pZ2PZ2
M
- o0 (2.401)

\/I)?EZP2 + PZQE’L2 - 2Ez’EzP p;,- P,

We can use this Lorentz-invariant flux factor to write the cross section in a invariant form

m.M mad®p, M.d*p
do = 00 M, |2 (27)'6 (P, — P+ p, — p,) ——L —2 L (2.402)
\/(pi - P)? — mg Mg d d d ' (27T)3Ef (27T)3EJICD
2.5.7 Averaging over Spin
The squared invariant matrix element averaged over initial and final spin is
1 B ee (4m) ?
‘Mfi‘Q 1 Z u(pf> sf)’y”u(pi, $;) ﬁ U(Pfa Sf)”YuU(Pm S;) (2.403)
Sf,Si,Sf,Si
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S [0y s ) ulpe 5)] [Py, Spu(P, S))|
Sr,8:,57,5;

= Z [ﬂ(pp Sf)'}/uu(pp $;)] [E(Pp Sf)Vuu(Pp S;)]
Sr,8:,57,8;

[ﬂ(pp sf)'y”u(pi, sl [E(Pp Sf)'qu(Pz" S
= Z[U(pfa Sf)”YMU(pi’ 5;)] [ﬂ(pf? Sf)”YVU(pi’ s;)]"

Z [H(Pf? Sf)'y“u(Pi, S;)] [E(Pf? Sf)Vuu(Pi’ S)I (2.404)
S8

At this point the reader should go throught section 2.14.8. The answer according to
(2.588) is

PV my L gV my P.y"+ My, P+ M,
Tr |2 Sy ~H A v ~ Tr vaM o 62]\/[ 0 7, (2.405)
0 0 0 0
M, |? = 7626]20(47T)2 L*"H 2.406
‘ fi‘ - q4 v ( . )

where we have introduced the lepton tensor L*” and the hadron tensor H i defined as

“+m 577+ m
"™ =Tr Pra 0 ~H Pig? 0 Y (2.407)
2m,, 2m,,
and
PAy"+ My P+ M,
B =1y | 0 Tt My (2.408)
w oM, T 2M,

Using methods already introduced in the previous section on Coulomb scattering, we can
easily evaluate the trace in the lepton tensor L* to obtain:

v 11 v v v
L = 55(2) [p‘;pi +p?pf —nt (pf P — mg) (2‘409)

The Hadron trace has the same structure, we just replace small letters by capitals and
lower the spacetime indices.
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2.5.8 Differential Cross Section in Rest Frame of Proton

The calculation of |M fi|2 which we leave to the reader results in

Ve e’el(4m)? b . . b
| fi| - 4m(2)M02(q2)2 (pi ’ i)(pf f) + (pi ' f)(pf z)
~(p; - pp)ME = (P, PpymE + 2mMg | (2.410)

Let us work in the rest frame of the proton. We define

p; = (Ep)=7p
p; = (E.p)=:p
P = (M,,0) (2.411)

7

We calculate the differential cross section for electron scattering into a solid angle dfY
centered around the scattering angle #. Thus we will integrate the differential cross
section over all momentum variable except for the direction of p;. First we will want to
write down the spin averaged differential cross section in the proton rest system. The
invariant flux factor reduces to

moMo moMo _m,

Vi, P)=miMg  JERMG —miMG [Pl

(2.412)

We will use

(27T)3E? -~ (2m)3

M, d*P, oM. [
S 0/ d'P; 6(P? — M2)O(P)).

— 00

The spin averaged differential cross section da is then

do = % [M,,2(27)*6"(P; 4+ p' — P, — p)
mo 2]\/[0 00 . ) , ,

Now integrating over dE’ and d3Pf we obtain
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do _
o = [ @)

m(%Mo Nl TAT 12 ’ 9 ) 0 /
= 1plzns | SEWIIMPS (0 = P, —p)® = M) O(F) + B — F)
m2M, [MorE 2 | | |
= i | B MPS@m — 2(E — E) - 2E'E2Ip||p| cos )
mo

(2.414)

where the upper limit in the integral comes from the step function and the lower from
the fact that £’ cannot be less than m,. Furthermore, the argument of the delta function
has been expressed in terms of the kinematical variables of the laboratory frame. The
remaining integral over E’ can be performed using

5 (/@) = Z%
k dx |z

x; being the roots of f(x) inside the range of integration. We get

do 2M / M ; 2
do_ mg [P M) (2.415)
0 " ax |pl M, + E— [p|(E'/Ip]) cos0
where we have used d|p’|/dE’" = E'/|p’| and we have for £’
E'(M,+ E) — |p||p/| cos 0 = EM, +m{ (2.416)

For given scattering angle # the final energy E’ of the electrons can be determined as a
function of E and 6. The resulting £’ and the corresponding |p’| = £ — m2 have to be
inserted into (2.415).

2.6 Scattering of Identical Fermions

We can take over many aspects of electron-proton scattering. But now because the two
particles are of the same type there is no way to tell which of the two emerging electrons
was the “incident” and which was the “target” particle. This is taken into account by
adding the amplitudes for both processes but incuding a change of sign since we are
exchanging two identical fermions. The resulting total amplitude is then
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2 Py Pl 2
A A A A
q=p, — D) q=p; — D
A A A A
Y2 Py b Y2

Figure 2.13:

1 | md m3
Sy =

12

X {+ [a(py, s)(—iev, Julp,, s,)] (p; _Zl,:;? i [@(ph, s5)(—iey, )u(py, s,)]
= 00 ) e,y )| S 0 ) e, )

(2.417)
2.6.1 Averaging over Spin
The squared invariant matrix element averaged over initial and final spin is
|M fi\Q
Yy \ WD) 5,)7,0(Pys 51) s Ty 557 (D 55)
(p, — P)
81,51 sh,82
1 2
u(py, 3/2)7;#(171’ 31)7/2E(p/1’ s u(py, 5,) (2.418)
(P — P5)

We gain familiarity with calculating spin averaging, the reader will be left to put together
the results to obtain the final answer

. Consider the mod-squared terms in the square
|-+ |%. Take the first such term:
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YD @ sy ulpys) (@), s5)7"ulp,, s5))

81,851 sh,s2

x (@, )y, ulpy,5,)" (@Dh, s5)7 upy, 55))

= Z (E(p/p SQ)VMU(PP 31)) (E(pll’ )7, u(py 31)>*

’
51,51

X Z (U(p;asé)”Yﬂu(Pw%)) (ﬂ(p;,sé)”y”u(pQ,SQ))* (2.419)

/
59,52

It is sufficient to consider just the first sum over s}, s,, since the second term s, s, has
the same structure. The reader should see section 2.14.8 on how to turn this into the
following trace

PLY" My Py’ 4 myg

v

Tr v, (2.420)

2m,, 2m,,

Now we consider the more complicated mixed terms in the square |---|?. The first of
these is

D (@, )y, ulpy, 50) (@0, s5)7" ulpys 5,))]

81,51 sh,s2

[(_(p/w /)7;/ u(py; s )) (ﬂ(pp )7 u(p27 ))]*
ZZ u(py, s VUPP )( ulpy, s (P2’3/2))

81,51 sh,s2

X (@, 55)7,u(pys 55)) (Wpy, 85)7,u(p), 57))
P Y+ m
= 23 (50 s Bt )

Sl 52
_ Do Y* +m
X (U(PQ,SQ)VMW%U@Q,SQ)) (2.421)
0

where we have used the identity

P+ m
Z“ Py>8)Ug(Dpy, 8 )—(W)
0 afl

We use this identity another two times to obtain the final result
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P Y+ mo,y p/%ﬁﬁ +my ,yup%w +myg ,yup/m'yé +my

Tr v, . (2.422)

2m0 Qmo Qmo Qmo

In section 2.14.1 we provide theorems on the trace of y—matrices sufficient for the reader
to evaluate the above expresions.

2.7 Electron-Positron Scattering

2.7.1 Scattering of an Positron off a Coulomb Potential

_pfa —Sf

Py S

Figure 2.14: The incoming positron with momentum p, and spin s, is described by an
outgoing electron with negative energy, with momentum —p, and spin —s,. Similarly for
the outgoing positron.

; 1
@(pi’si)vov(pf’sf) /d% eips—pi)e_—_

o (2.423)

v\ E,E,

2.7.2 Electron-Positron Scattering Amplitude

Make the replacements

an incoming electron spinor u(p,, s;) — an outgoing positron spinor o(py, s f)
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1 | mé m3
S (dir.)) = —= 0 2m)46t(p, + 7, — P, — D
jldir) 2\/E1E2\/E’E( )50y + Py~ — Po)

147
(py — Ph)?* +ie

x [a(py, sy)(—iev,Ju(p,, s,)] [0(P,,3,) (—i(—e)y,)v(ph, 55)]

(2.424)

Py —Ps
A
q=p, — 1}
A Y
Py _52
Figure 2.15:

The exchange amplitude

sz (exch.) = “EE “E’E’ (2 454 (py +p2 p1 2y

Z47T / / . — -/
p2> 52 (pp )] (p ST 26[ (pp 31)(—Ze”yﬂ)u(p2, 32)]
(2.425)
o
— I —
_.%1—
2m,, I 2m,, I
S P
" TDs Y2
——— ———
Py Py
(a) (b)

Figure 2.16: (a) The intial state. (b) The final state.
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The exclusion principle requires that antisymmetric combinations of amplitudes be chosen
for processes which differ only by an exchange of particles. In the final state, fig (?7), has
to be antisymmetric with respect to the exchange p} < —p,

_]_72 —]_?/ _
A vy P —Ph
N\NNY - Py + Py

q=Dp + ﬁz
A Y _
p —-p
D, v, 1 2

(a) (b)

Figure 2.17: (a) . (b) The exchange graph is usually written this way.

2.7.3 Remarks on the Form of the S—Matrix element

2.7.4 Crossing Symmetry

The squared invariant matrix element for electron-positron scattering can be obtained
from the squared invariant matrix element for electron-electron scattering by making the
following substitutions of four-momenta

b, — D
po— P
Py — —Dy
Py — —Dy (2.426)

2.8 Scattering of Polarised Dirac Particles

st is a Lorentz vector which is properly defined in the rest system of the particle where
it reduces to a spacial unit vector

(s")pg = (0,5"). (2.427)
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We wish to obtain the components of s# in a frame in which the particle moves with
momentum p. What is the Lorentz transformation formula os an aritrary four-vecto a*
for when v is not parallel to the xz-axis? Consider

a” =7 (a® —v-a), a =a+ <v-2a(7_ 1) —'yao>v (2.428)
v
where
B 1
e V1-—v?

Specialising to v = (v,0,0) we find

a¥ =~ (a” —va,), (2.429)
roor v-a

(CLI, aya CLZ) - (aaj7 ay? CLZ) - < 02 (1 - 7) - ryat) (U7 0, O) (2430)

which reads separately

a,=(a, —va,), a, =v(a, —va), a =a, a =a, (2.431)

y?

We want the inverse of this transformation which is easily obtained by making the re-
placement v — —v. We have that s” = 0. We obtain for s*,

= |8, 8+ (y—1)v (2.432)
v
We use the following:
p
== 2.433
=P (2.43)
E /v =m,, (2.434)
B 1
7 /1 —p?/E?

E E
S (2.435)

E2 — p2 mo



y—-1 E/mo—l

E2—p>  (E+mg)(E —m)
_ —mO(E1+ oy (2.436)
so that () finally becomes
sh— |2 il , s+ I)%S/p (2.437)
my my(E +m)

Because of the Lorentz invariance of the four-diemnsional scalar product it follows

$,8" = (5,)ps(s")pg = —s -8 =—1 (2.438)
and
0
—S
P's, = (P")ps(5,)rs = (my,0,0,0) [ = [ =0. (2.439)
)
s,

So we have the normalisation and orthogonality relations

s?=—1, p-s=0. (2.440)

We will specialise to helicity states, namely states where the spin points in the direction
(or opposite direction) of the momentum:

s = AL where \=+l. (2.441)
A Tpl

Substituting this into (2.437) leads to the spin four-vector

2 E
SNZA(M,£+P_P):A(M £) (2.442)

my || my(E +my) |p| my " my [P

After this preliminar work we now look the cross section for Coulomb scattering.

116



2.8.1 Polarised Electron Scattering of a Coulomb Potential

do 4Z%a*mf )

oo s) = WW@JH 57 u(p;, ;)| (2.443)

We introduce auxialiary summations over the spin orientations s; and s, using the spin
projection operator ¥ (s) which suppresses the “wrong” spin state u(p, —s).

do A7%*m?
s = T (s uens)) (4 eosnbidetry sp)
474>

_ Tﬂ%;(mpf,s;wi( s)u(pss))) (o 57" s Julpy )

i15f

(2.444)

The same calculation as in (2.362) but with the replacement ”ygﬁ o Z§:1 Pygé(i) 58

do 4Z*am} ), " +my o (), 0"+ my

49 o — 2% (g )rl 0 gy fvl 0

dQ (Szasf) |q‘4 r |:70 ( ) 2m0 Yo (Sf) 2m0 :|
_ Azt | L st (), " +my 14755775 (P,),0" +my
P ToT 2m, 0 2 2m,

(2.445)

2.8.2 When the Incoming Beam is Unpolarised

Before examinig the above we warm up by looking at when the scattering process in which
the incoming beam is unpolarised, and ask if polarisation of the scaterred particle takes
place. The above cross section is then replaced by

do 14Z%a*m? T 1+ 7,877, (P), " +mg  (pp), 7" +my

a5 =5 N R 2my 0 2m

(2.446)

0

The factor 1/2 comes from averaging over the initial spins.

Expanding (2.446) we find the traces

Ty %0 T 7,0 TT% Y57, Y0,  and - Ty Y57, %7, -
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It is easily seen this reduces to evaluating

Trysvys  TTY57,7,7,, and  Trygy,v,.

The first two obviously vanish as the trace of the product of v, and an odd number of v
matrices 1S zero

Trygy,---v, = (0)"Try, .07 = (=0)"Tryy, -,

where we first used Y57, = 7,75 and then the cyclic property of the trace. We consider
the last trace. Say first that 4 = v then

Trygy,y, = Trys(v,)? = 0" Try;.

As Y5y# + 4#~5 = 0 and thus inparticular 4°9% = —v54% we get

Troys = Try, (70)2

Now if y1 # v we choose A that differs from p and v and use 7,7;7,7, = (—1)3757“%%\

Trys1, % = Trgy o
= Try57,% Vs
= (D’Trgyamn
= —Tr”y5”yu'y,/:0.

Thus the cross section is independent of the final spin and agrees with half the unpolarised
Mott scattering cross section

do 1 Ao yson

o(sg) = 5 A (2.447)

Thus at first order in perturbatin theory Coulomb scattering of electrons does not lead
to polarisation of the incoming beam.
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2.8.3 Polarised Scattering

We assume that the spin of the incoming electron is parallel to its direction of motion,
i.e. it has well defined helicity A\, = +1

E p.
5, = A\ (M,—&) = A8,
Ai my My ’p’

lpl EPr\ _
Sp, = A (— = = Aps, (2.448)

m,’ m, |

Dropping terms we know to zanish from the previous example, the polarised scattering
cross section becomes

d—a(s. s;) = % Tr { 14795577, (pi)“V“ +my 1+ ’758?'7“ (pf)zﬁy + mo}
A0\ Iq[* 0 5 om, 0 5 T
47%*m21 1

= IR " A (TT[%((Z)Z’),N“ +my) ()7 + my)]

FANS Trig 5?7, (0,07 + mo) 15857 ((0), 77 + o))
(2.449)

Here we define the degree of polarisation P of the scattered particles by as the difference
between counting rates for the positive and negative helicities, normalised by the total
counting rate:

do (A
P ==
o

do (A

+1) — do (A
+1) + do(A

_1)
_1)

(2.450)

f f
f f

If the initial state is fully polarised, e.g. A, = +1, the final degree of polarisation becomes,
using ()

Ty Y5577, ((0,), 7"+ 69075577, ((94), 7 + )]

B )+ o)+ mig)

(2.451)

The evaluation of the trace in the denominator is done along the same lines as early
calculations. Expand the numerator, using that the trace of an odd number of v matrices
vanishes,
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Tr[vevss7 7o (0" + M) 1075857, ((0p) "7 + my)

= STUsG Tring Y, Y, 070 + mos? s T .70 %) (2.452)

To evaluate the first trace we generalise the result of () to arbitrary even number of ~y
matrices. We know

Trokt ok = 2l Tpahs b — T2l lis o ykin
Repeating this procedure we get
Tryft . oyt = 2l pahs o A —

2nkrEn etz o Ahn
—Tryhz A

Using the cyclic property of traces we get

Trakt . Akn = phh2 Trahs o apn — oo phthin Tpaf2 o e (2.453)

To do the calculation we need the following scalar products:

It satifies the orthogonality relations. Firstly

my my |p|
E P. P,
= S (p- 2Py g (2.454)
my p|
Similarly we have
ps-s;=0. (2.455)

FE P; Py
= —(lpl - )
my ’p’
Elp|
= —(1— 0 2.4
- (1 —cos®) (2.456)



s, = ——(1 — cosf)

Similarly we have

B (‘p‘ Epi) (
sivsp = | — ——]"

my’ my |p|
1, E?

= PP
I 2

= — — E*cosf
m%(p )

p| E Py

m()’ myg ‘p‘

7)

PPy = E? — p*cosf

We leave the details of the calculation to the reader. The result leads to

2sin &
P=1-

mo

In the nonrelativistic limit £ — m,, this reduces to

2
E 0 )
<—) COS 5 + sl 5

P:l—25in§ = cos .

2.9 Bremsstrahlung

)

(2.457)

(2.458)

(2.459)

(2.460)

(2.461)

When electrons scatter at protons or in the field of a nucleus, they can emit real photons.

Bremsstrahlung is a second order process

57 = —ie? [ diyd'ad (£)4, (075, ~ 1) A"

the outgoing photon by

Am —ik-x ik-x
A (k) =/ oV €, (k. A)(e + e )
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Figure 2.18: (a) . (b) .

the incoming electron

i) = \/Em%{'/U(pi, s;)e (2.464)
m ipfT
V() = 1/Ef—(‘)/U(pf,sf)e . (2.465)

the outgoing electron

and the Coulomb potetial is

Ze

Ay (z) = e (2.466)
S, = ¢ / dyda) (2) [(—iA, (o, Ey)iSp( — ) (—in®) A (y)
(7" A (@)iS p(x — y)(—iA, (. k)| (@) (2.467)

Again we transform to momentum space. The Fourier transformation of the Coulomb
potential

Ze dq 1 _.
T _TZe4 S 2.468
e g T (2.468)
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Substituting all of the above into (2.467)

mg, . . 4 —ik-x ik-x
Sy = 62/d4yd4x< /E Py sp)ets ) [—z( o7 kAT e )) 7" X
4 —ip-(z—y) d3 1 .
X (/ d p4 e , ) x (—iy?) (—Ze47r/ q3—26_2q'y)}
(2m)* poy® — my + i€ (2m)% |q

X < Eﬂg/u(pz, s;)e Zpi'y) + exch. (2.469)
rearanging
g _ _Ze347r 47r m3 dyd q d4
fi V/3/2 E E, 2)4

/Le_ip'($_y) e_iQ'y

u(p,, ipgx |:—Z€ ’Y zk$+ ik-x (—ivo)—

Xu(py, sy)e ) PYE — my + i€ lq|?

—iqy e~ (z—y) , .

(=)o~ (—ie, ") (e + ) L ulp,, 5,)e

lq|? P — My + €
(2.470)

Peforming the integrations

/d4 ( iz (pp—k— p)+ezx (pp+k— p)/d4ye —q+p—p;)

= [2m)''(p; — k —p) + (2m)'5 (p; + k — p)|(2m) "6 (¢ + p — p;)

/d4 ( iy-(p—k—pi) 4w (p+k—p: )/d4x€i$'(Pf+q—P)

= [@2m)'0%(p — k —p) + (2m)'6* (p + k = p)|(271) 0" (—q + p — p))

The S—matrix becomes
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Zeddr [4m | md 4 q d4
sz‘:_v3/2\/7 EE/d 27 )4
x {l(2r) ' (p, — k= p) + (2 w>454<pf + k= p)|2m)'6 (g +p — p,)

| i o1
Xa(pfasf)(_zeﬂﬁyu)paﬂya —m, _‘_ie(_zﬁy )’ ‘2 (pza z)
+(2m)'0 (p — k —py) + (27)'0 (p + k — p)|(27m) "0 (=g + p — p))
Wlpgos) ()it 5 2471

lal? p,y* —my + e

In the following we will need the formula

/ dw6(z — a)5(z — b) = 6(a — b).

Consider the momentum integrals coming from the direct graph, we find

/ (sﬂq)3 / (gﬂq)zx (2m)0%py £k = p)2m)"0"(p = ¢ = p)f (p: o)

- / (3733 (2m)*6*(p; =k — g —p,) f(p.a])

= 23(E; — B, = w)(p]a) (2.472)

where ¢ = p IE= k—p,andp=p FE= k. There is something similary for the exchange graph.

Since we want to describe photon emmission the electron loses energy, E ; < E;, which

correspnds to B, = E;, —w - this is the arrangement measured experimentally. The

S—matrix we require to describe emmision of a photon is then

S, = —Ze2nd(E, ,/
fi amd(Ey o~ B\ EEV2\qy2

X U(pf, S )

(—ie,y iy,
)pf,/’}/ + ky’y B mo( 0)

1

P+ kY —my

+(=i,) (—ie,y )] u(p;, s;) (2.473)

Using the relations p; = p} = m{, k* = 0, we have

124



1 pp " kA my

P+ k= myg + e (py + k)2 —mj + ie
Py kAN my

2pp -k +ie '

(2.474)

2.9.1 Remarks on the Form of the S—Matrix element

e At the free vertex, where a free photon with polarisation vector
a factor

i) (—ie,7") occurs

ii) and the normalisation factor of the photon \/47/2wV enters.

2.9.2 Bremsstrahlung Cross Section

We can simplify the notation by writing

€, is emitted,

Sy =1iZe*2mé(E "M ( 2.475
—eesn \/2wV\/EEV2|q\2€ ul (2.475)
where
P+ k" +my DY — k% +my
M k — 1 «
H( ) u(pf7sf) [IYN 2pf . k+l€ rYO 0 _2p . k+l€ ry (pz7 z)
(2.476)
The bremsstrahlung cross section is given by
VdEVd
By (2m)3 (2m)3
Z2e% 4mr m§  (4m)? Bk dp
= — “M(K))? 270 (E —E, L (2477
Vil 20 B,E, [q (ML) 2m0(Ey +w = B msmms (2477)
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2.9.3 Sum Over Polarisations of Photon

We know that gauge invariance implies the condition of conservered current

aJ,(z)
ox

I

— 0, (2.478)

where J () = E(:U)'y“w(x). In momentum space the conservation condition reads

kT (k) =0 (2.479)

Now the matrix element M (k) given in () is a quantum mchanical transition current for
Bremsstrahlung in lowest order perurbation theory and also satifies

kMM, (k) =0 (2.480)

This condition is easily verified using klﬂ"pﬂ” = —p/ﬂ“kﬂ” + 2p - k and the dirac
equation:

ﬂ(pf7 Sf)(pf,ﬂ“ - mo) = 07 (piury‘u - mO) (pz’ z) 0

B ppY kY +my P — kA 4+ m ,
kMM (k) = u(pg,s;) [k," 2, ke Nt N 5 ke kY| w(p;s;)
— ﬂ( s ) —_(prryV_mO)k“,yﬂ+2pfk+k2
- WPy I 2p; -k +ie Yo
Yo —2p, - k +ie WP %
2p, - k m -k
= U f pzi . .
weysy) 2p; -k + e 0 % “2p, -k + e u(p;r ;)
=0 (2.481)

We now perform the summation over the photon polarisation vectors e“(k, A) with A =
1,2. The quantity of interest is

[e- MR =" le,(k, VM (k)]> = D e, (k, Nep(k, \)M* (k)M (k) (2.482)

A=1,2 A=1,2
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We work in the radiation gauge and choose a particular coordinate which simplifies the
calculation. Consider the coordinate system such that the momentum vector k points in
the z-direction

kE* = w(1,0,0,1) (2.483)
We choose the two transverse polarisation vectors
e(k,1) = (0,1,0,0),
ek,2) = (0,0,1,0). (2.484)

Now we use the condition of current conservation

EHMP = w(M® — M?) =0, (2.485)

which implies M° = M?3. Therefore we can write

e- M2 = M'M*™ + M?M*™ + M°M*™ — M°M*™ = —M M** (2.486)
Obviously this is Lorentz covariant. In general we have
Z e, (k,1)e, (k,2) = —n,, + gauge terms. (2.487)
A=1,2

The additional terms are proportional to kﬂ or k, and thus do not contribute to any
observable quantitiy since the sum is multiplied by conserved currents which satisfy k- .J.

2.9.4 The Infrared Catastrophe

A photon may be emmited which is too soft to be detected because of the energy resolution
AF of the apparatus. Consequently, the experimental cross section is the sum the cross
section for bremsstrahlung of energy less than AFE and second order (raidiative corrected)

elastic cross section, i.e.,
do do do
= — . 2.488
(dQ/)E;tp (dQ/)B+ (dQ/)El ( )

Here (do /€Y') 5 is the soft bremsstrahlung cross section integrated over the range of photon
energy 0 < w < AE and (do /), is the cross section for raidiative corrected elastic
electron off the Coulomb potential.
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Ze Ze

Figure 2.19: The two types of lowest order radiative corrections to elastic scattering of
an electron of a Coulomb potential.

2.10 Compton Scattering

We describe the incoming photon as a plane wave:

1 | |
© e (kM) (e 4 ety (2.489)

Az k) = 2wV

and the outgoing (scattered) photon by

4 N ! N !
Al K) =/ zfv € (k) (e 4 M) (2.490)

the incoming electron

Uy(x) = ,/Em%{’/U(pi, s;)e T (2.491)
m, ipfT
Uy(x) = 1/ﬁ“}u(pf,sf)e s, (2.492)

Sp = ¢ [ dtadty ) [(-iA, (000" iSp (o~ 9)(~iA, (. 07"

T (—iA, (g, K1) i@ = y) (=i, (5 K)7") | (o). (2.493)

the outgoing electron

From previous experience we know to write this in momentum space to be
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Pys S Pys S

Figure 2.20: The direct and exchange diagrams describing Compton scattering.

62 mg (471)2 4
.= Tt/ \/ = (27 p, +K —p —k
Sfl ‘72 E/WZE/Wf 2 2 /( ) (f i )

1
pﬁ,’Y” + kyﬁ)/y — my

X U(pfa Sf) (—ie;'y“) (—i€,77)

l

pf,fyy - k},ﬁ/y —my

+(_7;€M’YM) (=ie,77) | ulp;, s,) (2.494)

In going from (2.493) to (2.494) we integrated over plane waves which gave delta functions
which impose energy-momentum conservation at the vertices. It results in four different
processes, two of which are not allowed kinematically: the emission or absorption of two
photons by a free electron. A third process is not compatible with the kinematic conditions
fixed by the experiment. The process describing Compton scattering corresponds to the
followings constraints on four momentum:

+k +p; = +k +p; (2.495)

The situation is similarly to what we encoutered in Bremsstrahlung in that not every term
is physically relevant for the process considered. The term in the Compton scattering
amplitude stems from the part exp(—ik - z) of the photon field in (2.489) describing
the absorption of a photon with four-momentum £* by the electron and from the part
exp(—ik’ - ') of the photon field in (2.490) describing a photon emitted by the electron
with four-momentum k.
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2.10.1 Compton Scattering Cross Section

We split the S-matrix into two parts:

e [ md2 [ (4m)? ted
= —— 2 "—p — MK Ne (k 2.4
S = T\ B, g (20 By K 0= ) O AN A) M, (2496)

Here M L 18 the Compton tensor

P k" 4+ myg DY — kvt +my
2p, -k + e Ty T —2p, - k' + i€

M, =T(p,.s,) {7“ 2 uons)  (2.497)

we have

K"M,, =k'M, =0. (2.498)

The proof is analogous to the bremsstrahlung case.

The cross section starts as

S.2 v A3k
dcr:/ 55 bV (2.499)

T, l/V (2m)? (2m)?

with

[Spl* _ 1Sl
T VTV

being the transition rate per unit volume and normalised to one electron per volume.
|V.l/V is the incoming photon flux.

et m?
do = £ (2.500)
ViEE,

We calculate the cross section in the laboratory frame.

p;, = (mm 0)
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Also

V,ul =lc—v,]=lc|=c

We use the covariant expression for the density of final states:

dgp > 4
°E = d*p 5(]9 - mo)@(l)o) (2.501)

Averaging over initial and final electron spins and polarisations

- ZZ e (K, N)e (k, A) M, | = %ZM“”M:V (2.502)

pol spin spin

(on account of (2.498) and (2.487)).

the unpolarised differential cross section for Compton scattering is then

do o (W [w o
m:% (J) {J—i-;—sm (9} (2503)
2.11 Annihilation of Particle and Antiparticle

Sy = ¢ [ty @) (i, (00" S, — 5) (=i, (0. k))

(=i, (g k") iSp( = ) (—iA, (5, K)7")| (). (2:504)

To fit the experimental situation both photon outgoing plane waves should be used. We
are lead to the following expression in momentum space:

Sy = \/ )0tk + ky —p, —p_)
w w2

i
* Wpes)|( 7’62“) _aY T Ryt —my

Z
P — Ky v* — my

(_ielu’yy)

+(—ie;, ") (—i€g, ) | ulp_,s_)

(2.505)
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Figure 2.21: Direct and exchange graph of pair annihilation into two photons.

2.12 Second Order Electron-Proton Scattering

Before we state Feynman’s rules for QED we wish to examine how to formulate the
amplitude for a second order scattering problem, namely the secon order S-matrix for

electron-proton scattering.

The amplitude for second order electron proton scattering

S = ie? [ dhadyy(@)4,078, (@ ~ ) A0

The second order electron current is given by

T (x,y) = ie* () 7,Sp(x — y)7, ¥i(y)

We generalise the relation

Al () = /d4y Dp(x —y) J*(y).

by conjecturing

A (2)A,(y) = / d*Xd'Y Dp(x — X)Dp(y —Y) 2P (X,Y).

By symmetry the proton current Jﬁf) (X,Y) should be

TA(X,Y) = ie* Y5(X) 7,5p(X = Y)y, (V)
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(2.507)
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(2.509)



Substituting () and (2.508) into

S (dir.)

y)v” v ()]
F(y - Y)

=Yy, i(Y)] (2.510)

Figure 2.22:

Since the two photons emitted by the proton current are indistiguishable the electron
at x does not know whether the photon absorbed there has been emitted at X or Y.
According to quantum mechanics we must coherently add the contribution coming from
the corresponding exchange graph in (2.12).

Sﬁ) (exch.)

262/d4xalyd4Xal4Y

X[0 (@) S p(x — y)7r” ¥y (y)]

XDp(x —Y)Dp(y — X)

XX, Sp(X =Y )y, ¢P(Y)] (2.511)

Notice how the indicies p and v in the ‘proton current’ term have been exchanged with

respect to the direct term.
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Figure 2.23:

2.12.1 Feynman Diagram in Momentum Space

As always, the external particles (incoming and outgoing electron and proton) are de-
scribed by plane waves. The direct term becomes

S (dir) = (4r)°e’ / d*zd*yd* X d'Y M
fi V2 E E EPEP

/d4q1 d4q2 d4p d4
(2m)4 (2m)* (2m)% (2m)4

(2.512)

It is easy to perform the integration over spacetime coordinates. It results in the product
d*—functions:

(2m)*6%(q, +p —py)(27)* 0@y —p +p,)
x(2m)'6%(—q, — P+ P)(27)"'0" (=, + P — P,). (2.513)

Each §*—function expresses the energy-momentum conservation at one of the four vertices.
Now we can integrate over
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, 47r 2et | m2 M
Sﬁ)(dzr.) = “EE?”EPEP (2m)* 6% (P Pi+p;— P —p)

/ d4q1 1
(2m)* qf +ie (¢ — ql) + 1€

[ 1
X |u(pg, s )" = u(p;, s,
I ( ! f) Pra Y = QoY — My + i€ ( )]
[ 1
X P, .S P.S. 2.514
( ) “P P)/a +q1a")/ _ M +Z€’y ( 1 ’L) ( )
Py Sy A A Pf> Sf
(\WI
a4
Py—q Pf +q
q— Q1
DS, A ﬂ P.,S,
Figure 2.24:
9 47r 2et | m2 M
S}i)(exch.) = EE? EpEp (2m)*64 (P Pi+p;— P —p)
/
(2m)* i + ie (q — ql) + i€
1
X |u(py, s )" =y u(p;, s,
I ( Y f) Pra Y = QoY — My + i€ ( )]
[ 1
x |a(P,, S P.S. 2.515
u( f? )’yyp P)/ _ qla")/ _ M + ZGPYMU( 7 Z) ( )

2.12.2 Remarks on form of scattering Matrix

e cach vertex contributes a factor of the form —1ey,,...
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Pgs Sy | ‘Pf’Sf
qa—4q
Pr—a P —q
=
b5 A P,S,
Figure 2.25:

e cach external particle yields a facttor \/m,/E.

2.13 Feynmann Rules of QED

There origins should be clear to the reader.

2.13.1 Scattering Amplitudes

We consider a scattering process in which two particles, they may be electrons, positrons
or photons, with four-momenta

b, = (El-,pl-), 1= 1727

collide and produce N final particles with momenta

p;=(Enps), [=1...,N.

Individual energy-momentum conservation at each verrtex leads to conservation of total
energy-momentum, represented by the delta function

& <p1 +py — Zzﬁ) :
=1
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/ /! / /
Py,my Py, My

Yy '
D> My

pl,ml p2’m2

Figure 2.26: We are considering reactions in which there are two particles in the initial
state and n particles in the final state.

The scattering matrix element S 1i Is given by

n N/
__ 4¢4 /
sz. =1i(2m)%6 <p1 +p, — sz> 1 H 2E V BV (2.516)

i=1

The normalisation factors N,:

N, =

7

4 photons
2m, spin — %particles

(2.517)

After drawing any Feynman diagram in momentummm space we see clearly how to trans-
late the various lines in the graph directly into mathematical expressions.

The Feynman rules concern the calculation of the reduced scattering matrix element M.
A Feynman graph describing a scattering process consists of three parts:

(1) the external lines representing the wave functions of incomingand outgoing particles,
(2) the internal lines described by propagators, and
(3) the vertices representing the interactions between the particles.

With each external line one associates the following factors:

u(p, s) time

Figure 2.27: An electron entering an interaction.
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electron:

photon:

E<p7 8) time

Figure 2.28: An electron leaving an interaction.

o(p, s) time

Figure 2.29: .

Each vertex is associated with a factor

1S, =
Eoop2— m3 + ie
y —idmT nt
Dy’ (k) = k? + ie
—ievﬂ.

(2.518)

(2.519)

(2.520)

a) a factor of -1 for each incoming positron (outgoing electtron with negative energy)

b) a factror of -1 in the case that two graphs which differ only by the exchange of two

fermion lines.

c) a factor of -1 for each closed fermion loop.

For each internal loop, integrate over

=
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U<p7 S) time

Figure 2.30: .

p
e ———0

Figure 2.31: Electron propagator.

2.13.2 Differential Cross Section

To obtain the transition rate to a group of final states with momenta in the intervals
f=1,..., N, we multiply by the number of these states which is

Vdip'
f
2.521
I1 @)y (2.521)
f
1 a d*p);
do = N N,2m)*'* (p, +py — Y P)SIM,1P || =5 (2.522)
4/(py - py)? —mim3 17 L Zl ! IZIQE}(QW)?’

The degeneracy factor S exists when the final state contains identical particles. Its taken
into account by

S=1] = (2.523)
where g, particles of the kind k in the final state.
External static electromagnetic fields
2.14 Details

2.14.1 Traces of Products of y—Matrices

1. The trace of an odd number of y—matrices vanishes.
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Figure 2.32: Photon propagator.

1
Figure 2.33: Vertex

2. aubv Try#~" = 4a - b.
3.
Trokt o oykn = gt Tpyls oyt
P Tyl iyl
AntthnTrah2 | Ahn=t (2.524)
4. Tr~° = 0.

5. TrySyHy” = 0.
. aub,,CadvTTVE’V“VVVUVV = —4i6“””7aubycad,y.

6
7. T?"'ym’yﬂ2 Vg = Trfywn Yy -
8

i)yt =41

i) v, 7" = —2v"

iii) v,7"7 " = 4”71

iv) 7,7 = =297y

V) 1YYV = 20 YT+ 277
Proof.

1. See ()-()

2. See ()-()
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6. See

7. We make use of the matrix C’, involved in charge conjugation. C' has the property

(:Wu(j’l = —.. It follows that

N

Ty Vs Vg = TT(C’VMC'_I)(C’VMC'_I) . (OV,%C_I)

_ 2 T T T
= (=)™ Trfymﬂyw .
_ T
= TT[’ymn .. ‘7u1]
= Trvmn oV

8.

D)y " =5t +,) = 52041 =41

i)

VAV = 20" = AM)

Il
)

2
<

|
i

D
<

iii)

VA =, (2 = A7)
= 2977 ="
= 297"+ 279"
= 20207 —=9"7) + 29797
= 4n".

iv)
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L]

VA = (2 =)

= 297" = ()Y
= 29" —An"y?

= 297(20"7 —7") — 4”7y
= =277

1YYV = 1Y (@ =)

= 29y = (1, Y)Y
S V.o o V.0

= 299"y + 2977 .

2.14.2 Complete Set of 4 x 4 Matrices

Any 4 x 4 matrix can be written as

where

Proof:

Note

I

Yos 7;717 7;72? i73a

9 Y3r Y371 12 Y1V YoVor V3Vos
Y1Y2 730 1Y Y0r VY371 Y0 D230
11%2 Y30
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=1 (A4=1,...,16) (2.527)
For all T 4 but I there exists a r p With
r,r,r,=-T, (2.528)

The trace of all fA (A=2,...,16) are zero,

A

Tr(l,) = —Tr(Cz0 ) = —Tr(T%T,) = —Tr(T",).

Linear independence

Say

Multiply this sum from the right by r B

agl+ Y a0, =0 (2.529)
A#B
Then take the trace
dag+ > a,Tr(C,Ip) =0. (2.530)
A#B

Now from (2.526) we see that fAfB = C’onst.fc. In the case where A # B, fc # I. This
implies in (2.530) that ap = 0.

Expansion of 4 x 4

Each 4 x 4 matrix can be expanded as

X=> z,T, (2.531)



This is evident since 4 x 4 matrices represents a 16-dimension space and the r 4 are linearly
independent. The coefficents are then given by

1 R
15 = Tr(,X).

L]

2.14.3 Unitary Equivalence of Representations of the Dirac Al-
gebra

All representations of the Dirac algebra v#4" + 4/4* = 2n*1 which satify 77 = ~9,

7"t = —~% are unitary equivalent.
Proof: The proof is split into five parts.

i) First we prove that each 4 x 4 matrix which commutes with all r 4 is a multiple of I.
Consider such a the matrix which write

X=aplp+ > x,0, (2.532)
A+#B

where we have picked out a particular matrix which is not I. We choose fc such that

P Ll =T, (2.533)

Since X comutes wth all T A

we have

vplp+ Y a0y = a0 Tple+ ) x0T,
A#£B A#£B

= —aplp+ ) (Bl (2.534)
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where we have used T',I', = (+)', (this established by inspection (2.526)). Next
multiply by I'; and take the trace

dry + Z x,Tr(0,Ty) = —4x, + Z ), Tr(T,Ty) (2.535)
A#B A#B

implying

So we conclude that

X =zl (2.536)

This result is actually just a special case of Schur’s lemma which states that every matrix
which commutes with every element of and irreducible representation must be a muliply
of the identity matrix; we know 4 x 4 matrix reprersentations of the Dirac algebra is
irreducible as there are no lower dimensional representations.

ii) Let v, and vL be two representations of the Dirac algebra and r A ffq are respectively
their basis. We wish to prove that

I8 =5r, (2.537)
where
16
=) TLFly (2.538)
B=1

and F is an aritrary 4 x 4 matrix. To this end, consider the matrix
16
0S80, =) TR FI,T,. (2.539)

B=1

By inspection, from (2.526) we have T',I", = acf‘c where o, € {1, %i}.
0, = a I (2.540)

Multiply from the right by I,
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A o T
Iy =aclcly

then the right by I',

Fely = acly
and from the left by fjg gives

A

A 1
P = 1 (2.541)
276,

Substituting this into (2.539) then gives
16/
ISIVESY (—r/c) F(a.T) =S (2.542)

c=1

proving (2.537).

Suppose we could choose F (recall Fis completely arbitrary) so that S is non-singular,
we would then have in particular

: ot &-1 T ot -1 T ot &-1 T ot A1
I, =5T,5"", I,=ST,5"", I',=5r,5", Iy=05T.S
equivalently
v, = S'VHS'_I.
The next two steps are to prove we can choose F' so the above conditions for S are

fulfilled. In the final step we show that the additional conditions 7, = %T), v, = —%T ,

Y = 'y(/)T, v = —”y;T imply that S can be choosen to be unitary, proving the entire result.

iii) The matrix F' can be choosen so that S does not vanish. We prove this by contraction.
Say S = 0 held for all choices of F', then

0=(8)p = > 3 (F0)a(Flus(Ts)s, (2:543)
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for all 4 and p. Now let us choose F such that a single element has the value 1 with all

A

other elements being zero. Say it is the element (F'),  that is equal to 1, then (2.543)
reads

> 0)u(lp),, =0 (2.544)

B=1

This equation can be written for all possible choices of v and o, so we can infer

16
> (1), Tp=0 (2.545)
B=1

holds for all p and v. Since fQB = I this would imply

16
Z(fjg)w =0 forall p,v. (2.546)

B=1

As (f‘ /B)HV cannot be equal to zero simultaneously, we have a contradiction to the linear

independence of the r B-

iv) Now we prove that S is not singular with appropriate choice of F'. To this end construct

T=> T,GTh (2.547)

r,r=1r", (2.548)
(same argument as in iii) which together with (2.537) implies

N ~

(0,1)8 = (T1,)8 = T(I",8) = T(ST )
ie.
I ,(TS)=(TST,, (2.549)

accordingly 7'S must be a multiple of the identity
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TS =k1. (2.550)

Obviously we can choose G so that T # 0 (same argument as iii). With the same kind of
choice of F' as in part iv) we will now show that we must have k # 0, and hence that S
is not singular! We prove it by contradiction

> TTRFT, =0 (2.551)

A

with the choice of (F),, =1 with all other terms zero,

Z(Tf‘/B)p,y(fB)pa =0 (2552)
B=1
or
16
> (1), =0 (2.553)
B=1

From T’ 2 =T and the fact that (T r /B)HV cannot all be simulateously zero as T’ ! =Tand

T # 0. This is in contradiction to the linear independence of the r B

v) We now show that in the case of

TN=M M= M=%, =

equivalently
h= T=n (2.554)
Vo =MV Yo = MV .
then S can be choosen as a unitary operator. To see this put V= (det S )_15' then
Y=Vy V7 det V=1 (2.555)

Let us see if there exist another choice for V. We must have det Vl = det 172 =1 and

N

ry/ll = ‘/17;1‘71_1 = ‘A/nyuf/Q_l. (2556)
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Eq (2.556) implies

ViDLV =V, v (2.557)
for example
Vl(i%%) Al_l Z(‘%Vl‘A/l_l)(‘A/l’yZ Al_l)
Z.(V2”Y1V271)(V272 271)
- ‘/2(7;7172)‘/2_1' (2.558)
Eq (2.557) rearranged becomes
(V VL, =T, (%7'V)). (2.559)
By result i) (Schur’s lemma)
0, = 11
hence
V, =K'V, (2.560)

As det V, = det V, = k'*det V,, we must have k' € {£1,4i}. Now take the Hermitian
conjugate of (2.555),

v/t = (VN (2.561)
then by means of (2.554),
v, = (V) V1 (2.562)

We see that (V)= fulfills (2.555) as does V. From (2.560) (k' € {£1, +i}) it follows

VvhHt = kv, vi=g-tv!

ViV = kL (2.563)
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Since

(VTV)u - Z(VT)”(V)

J

/
Hence k1

L]

must be real and positive, i.e. k!

Viv =1

JP=k (2.564)

Z v

= 1. Hence,

(2.565)

2.14.4 Coefficients of Infintesimal Lorentz Transformation

We prove that the

Q>

aﬁ:2

fulfill ()

1
5 ('70[75

- '70[75)

Proof: Insert the above expression in the RHS of ()

b l
[V Gasl = 3 [v : '7a7'75]
/L v
- (] )
/L 14
- ebral 2 d)
= i7", 7] (2.566)
where we used 7,75 + 757, = 21,5 Furthermore we have
i7", 7474 (VY5 = YaV8Y")
= (V"% — 20 5% + 7Y V5)
= (VY = 20" 5%a 207075 — YV VaV5)
21" — 1" 57a)- (2.567)
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2.14.5 Proof of Relation S—! = fyOST’yO

We show that for

the inverse operator is given by

Proof:
(i) Rotations:

For spacial rotations we can write:

S = exp (_ZWUUU) )

The o, ; are Hermitian because

Q>
I

{(vm)T - (%%)T}

{Vﬂi - ’7{7]' }

N <. DN .

~

Jij‘

This implies

ST = exp (wa&jj) = exp (wa&ij) .

Obviously, 7, commutes with c}ij and thus with ST. Hence we have

~ A

VOST% =G5t =g71

(i) Lorentz boosts:

(2.568)

(2.569)

(2.570)

(2.571)

(2.572)

Given that a general Loreentz transformation can be decomposed into first a rotation,
a Lorentz boost along the z-direction and then undoing the rotation, and given that
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vy +4%9% = 0, it suffices to prove the result for a simple boost along the x—direction.

For this transformation we have

S = exp —éw&m

0y, is antihermitian because

2 {Gom) — Gy}

)
5 {7170 - 7071}

—0y-
Therefore
St = exp (%W631) = exp (—%uﬁm) =S.
From
) )
Y0%01 ) {70%" — YoY%t
7
= 5 {717070 - 707170}
= 019% = —0o1%-
we get
. o i \"
'YOST’YO = T [Z (_5“’001) ] Yo
n=0
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L]

2.14.6 Proof of the Completenes Relation for spinors

Proof of completenes relation: w'f(¢, p)w” (e.p) =6,.(E/m,)

Proof:

We calculate some examples

r=1,r =1
r=2,1r"=4
r=4,r" =4

1
E +m, ( p. p_ ) 0
1707 ) Dz
2m, E+m, E+m, Ftmg
p_
E+4+mg
E 2
+my 14 P
2m, (E+my)?
E+my [ (E+my)*+p°
2m, (E+m)?
2F + QmOE
2my(E 4+ my)
FE
By y 2.577
m, 11 ( )
__P-
l;—l—mo
Etxmg (04 _Ps __ P Yo
2m,, "TE+m, E+m, 0
1
E
I S ", ) ) (2.578)
2m, E+m, FE+m,
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E+4+mg
E+m, Lo P+ __ P T
2m, "7 E+m, E+m, 0
1
E
- 5 2.579
m, 44 ( )

The other combinations can be calculated similarly.

L]

2.14.7 Integral representation for the step function

We show that

1 0 —iwT
O(r) = ——lim dw >

2mi =0 J_ o w + 1€

(2.580)

Proof: We can evaluate the integral by means of complex integration in the complex
w—plane. This can be done if we can show if the contribution from the upper (lower),
infinitely distant half circle vanishes. Let I, be the integral along the upper (lower)
semicircle, then we can write

=g d
I = Jm | lfET
B
< I%im Max[zf(z)]/ %
o0 0
= :]:iﬂ'}%ijﬂ Mazx[zf(z)] (2.581)

Hence, if we can show that lim, _ Max |[z2f(z)]| — 0 then the integral over the semicircle
can be ignored and the integral along the real line can be converted into a closed contour
integral.

For 7 < 0 we show that the contribution from the upper, infinitely distant half circle
vanishes
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—iwT

(&

w
6—iRT(cos 0+isin )

T@ia
eJrRT sin 0

— €_iRTCOS0W (2582)

and
Jim |Rf(R,0)] = e M0 =0

For 7 < 0 we close the contour in the upper half plane. There is only a first order pole at
—ie. Therefore this integral will be zero.

AImw
T<0
_ Re w
X —ie >
T>0
Figure 2.34:

In the case 7 > 0 for similar reasons one can close the contour by means of an infinitely
large half circle below the real axis. Cauchy’s integral theorem says that the integrand at
the pole

1 . e—iwr
O(r>0) = _Q—M(_l)Qm ll_r%Res [w n ie]
= | _, =1 (2.583)

where we have a minus sign coming from the clockwise direction of the integration.

L]
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2.14.8 Averaging over Spin

We have
(a(f) Tyu(i)) (a(f) Tyu(i)” = @(f) Dyuli)) @G60) Tyu(f) (2.584)
where
T = 407140, (2.585)
Proof:

First note what the complex conjugate (@(f)T'u(i))* of the number w(f)'u(i) is equal to

— u(z’)TfWOT uﬁ(f)
= ()T )u(f)
= a(i)Tu(f) (2.586)
where we have used 7T = % and (7°)? =1
(a(f) Lyu(@)) (@(f) Lyu()” = @(f) Lyu(i) @) Tyu(f)) (2.587)

(i) 7 = 709" =

(ii) iv® = in®

(iii) y#y° = 7"°

(iv) yryv o =t
Proof

(i) First

700140 — 02020 — A0
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and secondly

Py = =091 = 40 = o
(i) As iy® = —yYy!14%4? and

5 = =" I 0 = 0%y = 09N = iy

(iii) Similar to (ii).
(iv) Proved using (i).

L]

Spin summation of the general squared matrix element

_ - _ - . s Py Mg 2Pyt g
Z (u(pf> Sf) Ly u(p;, Sz)) (u(pf7 Sf) Ly u(p;, 31)) =Tr |:F1 : 1 !

2m
Sf S; 0

2m0
(2.588)

A special case is

(2.589)

R pi/ﬂ“ +m, f pfﬂ" +m,
2m

) T ulp,s)|?=Tr |
> lapy.s,) T ulp,, s,)l T[ o

Sf Si 0 0

Proof: We use Einstein’s summation convention.

> (Talpps ) (O walys)) (7,01 59) (To),s uglppss))

Sf S;

~

- Zﬂa(pf’sf) (fl)aﬁ <Z uﬁ(pwsi)ﬂfy(pi’si)) F’YT ur(pf7sf)

_ . P, Yt tmy =
- Zua(pf’sf) (Fl HT Fz) ug(pys 55)
sf 0 af

4 1 I
., s Py My A Py )" 1y .
- Zerwa(pf> (F1 u72m FQ) ( H2m wv(pf)
r=1 0 af 0 By

(2.590)

R piﬂ“ +my = pfﬂ" +m,
2m

= Tr {rl 5 I,
0 0
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2.14.9 Proof of Equations (2.310) and (2.311)
Ot~ )0 Pw) = —i [ daSpla’ - 2yt (a)
We prove (2.310):

Ot — O (a) — i / P2 — )y (@)

Proof:

Any wave packet of positive energy may be expressed in terms of normalised plane waves

PP (z) = / ) o Zb p,m)w" (p) exp(—te,p - x) (2.591)

Prl

where Ep = /p?+mi and ¢, = €, = +1.. We will need to make use of the orthogonality
condition

™ ):ﬂ(s. (2.592)
w er’p rr!

W' (e, p) -
0

We start with the plane-wave representation of the Feynman propagator

Sp(a' —2) = —iO(t' —1) /d3p2¢ z) +iO(t—t') /d3pz¢ )¢, (x) (2.593)
where
Y= %;wr(p) exp(—ie.p - x). (2.594)
p Ep (271-)3/2 T

Inserting the above into the RHS of ()
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! dgpd3plm m r r r' o /! . /
= o _t)/ (27)3 EAE > W (p)w” ()b, ) exp(—ie,p' - x)
p

P r=1,2;7"=1,2

d3
X / ° expli(e,p —€.p') - x|
7r

(2m)?
Bpd3p’ m, [m . . o ,
— o 1) / T BB Y. W) ()b, ) exp(—ie,p - ')
p P’ r=3,4;r'=1,2

X / —31' [( — /) ] (2 595)
explile € - X .
(2 )3 p rp T p
Performing the x integration in the © term ylelds

expli(E, — E,)t]8°(p — p') — 6*(p — p') (2.596)

Performing the = integration in the © term yields

exp[—i(E, + E,)t]6°(p + p') — exp(—2iE,)5°(p + p'). (2.597)

Integrating over p and relabelling p’ as p we find
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i/d?’xSF(x' — 2)y,0 ) (2)

3 m o2 /
— o 1) / T <—> S e (R ()b, ) explie,p - 1)

(27)3/2 Ep

r=1,2;r'=1,2

d3p - 3/2 ,
_@(t - t/)/ (2’/T)3/2 (f;) Z wr(_p)er(_p)wr (—i—p)b(p, T/)

r=3,4;r'=1,2

x exp(ie,p - x') exp(—2i £ t)
Now we make use of the orthogonality relation. For r,r’ = 1,2

rt r rt r! Ep
w (p)w (p) =w (erp)w (Gr’p) = _5rr’
my,

and for r = 3,4 and ' =1, 2,

/

W (=p)w” (p) = w'i(e,p)w” (€,p) =0

The second term vanishes. The remaining term gives

(2.598)

(2.599)

(2.600)

i/deSF(x/ — x)vozb(*E) () = O —1) / (QZZT% Mo Z b(p,r)w" (p) exp(—ie,p - ')

Ep
= o — )P

L]

Similar relations can be deduced the propagation of adjoint spinors EHE) (x),

ot — o () =i / B (1), 8, (2 — )
and

ot — 7' 7w) = ~i [ ¢ @S’ - 2)

Proof:
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Any adjoint wave packet of positive energy may be expressed in terms of normalised plane

waves
w(Jr )(x) / e / 0 E b*(p, r)w"(p) exp(+ip - x) (2.604)

Consider the integral

/d3x¢+E)( o Sp(z" — )

d3p’ m, [m d3 2
e[ e 8 S o

x{—i@(t—t')Zw (p)@"(p) exp|—ip- (x — )]

r=1

4

+1iO(t —t') Z W' (p)w"(p) expl+ip - (x — x/)]} (2.605)

r=3

Again we do the z integration and use the orthogonality relations for spinors. We obtain

/ (er)p;m %Zb*(p, r)w(p) exp(ip - ©)O(t — 1'). (2.606)

P r=1

This is just the expansion of the adjoint spinor EHE) multiplied by the step function
ot —t').

L]

2.15 Scalar Quantum Electrodynamics

The Klein-Gordon equation results from substitution of quantum mechanical operators
for energy and momentum into the Einstein relation £? —p?® = m; of special relativity. As
we shall seee this leads to inconsistences such as negative probabilities and negative energy
states. These inconsistencies come from interpreting the equation as a single particle wave
equation.

Instead we will interpret ¢ as a field, much as the electron field, adopting a description
in which particles are created and destroyed at vertices and negative energy solutions
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propagating backward in time as antiparticles propagating forward in time. We reintepret
probability density as charge density, with the existence of particles and antiparticles.

2.15.1 Klein-Gordon Equation

Four current

We construct the four current j, for the Klein-Gordon equation. The current will satify
a conservation equation. Take the complex conjugate of

(]A)uﬁ“ - mgc2)¢ = 07

1.e.

(ﬁﬂp# - 7/r1’(2)62)¢>|< = 07

Multiplying the first equation from the left by ¢* and the second from the left by ¢ and
take the difference

6" (b, — m3P)d — $(p, " — m2P)¢" =0,
or
=" (V, V"o — d(V V)" =0,
which implies

V, (¢"VE) — ¢VHe™) =0 (2.607)

We define the four-current density

o= (VG — V) (2.608)

2m,

which by (2.607) satifies

v, '=0 (2.609)
The constant ih/2m,, was choosen so that j, has the dimentions of a probability density.
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Charge density

Q _ ﬂ *8_1/) — oy* 261
P 2my,c? ( ot ¥ ot (2.610)
Minimal coupling
minimal coupling
(7 — eA")(p, — eA,) — mgl¢() (2.611)
rearanging gives
010, —mgl(x) = =V () (2.612)
where
V() = ie(d, A" + A*D,)p — A" A ¢. (2.613)

2.15.2 Current density in presence of electromagnetic potential

0 = ¢[0"0,6+ic(d A" + A )¢] —
01048, 6 — ie(9, A" + A*9)¢"]
= $"0"8,6 — $0"D 6 + 2ied" GO AF + 2ieA 67O + 2ieA O "
= O[5 — 90, " + 2ied* HpAY] (2.614)

j,=ied” 9 ¢ —262A ¢ (2.615)

2.15.3 Feynman Propagator for Scalar Particles

(O+my)Ap(z —y) = ="z —y). (2.616)

Ap(p) = 5—5— (2.617)
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2.15.4 Perturbative Series

S = Jim ()]s, ()

t—+o00
- T 3. () 5
= tlgrnoo d’z ¢, (x,t)i 0 ¢, (x,1) (2.618)

2.15.5 Scattering off a Coulomb Potential

Scattering off a Coulomb Potential

Sy = —ie/d‘*xgp}(w)(@“AAx) + A, (2)0,)¢,(x) (2.619)

To first order ¢,(x) is given by the incoming plane wave p,(x) of a scalar particle with
momentum p;:

1 .
— —ipiT
o, () =] 2EPV€ (2.620)

©;(z) is given by

(1) = [ z—se®r T 2.621
!

/d%e””f'x(@“flﬂ(x) + A (2)d,)e7 P

11
6_7
V. [2E2E,
ei#/dﬁlx[_
V. J2E2E,

1

(ipf) + (—ip )] A, (z)e'®r P

1
= [(—ie)(} + p)l;—F—=A4,.p; — p,)
! V. E2E "
o1 1 4x
= iZe*— — 210(E; — E,). (2.622)
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Formula for Differential Cross Section

2.15.6 Scattering of Identical Bosons

W)= [ dyDy(x - )ilo). (2:623)
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Chapter 3

Quantum Field Theory: Functional
Integral and Canonical Approach

3.1 Lagrangian Field Theory

use

and apply integration by parts, the boundary terms vanish because the end points are
fixed:

/d4 oL 5(6#90) = /d4a(gﬁgp)au(590)

9(0,,¢)
o oc
_ —/d 9, (8(@@)) 5o (3.2)

Altogether, the variation of the action is
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4 ) oL oL
O:(SS:/d:U{%—@“(a(Tm)}&p (3.3)

Either the integrand takes positive and negative values or the integrand is zero over the
domain of integration. As d¢ is arbitrary we know that the integrand must be zero. The
terminside the braces vanishes. This gives the Euler-Lagrange equations for the field ¢

oL oL
ey ) y
H=mn(z)p(x) - L (3.5)

H = / Hd>x (3.6)
following

oL

conjugate momentum defined in the usual way

o

WT(I') - @

3.2 Bosonic Integration

3.2.1 N Real variables
N | N
Z(j) = /H dz, exp (—5 Z T, AT, + Z]&) (3.8)
i=1 ij=1 i=1
where the matrix Aij is symmetric and strictly positive. A more compact notation is to

represent the column vectors (z,...zy) and (j,...j,) as x and j, then the row vectors would
be 2T and j7 where T=transpose. We then have:
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N N
Z r A = a’ Az, Z]ZxZ =Ty (3.9)
i=1

ij=1
Change variables to z’ given by
v=a + A", (3.10)
(the matrix A~! exists because A is assumed positive) then
L r T Loy Lor
—5¢ AX +J z = —5T Ax +§] A7, (3.11)
The integral then becomes

2(7) = expl5i" A~ )2(0) (3.12)

In many cases equation () is all one needs (for example in calculating correlation functions,
from which Z(0) cancels). Z(0) reads

2(0) = / I1 o', exp(—%xTAx), (3.13)

=1

Let R be an orthogonal transformation (RRT = I) diagonalising A,

dl
T d2 0 .
A=R'DR, D= , , d;>0 Vi (3.14)

Make the following change of variables with unit Jacobian:

=Rz (detR=1), (3.15)

N N
1 1
/g dz; exp(ﬁxTAx) = /g da’, exp(§:1:/TDx/) (3.16)

The last integral is the product of N independent gaussian integrals, and is given by
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N
—1/2 _ (ZW)N/2

(2m)N/? g(di) = (et A2 (3.17)
(27T)N/2
Z(0) = W (3.18)
N aN/2
/H dx, exp(—a Az + jTa+) = JofAT exp((l/Q)jTA’lj), (3.19)

3.2.2 Complex variables

First consider the case of a single complex variable z=x-+iy with integral

I = /szez*AZ“*j“j* = /dwdyeA(IQerQ)*le”ZjQy (3.20)

where j = j, +ij, and A = a; + ia,, with a; > 0. Then I follows immediately:

I:%ym“j (3.21)

Next, consider the case of N complex variables z,,
N

I = /HdQZieZTAZ+ZTj+jTZ7 (322)

i=1

where transposes have been replaced by Hermitian conjugates. Assume that A can be
diagonalized by a unitary transformation U,

A=U'DU, (3.23)

where D is a diagonal matrix with elements d, whose real parts are positive. Write

U=R+iS, (3.24)

where R and S are real matrices; the relation UTU = I entails

RRT +8ST =1, RST —SR" =0. (3.25)
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The transformation 2z’ = Uz amounts to

x R -S x
(7)-(5 )0 620
and the matrix which transforms (x,y) into (z’,y’) is orthogonal so that the jacobian of
the transformation is 1, which leads to the end result

N 7TN
—2tAztatjrjtz _ JTATY 3.27
/ 11 ‘ detA© 320

3.3 Feynmann Rules for Scalar Quantum field theory

3.4 Perturbation Theory

3.4.1 Diagrammatic Perturbation Theory

In this section we investigate general rules for the perturbative calculation of correlation
functions, rules designed to yield the result in the form of an expansion in powers of g,

G = G0+gG1+g2G2+93G3+...+g”Gn+... (3.28)

Where G, is the correlation function of the Gaussian model, (non-interacting model).
These rules are easily represented in diagrammatic form. These diagrams are the so-
called Feynman Diagrams. As a simple example we examine the Ginzburg-Landau theory
(see eq.(??)). It is impossible to find an exact closed formula for Z(0), but if g is small
on can expand exp(—yg [ d?z¢*(z)/4!).

The calculation of G® to order g

First we calculate the 2-point greens function to order g. One must evaluate the integral

o) = [ Dostaotne ™ = [Doswrote™ 14 [datcr e | a2

The first term in the square brackets merely yields

N (8(2)é(y))y = NGyl =) where N = Zy(j = 0). (3.30)
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To evaluate the integral in the second term,

/ Déo(x)p(y)e "™ / dhegh (2), (3.31)

we use Wick’s theorem (??). There are two types of result from the contractions:

(@) (P(x)d(y))y('(2)) and (b) (d(x)(2))y (0" (2)), (d(y)d(2)), (3.32)

in the wick expansion there were 4x = 12 terms of type (a) and 3 terms of type (b). It is
convenient to represent these contractions as diagrams, by drawing two ”external” points
x and y ("external” means that they refer to the arguments of the correlation function),
and ”internal” point or "vertex” z, which stems from the expansion of exp(-V), and over
which we integrate. Every contraction is represented by a line joining arguments of ¢.
The two types of terms possible in (3.32) are drawn

QO

Figure 3.1: The two diagrams of order g

These diagrams are called Feynman diagrams (or graphs); one such diagram corresponds
to every distinct group of terms of the perturbation expansion. The integral I reads

I(wy) =N {Go(x —y) - %g / d'2Gy(x = 2)Gy (0)Gy(z — y) — égGo(a: — )(G,(0))* / ddz]
(3.33)

In order to obtain the correlation function, we must divide by Z(0):

/D¢e H< - /d%&( ) + ) =/\/[1—%(GO(O))2/ddz+-~-].

(3.34)
The second term in the square brackets is represented by the diagram.

Dividing (3.33) by (3.34) we obtain the correlation function to order g
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Figure 3.2: The vacuum-fluctuation diagram

Gz —y) = =Gylz—y) — %g / d*2Gy(x — 2)Gy(0)Gy(z — y) + O(g). (3.35)

The graph(b) from fig.(3.1) does not feature in the perturbation expansion of G. Dia-
grams of this type are called ”vacuum-fluctuation” (sub)diagrams, meaning a subgraph
that is completely disconnected from the "external” points x and y. The sum of all
vacuum-fluctuation diagrams is equal to Z(0) = Dge . Division by Z(0) cancels all
graphs containing ”vacuum-fluctuations” parts disconnected from the rest of
the diagram. A proof is given in citeBellac (p 160).

On taking the Fourier transform, eq.(3.35) becomes

GO (k) = G, (k) — %gGO(k) { / (gTq)dGO(q)] G, (k). (3.36)

The factor in front of the second term on the r.h.s. is called the symmetry factor of the
diagram. To become familiar with the ”Feynman rules”, i.e. the rules for associating
diagrams with the perturbation expansion, we move to the calculation of G® to order ¢2.

The calculation of G to order g2

We use Wick’s theorem to compute the expression

<¢><x>¢<y> / ddzddu¢4<z>¢4<u)> . (3.37)

0

Eliminating the terms that contain vacuum-fluctuation parts, one finds three types of
graphs shown in fig.(3.3), with their symmetry factors given in brackets:

The vertices z and u may be permuted, which yields a multiplicative factor 2!;
however this is exactly cancelled by the factor 1/2! from the expansion of the exponential.
This is the same kind of cancellation happens in the nth order.

We shall settle for examining the contribution G(z — y) to the correlation function from
graph (a) in fig.(3.3). Thus

172



@ (1/6)

(b)i : i :
(1/4)

(©)

(1/4)

Figure 3.3: The vacuum-fluctuation diagram

Gl —y) = %92 / d2dGy(x — 2)[Gy (2 — w)Cyu— ). (3.38)

Let us write G(z — y) as a Fourier transform, by replacing every factor G, by its Fourier
representation

A Ly [ g d'% dW - dq, DIHRTACE
—y) == dlsd i3 @ (z—u)
Ol —9) = g0 [ "yt iyt L\ (@i

Xez‘k;-(w—z)eik'.(u—y)Go(k>G0(k/) H Go(ql)‘ (3.39)

=1
The integration over z and u yield a product of two delta functions

2m) 6Nk — q, — @y — q3) X (2m) 10U K — ¢, — g, — q3) (3.40)

which represent ”momentum conservation” at the two vertices. Hence

d d d
Gr—y) = égQ/ (;{ledeik'(gﬁ_y) [Go(k)]Q X / éf)ld ég;dGo(ql)Go(%)Go(k — 4, — ).
(3.41)

The last expression shows that G(x — y) is the Fourier transform of the function G(k),
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d d
Gl) = 24°GylH) [ | G GGl Golan)Goll = 0, = )| Go(—h). (3.42)

(where we have used Gy (k) = G,(—k)). (3.42) can be represented diagrammatically in
fig.(3.4). The graph shown there has two external propagators G,(k) and G,(—k), and
three internal propagators; because of the delta-functions §¢(...) ("momentum conser-
vation” ), only two of the three internal lines are independent. By following the internal
propagators one can describe three different closed loops, but because of ”momentum con-
servation” only two of these are independent; i.e. there are only two integration variables
in (3.42).

GO (k) 0 (q1) Go (k)

Gy (@)

Go(k-a 0 )

Figure 3.4: Diagrammatic representation of (3.42)

Our experience with the previous examples suggest the following ”Feynman rules” in
k-space ("momentum space”):

1. We draw the Feynman diagram with a momentum assigned to each line. We must
have overall momentum conservation and conservation at each vertex.

2. To every vertex we assign a factor -g
3. To every line we assign a factor G (k)
4. To every independent loop there corresponds an integration [ d%g/(2m)<.

5. Finally, every graph is multiplied by a symmetry factor.

3.4.2 The Generating Functional of Connected Diagrams

We start with an example, by investigating the correlation function G, It subdivides
into one connected and three disconnected diagrams,
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GW(1,2,3,4) = GY(1,2,3,4) + {GP(1,2)GP(3,4) + permutations}, (3.43)

where G, denotes a connected correlation function. (note Gf) = G®. In terms of graphs
this is represented as in fig.(refbubble0)

12 3 4 1 2 3 4

1
+

G +Permu- |
tations

(A) (B)

Figure 3.5:

The number of disconnected terms is 3 = 4!/[(2!)% x (2!)]. 4! is the number of permutations
of the external points (1,2,3,4); but the result is unaffected by permuting (1,2), or (3,4),
or the two bubbles (A) and (B), hence a factor (2!)% x 2!.

We have been only considering theories where the n-point correlation functions with n odd
vanish: G®*+1) = (. For more generality, we shall assume that the interaction contains
terms inp?*!. Consider a disconnected diagram of G™) corresponding to the subdivision
into connected diagrams (fig 3.6):

A Xm...dXN J(Xl)J(XN) X

X G(cnl)(xl,...,xnl)...G(C"”)(...,xN) =

mn n Ny n, Np
——e Y e, — N
a, 9%
Figure 3.6:
There are g, bubbles connected to n, external points,...., g, bubbles connected to n,
external points, with
¢y +---+q,n,=N. (3.44)
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The number of independent terms is

N!
[(n)1gy 1] (1, 1) q, ]

(3.45)

It is found that the Functional that generates just connected diagrams is the logarithm of
the normalised Generating functional. Hence, consider the exponential of the generating
functional of connected diagrams:

expzN‘/dxl cdry(zy) . ()G (3 ay) (3.46)

This should give the expansion for the generating function of all possible diagrams. When
the exponential is expanded it is obvious that the amplitude for every possible discon-
nected diagram will be produced. To complete the proof that this is the correct Generating
Functional we need to check each diagram comes with the correct prefactor.(i.e. equation
(3.45). So expanding equation (3.46)

Z% (Z / dxl....dxnj(xl)....j(xn)c:gm(xl....xn)) (3.47)

We convert this sum into a summation over N, the number of legs of the disconnected
diagrams (figure).

> de,...dx. j(z,)...59(x )G (x,...x &
Z Z H [f 1 ni-]( 1)n]'( n) di(zy n)] (3.48)

=0qin1+...+gpnp=N 1= 1

Now we use (3.45) and the symmetry of GG, with respect to its arguments to rewrite the
above equation as

Z%/dxl....dej(xl)....j(:L’N) Yoo Gr(rye,) G (ay)  (3.49)

qini+...+qpnp=N

Which is the correct form for the generating functional. Thus we have found that the
generating functional of connected diagrams W(j) is indeed In[Z(j)/Z(0)],

o0

W(j) = ln% - szl %/ Aoy du (@)@ )G (2yy)  (350)
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3.4.3 Generating functional of proper vertices

We have seen that to find log Z we only need consider the connected diagrams. The
number of diagrams that need to be calculated can be reduced further. This is possi-
ble because some connected diagrams are made up of two or more connected diagrams
joined together in a simple way. The following examples from ¢* theory illustrates this
redundancy connected diagrams can still have:

O O reducible

Q irreducible

Figure 3.7: Examples of reducible and irreducible diagrams from ¢* theory.

The diagrams in the first row can be split into two disjoint parts by cutting a single line,
thus they are called reducible. The examples on the second row are called one-particle
wrreducible, 1P1, since they cannot be dissected in this way. The irreducible diagrams will
play an important role later because they are closely related to the parameters of the
theory and also they play an important role for the systematic construction of diagrams
in higher loop orders. We define an irreducible vertex function which is an n-point func-
tion T'™ (wy,...,2,). It is possible to construct a generating functional from which the
irreducible vertex functions can be obtained. This functional is defined by a Legendre
transformation:

rle)) = W) - [ d'ed(z) (o) 351
where
(p(x)) = ;JV(Z) (3.52)

This functional T" has no explicit dependence on j(x). It is a functional of the expectation
value of the operator ¢(x) in the presence of the source J denoted (¢). It is easy to find
from Eq.(3.51) that:

J(z) = — (3.53)



If we functionally differentiate equation 3.52 by J(y) and use the chain rule we get the
identity

., OW 0°T D (- AT (s — ) — 5D (s —
| s saEysEey - ] TN G = ey @51

Which shows that —I'®) (x —y) is the inverse of the connected Green’s function G (z —y)

The self-energy (k) is defined as the sum of all two point 1PI diagrams shorn of their
external lines. The correlation function G (k) can be written in terms of X(k) as

G(Q)(k) - Go(k) + Go(k)z(k)Go(k) +eee= [Ggl(k) - E(’“)]i (3-55)
We have the relationships in ¢* theory:
k) = mj_ s D) = (% - (b (3.56)

We have a new effective mass —I'®(0) = m? — %(0).

One can begin to see how the functions I'™ are related to the running parameters of the

model.
2 (K) = <> + % + +0(g°)

Figure 3.8: The self-energy in ¢* theory to order g?

To ease the notation in the proof of what follows, we use

56
I 8j, / d - Z (3.57)

We have just met the identity

W 8%
Y e =Y 6T = -, 3.58
l 6]26]1 6¢15¢k l il Lk ik ( )
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which shows that —Fl(,z) is the inverse of the(connected) Green’s function G,(j).

We now proceed to Green’s functions of higher order, by differentiating the identity
Eq.(3.58) with respect to j, :

W o°T
=0 3.59
Z 87,05,07,, 0 ( Z 0J; 5]; 07,0 (), 0 (D), (359

Since I' is a function of the (¢),, we must transform the second derivative in Eq.(3.59);
we do this for the general case (I'\"), = 5(N)F/5<¢>i1 L 0(D), )

114N

21 K (N+1
5] AN Z TR TR DT (3.60)

Equations (3.59) and (3.60) can be put into a graphical form if we represent the I'™) by
shaded bubbles Fig.(3.9) (Here we have used Eq.(3.60) in order to transform Eq.(3.59).)

Figure 3.9: Graphical representation of Eq.(3.59) and Eq.(3.60).

Multiplying the two terms in Eq.(3.59) from the right by G, , and summing over k we find
the relation between G(» and I'®),

I,m,n

see Fig(3.10). Clearly, I'® represents the connected, truncated 3-point function since G
is connected, and each I'® above chops off one of the external legs. I'® is automatically
1PI, because it is a 3-point function.

We continue the process by differentiating Eq.(3.61) once more with respect to j,. Using
Eq.(3.59) and Eq.(3.60) we obtain the relation between G® and I'®) | Fig.(3.11)
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imp) = _

Figure 3.10: 3-point Green’s function, G, written in terms of the proper 3-point vertex
and 2-point Green’s functions G

ng‘fki,m,p) = GXimpl) =
| .

Figure 3.11: Relation between G and I'¥, T®) and G,

As we know that I'® is a sum of all 3-point 1PI diagrams, the last three terms of Fig.(3.11)
supply all the diagrams of the 4-point Green’s functions that can rendered disconnected
by cutting one internal line. So the first term in Fig.(3.11) must be the summation over
those diagrams of G¥) that don’t become disconnected by cutting an internal line. Hence,
we can identify the fourth derivative of the Effective action, I'®, as the summation over
all 4-point 1PI diagrams.

It transpires that the higher order derivatives of I' are the summation over 1PI diagrams.
These can be joined together with 2-point Green’s functions to construct the four and
higher point connected Green’s functions. The special cases N=3 and N=4 which we have
just studied enable us to see how one can set out to prove the above statement.

One can prove by induction, assuming that an equation like that of Fig(3.11) can be
written to order N, and that the N-th order proper vertex can be identified with the Nth
derivative of the generating functional. Differentiating this equation with respect to j,,
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JORONE

Figure 3.12: We can replace each G® for I'® in Fig.(3.11) using Fig.(3.10).

one finds: see Fig.(3.13)

—— (remainder),
I

Figure 3.13: Differentiating G™) with respect to source Ji-

where the “remainder” does not contain ™) but only I'™) TW=2) "etc. (see Fig.(3.11)).
Hence we obtain

)

+ 2
3],

(remainder).

Figure 3.14: All possible Green’s functions with N external legs.

On removing the full external propagators from both sides, we can identify TV*1 as the
N+1-point 1PI diagram.

There is an algebraic proof that by cutting one line in all possible ways in a diagram
contributing to I'[{(¢)] does not produce disconnected diagrams that is given in [?] (p.
135). This proof is easily generalsied to models that are more complicated than ¢*. Their
proof is presented in Appendix C.
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3.5 Grassmann Integration

Grassmann Algebra

We consider a set of anticommutating Grassmann variables {(.},_, with complex
linear coefficients, where n is the dimension of the algebra. The decisive relation defining
the structure of the algebra is the anticommutation relation

CiCj + CJCZ =0 (362)

for all i and j. As a particular consequence of this condition the square and all higher
powers of a variable vanish,

(=0 (3.63)

The Grassmann algebra generate a Grassmann algebra of functions which have the form

A +Zf ot > FRC G+t GG (3.64)

11 <12

where the coefficients f*) are ordinary complex numbers.

On this algebra we will need to define the derivative. We first consider a simple Grassmann
algebra of order n = 2 with the variables (; and (.

£ G) = fO + f¢ + V¢ + F2¢6

af _
8(‘1

= Y+ 19, g—cf— 2 = 9. (3.65)
2

Note the minus sign in the last equation of (3.65),

8§ <1<2 j1<2 - 5]'2(1‘

The general rule for differentiation of a product is given by

—CCC

m—1
o, G i =0, GG = 055, Ciye oGy o H (1) 00,,,G GG, (3.66)
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The respective factor ¢; is anticommuted to the left until the derivative operator can be
directly applied. We may prove the following properties of the derivatives

0 0 0 0
0 0

Grassmann integration

An attempt to to introduce an indefinite integral as the inverse of differentiation is bound
to fail. This illustrated by the fact that according to (3.67) the second derivative of any
Grassmann function vanishes, so that the inverse operation does not exist, for if there
was an inverse to 6@ it should give

/ Cacf a

However as

o_/dgo_/dga@

this would imply we always have

OF

a—CZO

which is not true in general.

We must be content with some formal definition. One way to arrive at it is to require
that integration be translationally invariant. For an arbitrary function ¢(¢) = g, + ¢,¢
we have

[acocen = [ dclo+acnl= [ dclo+9.0)+ [ dcgn

= /dCQ(C)+ [/ dél] ggnz/dCQ(O (3.69)
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The translational invariance requires the integral of 1 is zero. The following postulates
uniquely fix the value of any integral.

/ dc1 =0, (3.70)

/ dc¢ =1. (3.71)

Eq. (3.70) comes from the condition of translational invariance. The sole non-vanishing
integral | d(¢ arbitrarily is assigned the value 1. This is a convenient normalisation
condition.

We see that integration is equivalent to differentiation. Generalising integration rules to
higher dimensions straightforward

/ d¢;1 =0, (3.72)

/ aCC =0, (3.73)

Note that the differentials d¢; must anticommute with all other Grassmann variables as in-
tegration is equivalent to differentiation. In order to obtain analog results of conventional
integration we introduce complex Grassmann variables. Let us start with two disjoint sets
of Grassmann variables (7, ...,¢* and (j, ..., ¢,, which are all mutually anticommutating

{Civ C]} = {Cz*7 C]*} - {CNC;} =0 (3.74)

The two sets are related, using complex cunjugation, according to

(6)” G
(h G
(G Gy Gi)™ = GG,
(A" = X¢ (3.75)

where A is a complex number.

In order to develop functional integral formalism for Grassmann fields we need to solve
Gaussian integrals.
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/ H aGids,) exp{ S <} (3.76)

k=1

To simplify the notation, let us write this as

- / [d¢rdgle e (3.77)

The calculation in principle is very simply because grassmann functions can at worst
be linear in each variable, causing the series expansion of the exponential function to
terminate. On the other hand , according to the rules for Grassmann integration, the
integrand must contain as many different Grassmann variables as there are integrals or
else the overall integration vanishes.

Let us consider the case where we have two pairs of variables. The exponential then reads

2
e Thom GMarts — 1 37 CoM (G, + Z CM,C)2 — Z CM,G)°R + ... (3.78)

a,b=1 a,b=1 : a,b=1

Obviously this series terminates beyond second order, so we have

a1 G ManGy — 1 _ Z CM ¢+ Z ¢ abe ) (3.79)

a,b=1 a,b=1

Let us consider the integration of the first two terms, obviously we have

/ d¢rdc; / d¢,d¢,1=0

[ dcac; [ acac, (S e —

a,b=1

as the number of variables integrated over is greater than the number of variables appear-
ing in the integrand. For the case of two pairs of variables one effectively has

R i(c*MC>2

= (Cl My, G+ G MG+ G My ¢+ G 22C2)
= (M11M22 M12M21)C1C1C2C2 (3.80)
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where the last line follows from the anticommutating character of the Grassmann numbers.
The integration of (7¢,(5¢,, gives unity, and so for this case

/ [d¢*dC)e ™M = detM (3.81)

One should suspect that this result holds in general. For the case of N pairs of vari-
ables, only the term of order (¢(*M(¢)™ survives in the expansion of the exponential and
contributes to the integral:

Jiacagee = S [ Tugaye o™ (3.52)

In view of the anticommutativity of the Grassmann variables, these terms contain the
appropriately signed products of matrix elements which define the determinant. But
rather than go through this combinatorial exercise we will follow the method given in
(Brown QFT).(page83) which is presented in Appendix(B). The integral is some function
I(M) of the matrix M, let us derive a differential equation for this function. Since (*M(
contains the product of two anti commutating variables and thus a commutating variable
itself,

Oy (CMON = (¢N(M +6M)Q)Y — (M)
n(COME)(C M) (3.83)

5T = /[dc*dC] (e*C*(M+5M)C _ efg*MC)

= Jucaq S S e o+ e - ey

= - Juca sy =

=~ [lagaq) ¢raarg e

(rokan

- / [dC*d¢] Y (M), ¢ e e (3.84)

m,l=1

Since (*M( commute, the derivative of e=¢"M¢ is given by
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a%ecwc - a(z,;ﬂ;(n) (¢ M)
= e <[a<k (CMONC MO+
UG CMONCIO™ 4 (€26 (c*Mcﬂ)
) _;M’“Q;%(C*MQM
: _ZMlel o (3.85)
Hence

i = = [l 3 GoM), S

m,l=1

N _/[dg*dd Z Cr(OMM™), M, Ge™

m,k,l=1
Qe
— / [d¢*dC] Z C;(5MM_1)mka—<ge_< M, (3.86)
m,k=1

This integral may be evaluated by ”integration by parts” by using the following relation,
where F'is an arbitrary function of Grassmann variables

0 3
" F) =90,

(3.87)

To prove the above equation we need only consider three cases
(i) K =m and F is a function of ¢} as well. The r.h.s. vanishes as it should.

(ii) K = m and F is not a function of (; as well. Then we should just be left with F' on
thee r.h.s.

(iii) k& # m. For this case the equation gives the correct answer again. The minus sign is
there as the derivative has to pass through the first Grassmann variable.

Therefore,
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o1 = [1acac S, {be - GLGe ) By

k.m

Since the Grassmann integral of a derivative vanishes,

61 = (TroMM NI, (3.89)
which gives
ol 1
0lnl = T = Tr(6MM™), (3.90)
It turns out that
Tr(MM™) = 6(In detM) (3.91)
which we digress to prove.
detM =Y "M, C, (3.92)

Taking the derivative of this, noting that C_, is independent of the element M, ,

i detM = Cy (3.93)

km

Now the well known formul for the inverse matrix M~ is

Ckl

M, =—t 94
(M) = A (3.94)
So that we have
N detM = (M), detM (3.95)
or
o ndetM = (M™Y),,.- (3.96)

km
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Accodingly,

8 IndetM

k.m

= T’r((SMM’l)
= Tr(M'oM). (3.97)

SndetM = Z(S

Comparing this with (3.91), we see the equation (3.90) for I(M) becomes

dInl =d(In detM), (3.98)

with the solution

I(M) = Const. detM. (3.99)

Treating the problem as a differential equation for I(M), we set M = 1 in order to
determine the proportionalitiy constant,

N
I(1) = Const. = [/ d(*dCeC*C}
N N
- I [ dGag =3¢
k=1 i=1
N N
= I [ dsac= > qo
k=1 1=1

= ()Y / dCdCy GG (Gl - 1)
= 1V =1 (3.100)

Hence the constant is unity and we do obtain the expected result:

N
I = / [[(d¢dc)e M = detr (3.101)
k=1

This should be compared to the ordinary integration where the corresponding integral
gives detM 1.
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Grassmann generating Functional

It is not surprising that the Gaussian integral formula (3.101) can be generalised to the
case of general bilinear forms in the exponent:

N
/H(d(,jd(k) exp— (C*M(¢ + pi¢+ CTp) = det M exp(p' M1 p). (3.102)
k=1

Here p is an n-component vector of Grassmann variables. Equation (3.102) is obtained
by translating the integration variable, ¢’ = ¢ + M~ !p,

N
det M = /H(dC’ZdC,Q) exp —C"* M’
k;l
- /H(dCZde) exp —(CT 4+ p MY M(C + M~ p)
k;l
- /H(dcl:dck) €xp — (CTMC + oI ¢+ (Tp+ pTMflp)
k=1

N
= [ / [1(d¢dc,) exp— (CTM¢ + p'¢ + CTp) | exp— (oM p)  (3.103)
k=1

The construction of functional integration in section (4.1.2) did not make use of any
special properties of the integration over field variables which might restrict the validity
to ordinary c-numbers.

J DXDxexp [— [ d%a’ dox(a)A(2', 2)x(z) + [ d*z(p(x)x(2) + X(2)p(2))] (3.104)
= detAexp [ [ dz’ d®zp(z') A~ (2, 2)p(z)] . ‘

in which the measure is o< [[. d@(r)de(r) and Z(p = 0) = detA. Note that to normalise
the functional we divide by detA as apposed to det(A™!) in the bosonic case (77).

It is rather straightforward to extend the results of esction 4.1 to the fermionic case: The
Grassmann functional derivative is defined

0GxW)] _ lim oG where x is located in cell AV, (3.105)

Sx(z)  Avi-o 8—XZ
The (2n)-point correlators
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Gy gy 2,) = (X)X (W) X (), () (3.106)

can now be obtained by forming derivatives of the generating functional !

0*"Z[p, p]
p(x,) - 6p(w)op(yy) - 6p(y,) |y

GO oYy, ,) = (3.107)

3.6 QED from a Functional Integral

3.6.1 Photon Propagator in Different Gauges
The form of the propagator we used in our QED calculations was (in momentum space)

4m
DF;U/ = _k'2 + 7;877’“/ (3108)

which is only one of many choices of defining the photon propagator.

When we construct S-matrix elemenet, e.g.

345(P4s P3) D, (k)55 (g 1) (3.109)

where p, = p, — k and p, = p; + k. Now the transition currents obey the equation of
continuity. Their four divergencies vanish, i.e. in momentum space

k,jy(py —k,p;) = 0
k,jis(ps + k. py) = 0. (3.110)

Therefore one can add to D, the expression kf, (k) +k,g,(k) with arbitrary functions
f,(k) and g, (k) without changing the result of the calculation.

Keeping the symmetry between the transition currents, we generalise () to

47

Prw = "1

N + k1 (K) + K, f, (F). (3.111)

!The order of the derivatives was chosen in such that we get agreement with the bosionic case. This
is not a trivial matter as the Grassmann derivatives §/dp(z) and §/dp(x) anticommute with the field
variables x(x) and Y(x). One can show, however, that there is an even number of commutations when
we carry out the differentiations of (3.107) and write the result in the form (3.106).
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The origin of this amniguity of the photon propagator is the gauge degrees of freedon of
the electromagnetic field:

(z) + %X(JT)- (3.112)

The Coulomb gauge

The propagator takes the form

-

4 klk]
ci®) = Eiw (529‘_ k2)

DCOj(k) = Dgy(k) =0
4m
Do) = 5 (3.113)

The component D, (k) is just the fourier transform of the electrostatic potential 1/r.

3.6.2 The Generating Functional Integral of QED

We include coupling of the electromagnetic field to the Dirac field. Since our previous
work is valid in any sort of current coupling to the photon field

2107 = [ PADYD) exp { / cQED} | (3.114)
where
1 1 _ 1
Lopp = —4—62F3,, + i(aﬁw)? - {”Yu (Za“ - A“) + mo} v+
JEA, + g + T (3.115)

3.7 Canonical Quantisation of Scalar Field

We promote fields to operators, and impose equal time commutation relations on the
fields and their conjugate momenta.
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Position and momentum p are not operrators, instead they are just numbers.
The fields ¢(z,t) and their conjugate momentum fields 7 (x,t) are operators

We have states as we do in ordinary quantum mechanics, but these are states of the field

d3k 7 i(wrt—k-T) 7 i(wrt—k-T
@:/W[ (Bye#rt=Fa) 1 v (F)eilent=Fa) (3.116)

3/2 /20

We promote ¢ to an operator by promoting the coefficients cp(lZ) and go*(lZ):

jS)

—~
T T
~—

|

Q>

—+
—~ 1
?T‘l ~—

~

(3.117)

Conjugate momentum

3
a@ _ a d’k |: (E) —i(wit—k-x) +a (E) z(wktfk-x)]
! K (27r)3/2 2w,

—iwk)e’l(“’kt kx) 1 g4 (IZ)(%—iwk)ei(”kt’k'x)}

—~

N / <2w>3652k¢ﬂ 0
, A3k wy,
= =i [ gy |

3.7.1 Commutatin Relations

Q>

(k)eilent=kex) _ a*(/z)e“wkt—k'x)] (3.118)

To quantise the scalar field we postulate the standard commutatin relations

[p(x),7(y)] = i6°(x—y)
[p(x),6(y)] = 0
[#(x), 7 (y)] = 0 (3.119)
3.7.2 Bose Statistics
By Ky > = al(k,)al ()]0 >
af (ky)al (k)]0 >
= |ky k> (3.120)



which implies

k), Ky >= |ky, by > (3.121)

3.8 Perturbation Theory in Canonical Approach

Any physical process is a transition from an initial state [i >= |A(¢,) > to a final state
|f >=[A(t) >

3.8.1 Pictures

The Schrodinger picture

In the Schrodinger picture the time dependence is carried by the states according to
Schrodinger’s equation

ih%\A(t} > = HIA(t) > (3.122)

This can be formally solved in terms of the state of the system at an arbitrary initial time

ty

|A(t) >4=UJ|A(t,) >4 (3.123)

where U is the unitary operator:
U:=U(t,t,) = e -t/ (3.124)

The Heisenberg picture

Using U we perform the following transformations, defining the state |A(t) >, and oper-
ator O (t):

A1) > 5= UTA(1) > 5= |A(ty) > (3.125)

and
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ofl(t) = UT0%U (3.126)
The H indicates that this is the Heisenberg picture. At ¢ = ¢ states and operators in the

two pictures are the same. We see that in the Heisenberg picture states are constant in
time.

Differentiation of (3.126) gives the Heisenberg equation of motion

. d H o . d ".I. ST A.'. S/ d N
zhdtO (t) = (ZhdtU )O°U +U'O (zhdtU)
= U'OSUH — HUTO®U
— (07 H] (3.127)

The Interaction picture

The Interaction picture arises if the Hamiltonian is split into two parts

H=H,+H,, (3.128)

The interaction picture is related to the Schrodinger picture by the unitary transformation

U, = U, (t,t,) = e~ Hlolt=to)/h (3.129)

ie.
|A(t) >,= Ul|A(t) > (3.130)

and
Ol(t) = U;0°T, (3.131)

Differentiation of (3.131) gives the equation of motion in the interaction picture
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3.8.2 Perturbation Theory

3.9 QED from Interaction Picture

Hipy = —ie07 YA . (3.132)

1

There are various factrs of H, , in the expansion of thr interacting Lagrangian. We use
Wick’s theorem to pair off the various fermion photon lines to for propagators and vertices.
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Chapter 4

Electro-Weak Theory

4.1 Fermi Interactions

Recall because of crossing symmetry, processes which differ in the grouping of incoming
and outgoing particles are related to each other. In particular the matrix element of three
body decay can be derived from that of the two-body scattering process. For example fig
(4.1)

v

p e p e
crossing
symmetry
_
n v n
Figure 4.1: .

From parity violatoin in nuclear 3 decay interaction was postulated to be of the form

Hye =<5 [ ol @0, (Cy + Cou, ] % [l (1 =] (4)
where the leptonic contribution

a, ()7 (1 = 75)u,, (2) (4.2)

resembles the electromagnetic transition current.
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By analogy with the electromagnetic current, we therefore introduce the weak leptonic

current:

Jl(LL)(x) = Jff( )+
w,(x)y,(1 -
+ 7. (2)v,

Motivated by (4.1)

e S [ g, o)

We consider purely leptonic processes.

W (@) +

—Y5)u,

2w, (@)

J) (z)
+ 7, (2)7,(1 —75)u

()

()

Yu

4.2 Intermediate Vector Gauge Boson Theory

4.2.1 Free Massive Vector Boson

We construct wave functions which describe particles with spin 1 out of solutions of the
Dirac equation and the wave equation it generates.

In the rest system we find the following linearly independent combinations

6a1651

d,,0

a2 ﬂl

5a26ﬂ2

+0,,0

al” (2

(4.5)

Each of these spinors represents an eigenvector of the operator of total spin, which in the

rest system is defined by

h23

where

aao! BB =

1 -
__héjia’
2
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We verify that the multispinors w()(0,4) fulfill the eigenvector equation

th 4(0,4) = k(s — )w™(0,1)

Obviously we have

Z:‘03104’60/1 = +6a1
Zza’éa’Z = _5012
1 . h )
(ihzg (+)(0, 1 = O)) ; = 523 188 W(—j—ﬁ)/(o,l = 0)
h - h -
= 9 aa’5 /1%1 + 5a1 9 ﬂ,@’(sﬂ’l
h
= 52(00101)
= h(3 —2)w(5(0,i=0)
1. - ) h - )
(5h23w(+)(0,z = 1)) ; = 223 8 w(fﬁ),(O i=1)
h - h
= QZaa 5a'25ﬁ1 + 5 ﬁﬁ'%q
h h
+ oza 60/1652 + 6a1 9 ﬁﬁ’aﬁ/Z
h h
= 25a25,61 + 25a26 1
+ h(S ) hé )

2a1 £2 2a2,82

199

(4.10)



1, . B
(§h23w<+>(0,7; = 2)) = 5 a0 Wi (0,0 =2)
af

h e 3 h e 3
= Qzaa’éa’ZéﬁZ + 6a2§zﬁﬁ’5ﬁ/2

h
= —5200.205)
= —h(3-2)w}0,i=2) (4.11)

Now we can transform these multispinors into an arbitrary frame of reference via the
inverse Lorentz transform.

A p 4 P\ & |Y
S (2) =500 ()50 (2) w2
Applying this we get
WP (@i p,i) = § (%) 0H0,1), WO (api) =8 (%) W0, 1) (4.13)

Now every wave function can be written as a superposition of plane waves:

\1,(()-2) zip,i) = wé?(x,p,i) —ip-x/h
‘Il&_ﬁ)(a:;p,i) = wig)(x;p, i)eJ’iP"B/h (4.14)

and thus

Voplr) = 3 / D (p, i) 0 (w5 p,i)dp
£ 3 [ wp i (4.15)

It is easily seen that the plane wave satify Diracs equation. We consider one particular
example

(ihy - O — myc) (WP (25 p,i = 1)eP=/M).
first recall that
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where

o O O

Now

(ihy - 0 — myC) .oy (w((jﬁ)(x, p,i = 1)e P/
= (1170 =m0 (S (B) S5 (3 ) 30, = D7)
( )

Slklolle

ihy - 0 —mye) o (S n

0%

e—ip.$/h> Sﬁ <%>

e—z‘p-a:/h]a xgm (%) (4.16)

£ —~

0

—
—~
~—

= |(ihy -9 — myc)S (%)

v~

=0

-

Let us apply the Dirac equation to this first index «

(ihy - 0 —myc) oy ¥ oy(z) = Z / < (p,i)(ily - 0 — moc)aa,\llt(;,rﬂ)(x;p, i)d*p

+ Z / < (p,i)(ilry - 0 — moc)aa,\llt(;ﬂ)(x;p, i)d°p

(4.17)
The multispinors therefore fulfill the following Dirac equations separately:
(ihry - 0 — mye) o ¥ o ()
(ihy -0 —myc) ¥ op(z) = 0
(4.18)

These are the so-called Bargmann-Wigner equations. Each component is also a solution
of the Klein-Gordon equation
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(D + mgf) W, ,(z) = 0. (4.19)

The two Dirac equations for the symmetric matrix \I/aﬁ(ac) may be written as

Since the 4 x 4 spinor is symmetric, it may be expanded in terms of a complete set of
symmetric elements of the Clifford algebra representation

O, 6 C (4.20)

We define

. 1 .
V(z) =myy, CWH(z) + §6WCGW($) (4.21)

where thye coefficients W#(z) and G*(x) are generally complex and transform under
Loretz transformations like a vector and an anti-symmetric tensor, respectively. The
Bargmann-Winger equations now become

, 1 1, y -
(ih - Oy —myc) (ﬁmocqu“(m) + éaWG“ (x)) cC =0

St —

2

1 ~ —
myey, WH(z) + 56 G’“’(x)) C(iy™ 9 —myc) = 0 (4.22)

~

Using that CA'”yff =—,C

1 o A
—imoca“ Guv(x)) C =0, (4.23)

1 o -
—i-émoca“ Gw(x)) C =0, (4.24)

Subtracting (4.24) from (4.23) gives
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2.2

2msc

imyd W, (2){7* " — 4"y }C = ==y CW ()
%m{%af‘” — 51, }0,G, (2)C — myee™ G (2)C = 0. (4.95)
Using
im0, W, (x){v*7" — el O 2m08aWM(x)6a“C’
= my(0*W"(z) — 3“Wa(x))6aué’
and

a py

1 A 1 .
éih{%ﬁ‘“’ — 0" y*10°G , (2)C = §ih2i(77a“VV -y Co.G, (x)
= —2hy,00,G™ ()

It follows that

2.2
mgc

myc(0°W* (z) — 0"W*(x) — G**)5,,,C — 27,C <haac:w + Tvw) =0  (4.26)

The coefficients of the linearly independent matrices C' must vanish separately. Hence,
for m, # 0, this implies that

G = PWY — W, (4.27)

2.2
myC

0,G" = —=%

143 (4.28)

Expressed in terms of the vector field W#

OW*(x) — (0, W"(x)) + =2 Wh(z) = 0 (4.29)

On taking the divergence of this equation, one automatically obtains the Lorentz condition
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2.2
mgc

h?

0, W"(z) =0 (4.30)

This is in contrast to the photon case, where the Lorentz condition must be imposed as
a subsidiary condition. The Proca equation then reduces to

m202
OW*(x) + # WH(z) =0 (4.31)

The Propagator

2.2

nAOW, (z) — 0" (9*W,) + mgf AW, (z) = J” (4.32)
In momentum space the left hand side reads
" (=q* + M?) + ¢""|W, (4.33)

The inverse operator D/\M(q) will have the structure

A(q*)ny, + B(d*)azq,, (4.34)

because there are only two second-rank tensors that can be formed.

(= + M?) + ¢“¢*] [A(¢*)ny, + B(¢))a,4,]
= A(@®) [(=¢* + M*)s, + ¢"q,) + B(¢*) [¢"9, (=" + M?) + ¢*¢"q,]
—

I

Thus we get

for p = v, and

AP [+ B(@®) [¢7q,(=¢° + M?) + ¢*¢"q,] = 0. (4.35)

for p # v. Hence
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(4.36)

and

B(¢*) = ——5 7 (4.37)

The propagator

D*(q) = A" + B(¢*)¢¢"
™ /M
q2 _ M2 qQ _ M2
—n + q*q"/M?
q2 _ M2

(4.38)

4.2.2 Interactions via Massive Bosons

vector meson exchange

N — 4,9,/ My —
v 4.39
q2 _ M‘%V + Z.E (zﬁery 77Z)I/> ( )

L= gy, (V"))

4.3 Lagrangian for Yang-Mills Theory

Of particular interest here are so called Yang-Mills theories which are a special example of
gauge theory with a non-abelian group symmetry group. A nice introduction to the Yang-
Mills field, with calculational details can be found in the book by Greiner (W. Greiner
and B. Muler, ”Gauge Theory of Weak Interactions”, Springer-Verlag). For non-Abelian
gauge theory a gauge transformation is given by

A A

U - S 2 S
AVLT = U(A, - TYO + U(a 0 1) (4.40)

where

U = exp (16%(x)T) . (4.41)



with the generators of the Lie algebra corresponding to

1
Te(T*T") = 55‘1”, [T T = if*Te (4.42)

where the T'* are matrices, and as such they in general do not commute with each other.
The curvature or field-strength tensor ¥ = D F5, 7" The index a is sometimes referred
to a “colour” index. The Field strength tensor is

a a a abc Ab Ac
Fo =9 A% — 9,A% + gf™ A A°. (4.43)

The Lagrangian is given by

1 n 1 apv a
Lyn =3 Tr(F?) = "R (4.44)
The gauge field is called non-Abelian as we have
ara Abrb] . pa Abiga bl - pa Ab paberpc
[AMT JAVTY) = AHAV[T ,T°) = zAuAyf Te. (4.45)

In fact, this is the origin of the quadratic term in the field strength tensor. This term
results in the gauge bosons of the theory to interact with themselves, complicating the
theory.

It can be shown that under a gauge transformation that the Field strength tensor trans-
forms as:

~

2 I T r—1
T-F,=UT-F, )", (4.46)

This means that the Field strength tensor is not gauge invariant, however the quantity
Tr(FH* . FW) is gauge invariant due to the cyclic property of the trace operation.

A method of quantizing the Yang-Mills theory is by functional methods, i.e. Path integral
formulation. One introduces a generating functional for ”n”-point functions as

210 = / D[ A] exp {—% / o Te(FE,) + i / diz J;‘(x)Aa“(x)], (4.47)

Quantum electrodynamics is the most famous example an Abelian Group—Abelian gauge
theory. It relies on the symmetry group U(1) and has one massless gauge field, the U(1)
gauge symmetry, dictating the form of the interactions involving the electromagnetic field,
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with the photon being the gauge boson. In this case U = exp {i0(z)}. The gauge field
transforms as

Al (z) = A, () + é@ﬁ(w). (4.48)

In QED there is no “colour” index, and no matrices, and the gauge group is U(1) which

corresponds to complex "numbers” of modulus (or Absolute value) 1, and hence the
Abelian nature of QED:

(A, A)] = A (2)A,(2) — A, (2)A (z) = 0. (4.49)

Here the field strength tensor is simply given by,

F,=0Ax) - 0,Ax). (4.50)

pv H

Note the absence of a term quadratic in the gauge fields. Also, note that here the field
strength tensor is trivially gauge invariant.

Under the composition of two non-abelian gauge transformations we have

AUV = O, T+ éf]“ (0,07 (4.51)

where

U = U’ (4.52)

The infinitesimal form of the gauge transformation is

'a a 1 a abc Ab pc
A= A 0,0+ f A (4.53)

4.4 Fadeev-Popov Gauge Fixing

For many years the naive quantization of a Yang-Mills theory (Yang-Mills theories now
a cornerstone of particle physics) was flawed, and it remained unclear how to resolve the
problem. It was Ludvig Faddeev and Victor Popov who developed the correct procedure
for properly defining the functional integral quantization, now known as Faddeev-Popov
gauge fixing.
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The Standard Model of particle physics is a theory concerning the electromagnetic, weak,
and strong nuclear interactions, as well as classifying all the matter particles known, i.e.
scalar fields (in particular the charged Higgs field of the Standard Model) and spinor
fields describing fermionic matter, the most familiar examples of fermionic matter being
electrons and up quark and down quarks (the up and down quarks are from which which
protons and neutrons are comprised).

The calculation of probability amplitudes in theoretical particle physics as calculated as
a perturbative series requires the use of rather large and complicated integrals over a
large number of variables. These integrals do, however, have a regular structure, and
may be represented graphically as Feynman diagrams. The Feynman diagrams are drawn
according to the Feynman rules, which depend upon the interaction Lagrangian.

It is possible to read off the Feynman rules of quantum field theory from a functional
integral - in particularly from the Lagrangian. Here we are concerned with gauge fields,
which mediate the forces between material particles, the simplest example of which would
be the electromagnetic gauge potential. It turns out that, because of our freedom to
make gauge transformations, one encounters difficulties not present with the description
of matter fields (this problem turns out to be trivial in the very first case of a quantum
field theory, i.e. quantum electrodynamics, involving the electromagnetic gauge potential,
which is known as an Abelian gauge field. Here we will show how to properly apply the
functional integral method to gauge fields, a method essential to non-abelian gauge theory
also known as Yang-Mills theory which is used in the description of the unification of the
electromagnetic and weak forces (electroweak theory) as well as the strong force (quantum
chromodynamics) which together form the interactions of the Standard Model of particle
physics. The method is known as Faddeev-Popov gauge fixing.

Historically, for many years, however before the Faddeev-Popov method, the quantization
of Yang-Mills theory was not clear for some time. In 1965 Feynman (Feynman, R. P.
1963, Acta Physica Polonica 24, 697.) showed that the naive quantization of the theory
was not unitary (implying non conservation of probability). In order to to cancel the
nonunitary terms from the theory, Feynman was lead to postulate the existence of a term
that did not emerge from the naive quantization. The procedure for properly defining the
functional integral was developed by Faddeev and Popov (Faddeev, L. D., and Popov, V.
N., 1967, Phys. Lett. 25B 29; Se also : Mandelstam, S., 1962, Ann. Phys. 19, 1.), from
which Feynman’s postulated term naturally emerges, now know as the Faddeev-Popov
ghost.

4.4.1 Gauge Fixing: Analogy in a simple context

The Faddeev-Popov procedure is just a change of coordinates, but since it is for a func-
tional integral, it may at first sight seem unfamiliar. Therefore we begin with a simple
example. Consider the integral
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Z:/ dw/ dy e~ (==’ (4.54)

The integral is invariant of the transformation

T = T+a (4.55)
y — y+a (4.56)

This represents the gauge symmetry of this toy model. The action —(z — y)? is gauge
invariant, with a an element of the gauge group.

To impose a gauge constraint,

g(z,y) =0 (4.57)

we cant just insert the delta function d(g = 0). For example, if we have a function g(z)
that has a zero at x = ¢, we have that:

d(x—C)
i(g(x)) = ——=. 4.58
)=y 5%
Instead, let us consider the inclusion of the integral
dg
1= [dad — 4.
[ dasioa) 5 (4.59)

into the expression.

This expression generalizes to

1= (H/daZ) "(g(a)) det <g§;> (4.60)

where % is an n—dimensional matrix M
J
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ATl(zy) = / da 6 (g(x(a), y(a)))

da
= dg det |—| ¢
/g e dg' (9)
da
= det 4.61
edg (4.61)

First we prove that A (,y) is gauge invariant. We do this by proving A (z(a'),y(a')) =
A, (z,y) for constant @,

dad(g(x+d +a,y+d +a))

= /da—ira (g(z+a+d,y+a+ad))

= [ da" 5 (g(x(a"),y(a")))
= ANz, (4.62)
where we have used da = da”
We insert
1= 4,(0y) [ da B(g(aa).y(@) =0 (4.63)
into Z, +
7 = /da:dy {Ag(:ﬂ,y)/da d(g(a) = 0)} e~ (@) (4.64)

One then performs a gauge transformation taking z(a) and y(a) to = (0) and y = y(0)
respectively, and using dx(a) = dz,dy(a) = dy, the action is gauge invariant, and so is
A, (z,y) we get

Z = / dxdy {A da d(g(z(a),y(a)) = 0)} e (e=v)? (4.65)

da) /da:dy A (z,y) o(g(z,y) = 0)e(@v)* (4.66)
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where we have been able to take out the factor [ da since the integrand is independent of
a.

=M (4.67)

where M is a constant.

We now have to deal with the (g = 0). Note that the result is independent of the choice
of slice, so we could just as well have chosen g = ¢, where ¢ is a real constant.

Here we would insert

dg
1= |2
'8&

/ da 6(g(x(a), y(a)) — ¢ = 0) (4.68)

g=c

and obtain:

dg

—(e=y)? 4.69
T gc} e (4.69)

Z:/da/dxdy {(5(9(3},3/)—0)
We take advantage of the fact that the integrand is independent of the ¢ and integrate
over this parameter with convenient weight. We take this weight to be the normalized
Gaussian

1= % /dc exp(—c?). (4.70)

We obtain for Z,

dg e
Z = [dady | d =0) |- ——e () 4.71
/wy/c{(S(g c O)dagzc}ﬁe (4.71)
e ¢ dg 2
= dzd —c= - (z—y) '
/xy{/dcé(g c O)ﬁ} da|,_. (4.72)
= /dxdyL dg exp (—(z —y)* + ¢°) (4.73)
VT oldal,_,

where ¢? is the gauge fixing term.
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4.4.2 Fadeev-Popov Gauge Fixing

gauge
slice

Figure 4.2: Schematic representation of the vector potential gauge field configuration
space.

The line running upward represents the gauge orbit of the vector potential Aﬁ as the
gauge transformation function A varies. By gauge invariance, all point along these lines
are physically equivalent. Functionally integrating over all configurations overcounts the
integrand repeatedly an infinite number of times giving us the non-sensical result

/DA“ exp(iS[4]) = oo. (4.74)

This surface, the gauge slice, is the surface in function space that is described a gauge-
fixing constraint. One might be tempted to solve the problem by simply inserting a gauge
fixing factor

5 (F(A)).

into the functional integral, forcing it to respect the gauge choice. However, this is
inconsistent. We know that the delta function changes when we make changes in it.
For example, if we have a function f(z) that has a zero at = a, we recall that:

5(f(2)) = % (475)

Consider the integral

1= /da d(g(a)) %. (4.76)

Z[J], in this form, is not particularly easy to calculate into the functional integral
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‘5G(AU)) . (4.77)

= / DU(z) §(G(AY)) det( U

This is the continuum generalisation of

1= (H / dai> 5" (g(a)) det <%> (4.78)

J

Define

App(4,) = / DU 6 [G(AZ)] - (det'mé(;U)

G:O) B (4.79)

This is the Fadeev-Popov determinant. First we prove that it is gauge independent. This
is done by proving that Azp(A L) = Arp (Ag/) where Ag' is obtained from A, via a gauge
transformation corresponding to U’:

Aph(AY) = / DU 5 |G(ALY)]

_ /D[U’U] 5 [G(AZ’U)]

1"

- / DIU"] 6 [G(Af{”)]
App(A

W) (4.80)

where we have used that (for compact groups) the volume element in group space defines
and invariant measure (See, for example: Hamermesh, M. (1962), ”Group Theory and
its Application to Physical Problems”, Addison-Wesley or Talman, J.D. (1968), ” Special
functions: A group Theoretical Approach’, Benjamin):

DU = DU". (4.81)

We have

1= App(A) / DU(x) §(G(AY)) (4.82)

Following Faddeev and Popov we insert this identity into the functional integral Z[J],
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217 = / DA {AFP(AH) / DU(z) 6(G(AU))}exp(iS[A]) (4.83)

One then performs a gauge transformation taking AQ to Au and using DA = DA, the
action S is gauge invariant, and so is A, (A) we get

7 - / DA {AFP(AH) / DU(z) 6(G(A))}exp(iS[A])
_ ( / DU(a:)) / DA Ay p(A)3(G(A)) exp(iS[A]) (4.84)

where we have been able to take out the factor DU(x) since the integrand is independent
of U. Therefore, summation over gauge equivalent configurations has been factored out
so that the divergent integral f DU(x) gives a simply multiplicative factor. The correct
expression to use is therefore:

Z = / DA Ay p(A,)5(G(A)) exp(iS[A]) (4.85)

The essential point is that the factor A, , gives the correct measure in the functional
integral, the factor needed for so many years to cure previous attempts to quantize gauge
theories.

and so in (?77) summation over gauge equivalent configurations has been factored put so
that the divergent integral [ DU(z) gives a simply multiplicative factor.

The essential point is that the factor A, , gives the correct measure in the functional
integral, the factor needed for so many years to cure previous attempts to quantise gauge
theories.

We have deal with the delta function. Note that Z[J] as originally defined, is completely
independent of the arbitrary function x(z). It is convenient computationally to add to-
gether the contribution from all slices labeled by x(z), each slice weighted with a gaussian
function centred on x = 0.

4.4.3 Faddeev-Popov ghost fields

We now need an expression for

5G(AM)
SA

= det M (4.86)

App = det '
G=0
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Following Faddeev-Popov we convert the determinant of the matrix M into a Gaussian
integral over two fields 1 and n';

App=det M = / DD exp ( / d4a:d4yﬁ“(x)]\/[ab(a:,y)nb(y)) (4.87)

The determinant appears in the numerator of the functional integral, rather than the de-
nominator, which means we must integrate over Grassmann variables, rather than bosonic
variables. The fields 1 and 7 are called “ghost fields”, that is, scalar fields obeying Fermi-
Dirac statistics. This is the origin of the Faddeev-Popov ghosts.

The Faddeev-Popov ghosts violate the spin-statistics theorem, and they are regarded as
"non-physical” and only occur as virtual particles in Feynman diagrams.

We have deal with the delta function. We can modify the the gauge fixing term §(G(A))
by making the exchange:

G — G* — x%(x) (4.88)

where x%(z) is an arbitrary function. Note that Z[J] as originally defined, is completely
independent of the arbitrary function y(z). It is convenient computationally to multiply
Z by an overall factor

exp (—i Xde) (4.89)

and then integrating over Yy,

7 = / Dy / DA App(A,)0(G(A) = x) exp (—i Xde) exp(iS[A])
= [Pasgap{ [oxoGe - e (~5 [ betisia
_ / DA / DDy exp (iseff[A]) (4.90)

where
1 , 1 .
Oets = / (_ﬁTT(F "F,,)— 2—§G2) da + / 7% () M,y (2, y)1° (y)dzdy (4.91)

As we obtain M (x,y) by taking a functional derivative, it will get put in the form:

d(x —y)M,, in the integral. Therefore, we can write
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7= / DA / DDy exp (z / Eeff[A]dx) (4.92)

where this effective Lagrangian, £, fp 1s given by

Eeff = L[A] - 2_1§G2[A] + Lppel0n,0n,7,m; Al (4.93)
=L+ Lop+ Lppa (4.94)

where L is the gauge fixing term and L, is the Faddeev-Popov ghost term. The
naive quantization missed off the Faddeev-Popov ghost term.

The gauge fixing and this ghost Lagrangian modify the original theory in a compensat-
ing manner which allows one to define Feynman rules of the theory and carry out any
perturbative calculation.

4.4.4 'The R; gauge

The exact form or formulation of ghosts is dependent on the particular gauge chosen,
although the same physical results are obtained with all the gauges. The Gauge fixing R5
gauge is usually the simplest gauge for this purpose. It is a generalization of the Lorentz
gauge, and obtained by putting

G =oAL, (4.95)

In evaluating the determinant, we start from the configuration satisfying the gauge con-
straint, and then perform an infinitesimal gauge transformation, given by

a a ]' a aoc C
(A%)s = A% + gaﬂe + [ Ao, (4.96)
then
1
0 a _ a a abe b ne a
A —x'() = 045+ (0,0 + oS O (A6) ~ X' (x)
1 a aoc (&
- (079,0" + g™ 0" (ALg")) (4.97)
and
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5G(A?)

I

06e

- é (5“8“@ Yy fabcauAg) 5z —y) (4.98)
60=0

We convert this into a Grassmann integration

detM = /DﬁDn exp (z/ —n*(6°°0"0, +gfabca“AZ)7]c dm) (4.99)

(The factor of 1/g is absorbed into the normalization of the fields n and 77.) The effective
Lagrangian, Eeff, is then mde up of the parts:

L —% Te(FF,) (4.100)
for the field,
Low = == (0- A)? (4.101)
28
for the gauge fixing and
Lyppg = —(0"0,0"n" + gij* 0, A 1°) (4.102)

for the ghost.

We obtain the quantization of Yang-Mills theory given in section.

4.4.5 Decoupling of ghost fields in QED

In particle physics, quantum electrodynamics (QED) is the relativistic quantum field
theory of electrodynamics. In essence, it describes how the electromagnetic field and
charged matter (electrons and protons as well as their anti-particles) interact and is the
first theory where full agreement between quantum mechanics and special relativity is
achieved. It is the simplest example of a gauge theory.

To obtain some familiarity with the Faddeev-Popov term, let us commute the Faddeev-
Popov determinant for this simplest of gauge theory, Maxwell’s theory. As it is an Abelian
gauge theory we are lucky and the Faddeev-Popov ghost fields completely decouple from
the theory and are not required; §(z) has no ”colour” index and the structure constants
are zero. The infinitesimal form of the transformation is
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1
(A%, = A, + 53“9. (4.103)
Then choosing

G=0"A, (4.104)

we have

1
GAYY —x = A, + 58”(9“«9 —X
1
= 09,0 (4.105)
So in QED the determinant

5G(A%)
50

det ’

= 16“8“54(3: — ) (4.106)
o0=0 9

is independent of Au and therefore just contributes to the overall normalization constant:

detM = /DﬁDn exp (Z/ —n(9"9,)n dx) : (4.107)

4.5 Example: QED

4.5.1 Photon propagator

We have
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1

— __pw p
L 4F E,+ 6(8 A )
1 v 174
= 0 = A (9,4, — 0,A,) + (6“/1 )2
1 Y Y 1
= S (AOA, - A,A,) + —5(6“/1 )2

1 14 14 14 14
= S9N, - (A9A) - 5[Aﬂaua,ﬁ —9,(A%8,A")]

6[/1“8 9,A” —0,(A"0,AY)]

v 1 14 v 1 v
- §A" {DUW - (1 - 5) 9,0 } A= S0 {A 9,4, — A"9,A, +ZA 8 A

We may write £ as

1 1 -
— — H —_ = — — H v
L 2A {DUW (1 5) 8 0 ] A" 2A PWA

In momentum space the operator P;w becomes

(=" + (1= &N’

The inverse operator D/\M(q) will have the structure

(A(QZ)H,\M + B(QQ)QHQ,\)

(0" + (1= € 1)q"d")] [(A(g®)my, + B(47)q,4,)]
= A(¢) [=¢°0, + (1 =& Ng"q,) + B(¢*) [-€ ' ¢°d"q,]
f— 51/

w

Thus we get

for p = v, and
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(4.108)

(4.109)

(4.110)

(4.111)

(4.112)



for p # v. Hence

and

So that

The propagator is then

Al =~
Bl =15

(A(¢*)n,, + B(¢*)q,q,) = (—% & _qi)q”qy)
1 Gy

D,(q) = e

4.6 Non-Abelian Case

(-

-9 ).

(4.113)

(4.114)

(4.115)

(4.116)

(4.117)

In QED, the determinant was independent of A, so could be factorised out as another
unimportant overall constant

In the non-Abelian case Z[.J] then becomes

Z[J]

N@X/DU@X/DAdd(

SFe(A)
A

) exp (z’S[A] — i / d'z

where N(¢) is an unimportant noralisation constant.
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TT(F[A])2)

(4.118)



[Ta7 Tb] — iEabCTC

A_ Pl i
Ay =UAU + (0,00

where

U(z) = exp(igh®(z)T*)

We have

AT (2) = (1 +igA*(2)T*) A (2)T"(1 — igA(x)T*) + g(igauAc(x)Tc
= AS(2)T° = 9, A(2)T° + igh\*(x) AP (x)[T°, T"] + O(A?)
= AC(2)T° = 9, A(x)T° — gA*(x) AY ()€™ T + O(A?)

AN (@) = Aj(w) = 9,0 (x)
SF (x) 4, OF,(x) 0A%(2)
Moy = Spery) = /d ZM*‘ (2) 6A*(y)
_ /dez ~0,6,,64 (@ — 2)][
— /d 20,0,,0"(x — 2)(D") ,6% (= — y)
= (8,D") 0" (x = y)
where

( ) - aH(;ab + Zlgeabc‘A‘u‘C

(4.119)

(4.120)

1 —igA®(x)T?)

(4.121)

(4.122)

(4.123)

The determinant in terms of a fermionic Gaussian integral over complex anticommutationg

functions of the operator put in between the fields,
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det M = / Dn*Dn exp ( / d*zd*s'n* ()M (z — x/)n(x’)) (4.124)

The Jacobian, A, may be represented as

det | M| p_g
= /Dn*aDn“ exp (/ d'zd'a'n* ()M, (x — x')nb(x')) (4.125)

So far we have worked only with the integral [ DA exp(iS[A]). Say we wanted to calculate
the quantity

[ DAO(A) exp(iS[A])
[ DAexp(iS[A])

(4.126)

where the operator is gauge invariant. The same procedure goes through with the numer-
ator as the replacement of A by A* works. We find for the correlation function

J DA [ Dp*Dn O(A) exp(iS[A] — 3¢ (F[A])* + S, [n, n*; A])

J DA [ DyDnexp(iS[A] — 5 (FIA])* +iS,[n, n*; A])

(4.127)

where the awkard constant factors have canceled.

4.6.1 Final Lagrangian for Yang-Mills

The quadratic in the fields part of the actio, the part that gives the propagators, is given
by

1

L,= 2

(0,A7 —0,A%)? (0" AL)? + 0P, (4.128)

1
4
The interaction part of the Lagrangian is given by,
_ 1 H A o A? abcAbuAczl
int - _ég( /7 Y p)e
1
+_92€abc€adeAzAlc/AduAeu

4
—ign“Te o A, (4.129)
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Boson propagator
The boson lagrangian is given by

1

Ly = 2

(0,45 = 0,A0)" = (9" A})”

1
4
In analogy to the calculation (4.108), we may write £, as

1

1 1o
Ly =A™ {Dnﬂy — (1 — —) aﬂaﬂ] A = SAHPA.

£

In momentum space the operator P becomes

(=" + (1= Mg g6

The inverse operator DiZ(q) will have the structure

(A(¢*)ny, + B(4*)q,,)0%

Performing the analogous calculation as in section 4.5.1, the propagator is

D®(q) = L (’hu (- g)ﬂ) §ab.

@ e @+ ie
Ghost Propagator

The free ghost lagrangian is given by

Lpp=—ni0n,

The ghost field propagates like a masslees spin-zero field:

b 5ab
A%(p) = ——.
9 p? + i€

(4.130)

(4.131)

(4.132)

(4.133)

(4.134)

(4.135)

(4.136)

As we saw the functional integral method allows us to read off the Feynmann rules for

vertices directly from the interacting field theory.
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4.6.2 Interaction Vertices of Gauge Fields
The fermion and Yang-Mills vertex

In QED the interaction term of the Lagrangian is given by

LIV = —eUy'uA, (4.137)

int

The vertex function is just

ey = —eyt. (4.138)

In the same way we can read off from the interaction Lagrangian the vertex function for
the coupling of fermions and Yang-Mills field

In general the Feynman rules are obtained by varying the corresponding action integral
in momentum space.

Triple vertex

wnt int

Sl'frip — /d4x£§rip

(4.139)
1
Lot = —59(0,4, = 9, A e Ay AL
g0, A%, ALAY (4.140)
a &'y i
A2(x) = / S (4.141)

in momentum space
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Si'frip — \/d4l_£§rip

wnt int
— —geabc/d4x8MAZA‘b‘AZ

dpdikdlq . . o
= g [ i) A DAL ) AL )

. d'p d*k d'q )
— ige,, | “EES Ty A%(p) AL(q)AY(R)S(p+ g + k)
"

Pk
. d*p d*k d*q
— deabc/ W 5(p+ q+ k’)
1
51 (P, A (0) Ay () AL (R) +
P AL (p) Ay (R) AL () +
q,A7(a) Ay ()AL (p) +
q,A%(a) Ay (p) A7 (k) +
kAL (k) Ay (p) AL (g) +
kAL (R) Ay (0) AL (p)) (4.142)
a, o
k
p q
b,v c, A
Figure 4.3: .
Variation yields
LA
A 15 Oap (4.143)
in momentum space
Quadruple vertex
N
(4.144)
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Figure 4.4: .

4.6.3 Ghosts and Coupling to the Gauge Field

_ T92 at _abc c, b
L, =n0"n, +gn" e 0" An (4.145)

4.6.4 Feynmann Rules for Yang-Mills Theory
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The axial gauge

Fermion:

R
b
Boson: a, NN, V
p
a,
Fermion
vertex:
a,
. ) k
triple vertex:
b q
b,v c, A
a, [t d, Y
quadruple k "
vertex: p q
b7 v C, A
Ghost: CE__*___b
p
a,
Ghost- 1
vertex:
b .*®._q
v A
Figure 4.5: .

The axial gauge is defined by the condition

AL =0,

G =n'AC
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M —
nfn, 1

p2—M?2+ic
ab —i Py, 590
(DF>p,V - p2+ie
. a
1gy*T

igeabc[n/,w<k - p))\
0,0 —a), + (¢ —k),]

_292 [Eabeecde (nu)\’r]l/'y B n/l,’ynl/)\)
+€ace€bde<nuun)\'y - nu’ynu)\)
+6adeecbe<nu/\nuv - T];J,I/TIA’V

da

gEabch

4.6.5 The Axial Gauge and the Temporal Gauge

(4.146)

where n* is a spacelike vector. The gauge constraint is then

(4.147)



and

1
G(A)) —x" = ntAL+ P fnt AN O — X

a

“w
1
= —n"9,0° + fx"6° (4.148)
g
In this gauge the ghost ffield decouples from the gauge field.
We have
1 1
—  __ paw pa ©AQ
L 4F - 2% —(n*A )
1 av a av a 1 a, av av [ 1 a
= 5[A 90,47 — oM(A 8MAV)] — §[A "0,0,A" — 8H(A a,A™)] — 2_5(71#14#)2
= 1Aa“ U 2,0, ! A" 18“ A0 A% — A0 A?
= A D = 0,8, — gy, A = 0 [A0,4 - 40,4,
(4.149)
We may write £ as
£=Lpm On,, — 8,0, — Loon, | Aw = L qon pab qov (4.150)
2 ' 2 po s '
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The operator Pﬁfj in momentum space,

1
(=a*n,, + 4,9, — gnuny)éab. (4.151)

It can be demonstrated that the inverse is

1 2 2\ AV oV wav
-5 (nuu+ (n +€q )q q - qn +n q )5ab' (4152)
q

(q-n)? (q-n)

1.e.

i ( " N (TL2 +£q2)quu B q)\,nl/ +nAqu) 661)}

¢ (q-n)? (g-n)

(n? + £M qn" +n,q"  qq 0+ 5M q,n" +(q-1)q,9" /¢’
B B - q-n)? * q-

-\ gy @n) @ A7 (a-n)
nu7/7%+ b + &aPm, g (e ”)W+%nuqy> 57

1 ac
(=1, + 4,9, — 5%%)5 ] = {

+
A £q%(q - n) £q%(q - n)
I O P S P S s (¢-n)q,q"/q° L
H (g-n) q? (q-n) (q-n)
o v cab
= ouo, (4.153)

The Temporal Gauge

Al =0, n'n,=-1 (4.154)

where n* is a timelike vector.

In particualar, with n, = (1,0,0,0),

A2 = 0. (4.155)

4.7 Electro-Weak Theory

Veltman: I do not care what or how, but what we must have is at least one renormalisable
theory with massive charged bosons, and whether that looks like Nature is of no concern,
those are details that will be fixed later by some model freak...
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't Hooft: I can do that.
Veltman: What do you say?

't Hooft: I can do that.

4.7.1 Introduction

The Higgs field is introduced into the model causing spontaneous symmetry breaking.
This leads to the electron gaining mass.

4.7.2 Massless Dirac Lagrangian

The Dirac Lagrangian with zero mas is given by

L= ipy"d (4.156)
L = i@’y”@uw
Z(@L + @R)’Yuau(#@ +¥p)
= 73%7“5#% + @Rv“aﬂ% + Z'(ELPYMQHDR + %ﬂ“@%) (4.157)

The last term vanishes as

— 1-— — 1
Bt = (F500) o, (5 ) v

1 _
= (=455 =) ¥"9, ¢
= 0 (4.158)

so the mixed terms vanish and we are left

L= i) 440,30, + i) 70, - (4.159)

We see that the Lagrangian splits up into left- and right-handed parts.
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4.7.3 Leptonic Fields in Electro-Weak Theory

U, = ( Ve ) (4.160)

where v, is the electron neutrino and e; is the left-handed electron field.

1— 1
eL:( 275)6, eR:( 275)6 (4.161)

If we take the nuetrino be massless, the there is only the left-handed component of the
neutrino field. Since the field is entirely left-handed, it satifies the equation

1—
( 275) v, =, (4.162)
With no right-handed component of the neutrino field, we define
U, = ( 0 ) (4.163)
€Rr

4.7.4 Charges of the Electroweak Interaction

4.7.5 Higgs Field

In the standard model of particle physics, which obviusly contains electroweak theory, the
massess of all the particles are zero. an extra field, the so-called Higgs field, is inserted
by hand to give the particles mass.

4.7.6 Feynmann Rules for Electroweak Theory
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W-‘r
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N
H
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W

Figure 4.6: The 18 vertices of standard electroweak theory.
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Chapter 5

The Standard Model of Particle
Physics

5.0.7 The Weak Force

The gauge group of the weak force is SU(2). The gauge bosons which mediate the weak
force are denoted W*, W, and Z. As the range of the weak force is short, these gauge
bosons are massive.

5.0.8 The Strong Force

The gauge group of the strong force is SU(3). The gauge bosons which mediate this force
are called gluons.

5.0.9 Leptons

Leptons interact via the eletromagnetic and weak interaction, but do not participate in
the sttrng interaction.

5.0.10 Higgs Field

In the standard model of particle physics the massess of all the particles are zero. An
extra field, the so-called Higgs field, is inserted by hand to give the particles mass.
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[415]
[416]
[417]
[418]
[419]
[420]
[421]
[422]
[423]
[424]
[425]

[426] Quantum Cosmology Gravity Seminar by Dr. Martin Bojowald from Penn State
Friday at 11:00 AM in 318 Osmond Laboratory (11/8/2002)

haven’t listened to this one yet
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[427] Towards QFT on Quantum Geometry I: Ideas, Formalism, Conceptual Issues, Open
Questions Gravity Seminar by Dr. Hanno Sahlmann from Penn State University
Friday at 11:00 AM in 318 Osmond Laboratory (12/6,/2002)

haven’t listened to this one yet
[428] Towards QFT on Quantum Geometry II: Some Concrete Calculations Gravity Sem-

inar by Dr. Hanno Sahlmann from Penn State University Friday at 11:00 AM in 318
Osmond Laboratory (12/13/2002)

[429] Black Hole Entropy: Inclusion of Distortion and Angular Momentum Gravity Sem-
inar by Dr. Abhay Ashtekar from Penn State Friday at 11:00 AM in 318 Osmond
Laboratory (1/17/2003)

[430] Modeling the Low energy Limit of Loop Quantum Gravity: Shadow States and
Quantum Mechanics Gravity Seminar by Josh Willis from Penn State Friday at
11:00 AM in 318 Osmond Laboratory (1/24/2003)

[431] Quantum Cosmology: An Overview IGPG Seminar by Dr. Martin Bojowald from
Penn State Monday at 3:00 PM in 318 Osmond Laboratory (1/27/2003)

[432] Quantum Cosmology: Formalism Gravity Seminar by Dr. Martin Bojowald from
Penn State Friday at 11:00 AM in 318 Osmond Laboratory (1/31,/2003)
haven’t listened to this one yet

[433] Quantum Gravity: Overview and Status IGPG Seminar by Dr. Abhay Ashtekar
from Penn State Monday at 3:00 PM in 318 Osmond Laboratory (2/3/2003)
haven’t listened to this one yet

[434] Quantum Cosmology: Applications Gravity Seminar by Dr. Martin Bojowald from
Penn State Friday at 11:00 AM in 318 Osmond Laboratory (2/7,/2003)
haven’t listened to this one yet

[435] Representations of the Sahlmann Star Algebra Gravity Seminar by Dr. Jerzy

Lewandowski from University of Warsaw (Poland) Friday at 11:00 AM in 318 Osmond
Laboratory (2/28/2003)

haven’t listened to this one yet

[436] How Black Holes Grow Gravity Seminar by Dr. Badri Krishnan from Albert Einstein
Institute Friday at 11:00 AM in 318 Osmond Laboratory (4/11/2003)

haven’t listened to this one yet

[437] Diffeomorphism Invariance in the Smooth Category Gravity Seminar by Christian
Fleischhack from Leipzig University and Penn State Monday at 3:00 PM in 318
Osmond Lab (4/28/2003)

haven’t listened to this one yet

262



[438] An Update on Dynamical Horizons: Applications and Open Issues Gravity Seminar
by Abhay Ashtekar from Penn State Friday at 11:00 AM in 318 Osmond Laboratory
(9/19/2003)

haven’t listened to this one yet

[439] 241 Gravity and the Physical Scalar Product from Spin Foams Gravity Seminar
by Alejandro Perez from Penn State Friday at 11:00 AM in 318 Osmond Laboratory
(10/24,/2003)

haven’t listened to this one yet

[440] Quadrupole Moments in Isolated Horizons Gravity Seminar by Jonathan Engle from
Penn State Friday at 11:00 AM in 318 Osmond Laboratory (10/31,/2003)

haven’t listened to this one yet

[441] Dynamics in Loop Quantum gravity as a Sum Over Histories of Quantum Geometry
IGPG Seminar by Alejandro Perez from Penn State Monday at 3:00 PM in 318
Osmond Laboratory (1/26,/2004)

haven’t listened to this one yet

[442] Discrete Quantum Gravity: Recent Developments and Applications Gravity Sem-
inar by Rodolfo Gambini from University of Uruguay Friday at 11:00 AM in 318
Osmond Laboratory (2/6/2004)

[443] Master Constraint Programme for Loop Quantum Gravity Gravity Seminar by
Thomas Thiemann from Perimeter Institute Monday at 12:00 PM in 318 Osmond
Laboratory (2/9/2004) Audio, Presentation

[444] Testing the Master Constraint Programme for Loop Quantum Gravity Gravity Sem-
inar by Bianca Dittrich from Perimeter Institute Friday at 11:00 AM in 318 Osmond
Laboratory (2/13/2004)

[445] Goals and Achievements of Twistor Theory IGPG Seminar by Sir Roger Pen-
rose from Oxford University and Penn State Monday at 3:00 PM in 318 Osmond
(4/12/2004)

[446] Black Hole Entropy Gravity Seminar by Jerzy Lewandowski from University of
Warsaw (Poland) Friday at 11:00 AM in 318 Osmond (9/3/2004)

[447] Black Hole Evaporation and Information Loss: Recent Advances IGPG Seminar by
Abhay Ashtekar from Penn State Monday at 3:00 PM in 318 Osmond (9/20/2004)

[448] Free Vacuum for Loop Quantum Gravity Gravity Seminar by Florian Conrady from
University of Marseille Friday at 9:00 AM in 318 Osmond (10/22/2004)

[449] Jorge Pullin, Consistent discretization for Classical and Quantum General Relativ-
ity, (17/01/05).
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Index

abstract index notation
adjoint

action

of an operator

representation
ADM energy

quantum
ADM formulation
ADM momentum
affine parameterisation
algebra

Abelian

of almost periodic functions

Banach

of cylindrical functions

C*-

Grassmann

holonomy-flux

normed

spectrum

sub-

unital

von Neumann
algebraically special spacetime
algebraic quantum field theory
algebraic quantum gravity
almost periodic function
amenable group
area
Arnowitt-Deser-Misner (ADM) actin
Ashtekar

connection
atlas

variables
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automorphism
axiom of choice

background independence
Barrett-Crane model
Bergmann-Komar group
Bekenstein-Hawking entropy
Bessel’s inequality
BF theory
Bianchi identity
black body spectrum
black hole
Bogol'ubov transformation
Bohr compactification
Borel

measure

sum
boundary operator
Born-Oppenheimer
bounded linear functional (BFT) theorem

Calabi-Yau space
canonical
Cartan structure equation
category
Cauchy sequence
chain
character
chart
Chern-Simons
action
theory
cohomology
covariant
Crane-Yetter model
crossing symetry
curvature
curve
cutoff
cylindrical

Darboux
dark
energy
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matter
deficiency index
density
deparametrisation
de Rham
cohomology
isomorphism
diffeomorphism
active
analytic
group
passive
semianalytic

diffeomorphism constraint

Dirac
algebra
bracket
observable
quantisation
direct integral
directed
distribution
complex
horizontal
of tangent spaces
tempered
vertical
distributional
connection
discretisation theory
domain
dual space
algebraic
topological
dynamical triangulation

edge
Ehrenfest
Einstein
embedding
electric field
energy condition
dominant
strong
weak
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entropy
enveloping algebra
ergodic

mean

group action
Euler characteristic
Euler-Poincare theorem
evolution equation
evolving constant
expansion
expectation value
exponential map
exterior

derivation

product

face

factor ordering
Fell’s theroem
Feynmann diagram
Feynmann-Kac formula
fermionic coupling
fibre bundle

field

finitness (UV)
fluctuation property
flux

Fock space

foliation

folium

four simplex

fractal

Frechet space
Friedmann-Robertson-Walker (FRW) model
Friedrich extension
Frobenius’ theorem
Fubini’s theorem
function

functional calculus
functor
fundamental form

~v-ray burst
gauge fixing
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gauge transformation
Gauf constraint
Gauf equation
Gel’fand

globally hyperbolic
GNS construction
graph

group averaging
group field theory

Haag’s theorem
Haar measure
Hahn-Banach theorem
Hamiltonian constraint
Hawking
Hellinger-Toplitz theorem
Hilbert-Schmidt
Hilbert space
holonomy
-flux algebra
operator
point
homeomorphism
homology group
hoop
Hopf algebra
horizon
apparent
dynamical
event
isolated
Killing
non-expanding
non-rotating
trapping
horizontal lift
hypersurface

ideal

immersion
Immirzi paramter
inductive limit
inflation

initial singularity
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inner product
interior product
interwiner
involution
isometry

Jacobi identity
Jones polynomial

Kahler
form
manifold
metric
polarisation
potential

Kaluza-Klein

Killing field

kinematical
Hilbert space
representation
state

knot theory

Kodama state

Lebesgue

Lenendre transformation
Leibniz rule

length operator
Leray cover

Lie

Liouville

local quatum physics
loop representation
LQG string

loop quantum gravity
Lusin’s theorem

magnetic field
manifold
master
constraint
equation
matrix model
measure
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absolutely continuous
metric

net

convergence

of local algebras

subnet

universal
Newlander and Nirenberg theorem
non-commutative geometry
non-observable
nuclear

operator

topology
null

congruence

infinity

normal

surface

tetrad

observable

operator
adjoint
algebra
bounded
closable
closure of
compact
domain
graph
Hilbert-Schmidt
nuclear = trace class
positive
resolvent
self-adjoint
spectrum
symmetric
topology
trace class
unbounded
unitary
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Osterwalder-Schrader reconstruction

partial order
path integral
peakedness property
pentagon diagram
perturbative quantum gravity
Peter and Weyl theorem
Petrov type
Pfaff system
phase spase
physical

Hamiltonian

inner product

state
Plancherel
Plebanski

action

constraint
Pohlmeyer string
Poincare algebra
Poincare’s lemma
Poisson’s resummation formula
polar decomposition
polarisation
Ponzano-Regge model
positive linear functional
pre-Hilbert space
prequantum
problem of time
projection-valued measure
projective
propagator
pseudo-tensor

quadratic form

quantisation

quantum constraint equation
quantum group

quantum field theory
quantum spin dynamics
quasinormal modes
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quotient map

Radon-Nikodym
rapid decrease
reality conditions
recoupling
refined algebraic quantisation
Regge calculus
relational
renormalisation
representation
Riesz lemma
ring
Rovelli-Smolin

scale factor

Schur’s lemma
Schwarz inequality
Schwinger function
Segal-Bargmann
scattering amplitude
shadow state

shear

shift vector field
simplex

simplicial complex
simplicity constraint
singularity
singularity theorem
space

spacial diffeomorphism constraint

spin foam

spin-network

standard model

state

state sum model
Stokes’theorem

Stone-Cech compactification
Stone-von Neumann theorem
Stone-Weierstrass theorem
string field theory

string theory

symplectic
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symplectomorphism

tangent space
tensor
topology
base for
change
coaser
finer
induced
quoteint
relative
stronger
strong operator
subset
Tychonov
uniform
URST
weaker
weak operator
weak x operator
topos theory
torsion
trace class operator
twistor theory
Tychonov topology

ultraviolet finiteness
uniqueness theorem
for LQG
existence
irreducibility
uniqueness
Ston-von Neumann
Unruh
Urysohn’s lemma

Varadarajan map
vector field

flow of

Hamiltonian
vertex

amplitude

of Feynmann diagram
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volume operator

von-Neumann algebra
mean ergodic theorem
self-adjointness criterion

wave function of the universe
weak continuity

weave

WEeil integrality criterion
Weyl tensor

Wheeler-DeWitt equation
Wick transformation
Wightmann axioms
Wightmann functions

Yang-Mills field

zeroth law of black hole themodynamics

Zorn’s lemma
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