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Chapter 1

Introduction

1.1 Timelike Congruences

We are considering a smooth congruence of timelike geodesics. The geodesics are param-
eterized by proper tiem 7...

....50 that the vector fields V' of tangents is normalised to unit length: V*V = —1.

We define the transverse metric or “spatial metric” by

hab = gab + Va‘/b‘ (11)
It is easily seen that the four tensor
h*, = g*h, = 0% +V*V, (1.2)
is the projection operator onto the subspace of the tangent space perpendicular to V, as
VP = (6% + VV,)VP =0 andif WV, =0 then A% W"=W" (1.3)
Also
h%hS = h% (69 + V,V©) = RS (1.4)

which is the property of a projector.

Also we have



habhbc — hbc(gab =+ Vavb) — hac'

Similarly
habhbc = hab(gbc + va‘/c) = hac'
And
habhbc = hab(gbc + ‘/b‘/c> - hac + ‘/c(gab + Vavb)‘/b
_ hac
And

habhab — hab(gab =+ Vavb)
— habgab

(gab + Va‘/b)gab

= 3.

1.2 The expansion, twist and shear of the field

The expansion, shear and twist of the field are defined by

0, = hachbdv(dvc)

0 = h"h,h,V,V,
= thV(d”c)

The shear tensor is

1
~6h,,

Oab = h’ach’bdv(d‘/c) o 3

It is symmetric, i.e. o, = 0,,, and trace-free:
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. 1
ab = hab(ha hbdv(dvc) - g‘ghab)

het o
= KV, V —lehabh
- (d"c) 3 ab
1
= 00— =-30=0.
3

The vorticity tensor is

Wep = hachbdv[dvc]'

the expansion is

0 = habh;hbdv(dvc)
= hV,V.

Note that we can raise the indices of 0 ,, o,, and w,, using either h® or g

shear tensor for example,

1
ho, = hae(h;hbdv(dn)—geheb)
ac 1 a
= h hbdv(dvc)—gehb
— gaeo_eb
= o%.

where we have used (1.5) and (1.7).

(1.12)

(1.13)

(1.14)

ab Take the

(1.15)

1.3 As we have geodesics: The expansion, twist and

shear of the field

The expansion, shear and twist of the field can then be simplified



04 = hachbdv(dvc)
= hac(gbd"‘vbvd)v(dvc)

1
= hac§[9bdvdvc + vc(gbdvd)]

- hacv(bvc)
= ViVo

(1.16)

where we have used the geodesic equation V°V_V = 0 and the identity V°V _V_ = 0.

0 = habh;hbdv(dvc)
— thV(dUC)

The shear tensor simplifies,

Oab = hachbdv(dvc) — z0h,,

3
1
= VoV, — 20hy,

where we used (1.16).

The vorticity tensor simplifies,

Wab hachbdv[dvc]

= ViV

(1.17)

(1.18)

(1.19)

where again we have used the geodesic equation V°V _V_ = 0 and the identity V<V V_ = 0.

The expansion is

0 = h™h h, 'V,
= hV,V.

(1.20)



Chapter 2

The Raychaudhuri equations

Note that V,V can be decomposed as

1
V, V., = §0hab +o,+tw, (2.1)

VeV (V,V,) = VV, V.V, + Vc(vcvb - vbvc)vd
= V°V,V,V,+ R, VYV,
= V,(VV.V) = (VV)VY,) + Ry, VY,
= _(chb)(vavc) + Rcbadvcvd (2‘2)

where we used VV_V, = 0. In the following it should be kept in mind that 6 , and o,
are symmetric while w_, is anitsymmetric. Taking the trace over a and b we obtain,

2.1 Raychaundhuri equation for scalar expansion

1 1
VVe = — (gehw + 0% + wca) (gehm +o,.+ wac) — R, VV?

1

— —592 — 0,0 +w,w” — R, VV (2.3)

and so
a1
e —392 — 0,0 —w,w®— R VYV (2.4)
S



where wabwab > 0 and aabaab > 0. This is the Raychaudhuri equation and is of great
importance for the singularity theorem. Note that vorticity induces expansion which is
in analogy with centrifugal force while shear induces cotraction.

2.2 The trace-free, symmetric part

The trace-free part of a tensor X, is

C

1 Ci
Tab = Xab - ghabh X d

The symmetric part of a tensor T, is

1
Xy — shoh X,

1
_(Tab + Tba) = T(ab) = X (ab) 3 ab

2

Or
T . = (662 —lh ) X
(ab) (a”'b) 3 ab cd”

2.2.1 The trace-free, symmetric part of V°V.(V,V,)

We wish to obtain the trace-free, symmetric part of the equation V<V _(V,V.) = —(V,V)(V_.V, )+
R,, dVCVd. First consider the LHS, the symmetric, trace-free part is

1

VAV V) = 3hahTVV (Y, V). (2.5)
We have
VeV, (hhV V) =
= (VV )WV V, + hy (VY BTV V, + h hTVEV (V, V),

but as V°V_ h , = V°V (g, + V,V,) = 0, where we used the geodesic equation, we have
chc(habhefvae) = habherCVC(VfVe). Using this in (2.5) gives
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1
ShahV,V,)
— VV,0,,. (2.6)

c 1 e c c
14 Vc(v(b‘/a)) - ghabh fv vc(vf‘/e) =V vc(v(b‘/a) -

We now consider the symmetric, trace-free part of the RHS:

VN 0, =
c 1 e c c
- |:(vc‘/(a)(vb)v ) - ghabh f(vc‘/e)(va ):| + Rc(ba)dv vd

]' e c
=3 hah BegedVV*

1 1 1
= —3 [<§9hac +o,.+ wac) (gé’hcb + acb + wcb) +a b}
1h hef 10h 19h0 ¢ ¢
+§ ab g ec+o-ec+wec g f+o-f+wf
1
FRopuyaV V! = Shoph T R VV*

1 2
== (562hab + geaab + Jacacb + wacwcb)

3o \3
1
F BV V" = Shaph B VV*

1 1 2 2
+=h,,he (—92 + gﬁhefae i+ gehefwef +0,,0% 4 20, w* + wecw“)
1 2 1 1
== (592}%1) + 59%17 +0,.0%+ wacwcb) + §hab (5‘92 + UchCd - ch‘*’Cd)

1
F BV V" = Shaph BV
2

1
= Beo-ab - Uacacb - u)acwcb + ghab (UchCd - u)CdWCd)
1
F BV V" = Shaph! B VV* (2.7)

where we have used the anti-symetry of w, .

2.2.2 Identities and an expression for the shear

The trace-free part of R, dVCVd can be rewritten,
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1

Sha 97+ VVR VeV
C 1 e Cc

= Rc(ba)dv Ve — ghabg chfedV Ve

1
Rc(ba)dvcvd - ghabhechfedvcvd - Rc(ba)dvcvd -

C 1 e (&
= Rc(ba)dv Vet §habg fRfcedV Ve
1
= RopuaV VO hy Ry VoV, (2.8)

where we have used RcfedVCVdVer = 0 by the identities of the Riemann tensor, for
example R ;= —R 4.

1 c 1 c e
_ghabv vce = _ghabv Vc(h fvf‘/e)

1 e Cc
= —3hahIVV(V,Y) (2.9)

Which together with (2.2) gives

C 1 e (&
4 vc(v(bva)) - ghabh fv Vc(vf‘/e)

1
= —(vcv(a)(vb)VCHRc(ba)dvcvd— h,,V°V 0 (2.10)

3

This equation will establish the equivlence between taking the symmetric, trace-free part
of (2.2) and V°V o, which will be considered in the next section.

2.2.3 Derivative of the shear

Here we directly take the derivative, V°V , of the shear o, = V(bVa) — %Qhab,

12



1
vcvcaab - chc (v(bva) - gehab)
1
— VCVC(V(bVa)) —=h VV 0
1
= (VMY V) + BopyaV V= hy VY0
1[/1 I .. . .
= —3 gﬁhac—i—aac—l—wac gé’hb+ab+wb +a<—b

1
BV V" = 3y VY0

c

1[/1 2 2
= _5 (§Q2hab + g@O’ab + ggwab + Uacacb + Uacwcb - O-waca + u)acwcb) ta< b:|
' 1
cy/d c
TRV V= Shay VOV

1 2 . .
= = (562hab + geo—ab + JacJ b + wacw b)

Ry aaV V" = éhab (_%92 = 0,0t W™ — RchCVd)
= _geaab T 000 T Way %hab(JCdJCd — W) + Rc(ba)dvcvd + %habRcdvcvd
- _gggab — 0,0 — W, W + %hab(gchCd - chWCd)

R,V V= %habhechfedVCVd (211)

where we used (2.7).

2.2.4 Symmetric trace-free part of RV V¢

The symmetric trace-free of R, ,V V% is

1

1
RyaVV* = Shyh R VoV = (5@5;‘) - ghabh@f) R, VeV (2.12)

Now because of symmetry properties of the Riemann tensor, the quantity RcbadVCVd is
symmetric in a and b:

Rcabdvcvd = Rdabc VCVd
= Rbcda VCVd
= R,,VV? (2.13)

13



where in the first line I have used that ¢ and d are dummy indices, in the second line used
the symmetry R, , = R_,,;, in the third line used the symmetry R, , = — R, .. = — R4
As such (2.12) slightly simplifies to

€ 1 e C
(5,,55 = ghah f) R VeV (2.14)

Now the Riemann tensor can be expressed in terms of the Weyl tensor:

1

TR (2.15)

Rcbad - chad - gc[dRa}b - gb[aRd]c -

Notice it is anti-symmetric in @ and d. Using that C',_, has the same symmetries of R, ,
(in particular R, ;, = R, ), means that the difference R, ,—C, , in the above equation
is also anti-symmetric in b and c.

We take (2.14) and decompose it as follows
€ 1 € c
((Sb(stjzc - ghabh f) (Ccefd + [Rcefd - Ocefd])v vd' (216)

First note

e 1 e Cc e ]' e e Cc
<5b5§ = Shah f) CoopVV! = (Mf = Shalg? +V vf)) CopaVVe

ChudVV (2.17)

where we have used C_, dVCVdVer = 0 and that the Weyl tensor is trace-free in any
two indices.

Using this in (2.16) we have

(& 1 € (& Cc (& 1 € Cc
<5b5§ — Shyh f) R, VoV =C VoVt <5b5§ — Shyh f) (Reepa = Cruga) VV*.
(2.18)

Using (52 = hab — V;Vb and the anti-symmetry in d and f, and the anti-symmetry in ¢
and e of I, fd— C. sa 101 the above equation we get,

14



3ab c a 3ab

<Rce fd Ccefd) chd

C e 1 e C
= chadv Vet (hafhb - ghabh f) (Rcefd - Ccefd) veye

1 1
(555; —~h h@f) R, VVY = CuuVViet ((h P~V VH(h = V,V¢) = =h h@f)

(2.19)

We now just need (Rcefd - C efd) Veve. Contracting both sides of (2.15) with VV? we

C

obtain

Rcbadvcvd = chadvcvd - gc[dRa]bvcvd - gb[aRd]cvcvd - %Rgc[agd]bvcvd'
The individual terms give
_gc[dRa}bVCVd = _%[gcdRab ~ Jealls) veve
= %[Rab + VaRded]
_gb[aRd}cvcvd = _%[gabRcd = Gpaltecl veve
= %[_gabRcdvcvd + VR, V]
1 cy/d 11 cy/d
~3 8904900V V" = =5 3Bl9cI — Iea9ulVV
— 5 3RV + 0
Bringing these results together we have
(Repoa — chad)vcvd = _gc[dRa]bVCVd - gb[aRd]cvcvd - %Rgc[agd]bvcvd
SR IRV VIV Ry V= 5 SR, (2:20)

Using the above in (2.19) gives
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1 1
(6({6; - ghabhef) Rcefdvcvd - chadvcvd + (hafhbe - ghabhef)

1 1 o , 11
(§Rfe — §gfeRch V + ‘/(fRe)dV — 5 . §Rhfe)
— o, Vi sh e R~ 1h perR

- cbad +§a b ef_i.g ab ef+

1 1
Y (hafhbegfe - ghabhefgfe) Rcdvcvd

1
f1 e d ef d
+ fla hb ‘/(fRe)dV _gflabh ‘/(fRe)dV

Vv vV
=0 =0

1
“hfpepp L Z.-.Z ef
ghal by Rhy, o+ 5 - 5 - ghy b Rhy,

N | —

(2.21)

We have

hafhbf = h,, hafhbehfe =h,, hefhfe =3 hefgfe = hef(hfe —-V,V,) =3

Substituting this into (2.21) gives

1 1 1
(5&55) — ghabhef) R, VVI=C, VI + 5 (hachbdRcf — ghabifdﬁcd) . (2.22)
And so (2.7) (or (2.11)) becomes
d 2 1
% = _geaab o Uacacb o wacwcb + ghab(JCdJCd - dewcd)
1 1
+ClpaaV V' + 5 (hachbdRCd — ghabhcdRcd) . (2.23)

Since the Wely tensor is trace-free is does not appear in the equation in the expansion
equation(2.4). however as the terms —20? (= —20%0 ) occurs on the right-hand side
of the expansion equation, the Weyl tensor induces convergence indirectly by inducing
shear.

The Weyl tensor is the part of the Reiemann tensor not depending on the Ricci tensor.
From the Einstein equations,

16



R, — R+ Ag,, =81T,.

§gab

we see that it is the Rici tensor, I, is determined locally by the matter distributionis.
Thus the Weyl tensor is the part of the curvature which is not determined locally by the
matter distribution.

2.3 Derivative of vorticity

And from the anti-symmetric part of (2.2) yields

VVw, = VV/(V bV)

[

[
= —(V, [a)(vb]vc) + R paa veve
= —(V.V)(VyVe)
1 C
= VYV, —ac
1 1 2 2
= _5 |i<§92hab + geo—ab + gewab + Uacacb + 2JCbwac + wacwcb) —a< b:|
= —§9wab — 20° )Wy (2.24)
and so
dw 2 .
d—;lb = 30w, = 20wy, (2.25)

2.4 Conjugate points

A pair of points p,q € -« if there is a jacobi field n® which is not identically zero but
vanishes at both p and ¢q. Or p and ¢ are conjugate if an an an infinitesimally nearby
geodesic intersects v at both p and gq.

17



Chapter 3

Raychaudhuri equations for null
geodesics

3.1 Null congruences and transverse metric or “spa-
tial metric”

The transverse metric is constructed by introducing an auxiliary null vector n* with
k,n® = —1. Then

hab - gab + kanb + nakb (31)
It satifies
hk" = hyn’ =0 (3.2)

making it purely transverse (orthogonal to both £* and n®) and entirely two dimensional.

The tensor

ht, = 6) + k"ny + n'k, (3.3)

is the projection operator onto the subspace of the space orthogonal to k% and n® as

h kb = (68 + k*n, + nk,)k" =0, h%n" =0, (3.4)

and if 2%k, = x%n_, = 0 then

18



hea” = (68 + k®ny + n’k,)z’ = 2.
Also
h® ey = h (6; + k°ny + nk,) = b,

which is the property of a projector.

We also have

habhab — hab(gab+kanb+nakb)

— habgab
= (Gap + Ky, + nakb)gab
= 2.
Also
habhcb — hcb(gab + kanb + nakb) — hac
and

habhbc = hab(gbc + kbnc + nbkc) =h

ac

3.2 The expansion, shear and twist
By, = hcahdeCd
ab

(
(8 + b + 1, K)(By, + b, B, n)
(8 + k1) (By, + Ky Bogn®)

B, + k,n°B,, + k,B,.n° + k k,B,nn’.

Write

19

8¢ + k,n® + n k) (] + kyn® +nkY) B,

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)



B, = B + By

and make the decomposition

14 .
B, = §9hab T O T Wap
where
N ab 1 ab 1 Ha
0 = h B(ab):g Bab:Ba
. - 1
O = B(ab) - éehab
Aab - [ab]
The expansion can be written
R b A
0 = 9B,
b
= ga Bab

where we have used (3.11) and that B, is orthogonal to k*. Therefore

0=V k°

3.2.1 Explicit formula

» 1 cy d cy d

B,y = §(ha hy,* + h,°h,*)V k.

= hachbdv(dkc)
Similarly
d)ab - B[ab} - hachbdv[dkc]

and

20
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(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)



S e
= h®h, h,V Gk,
o ab
= h"V,k,

(3.19)

3.3 Raychaudhuri’s equation for scalar expansion

As before
kcvc(vbka) = kcvbvckd + kc(vcvb - vac)kd
= kcvbvckd + Rcbadkckd
= V,(k°V k) = (V) (V k) + Ry, 'Kk,
= _(vckb) (Vakc) + Rcbadkckd
So that

kcvc(vbka) = _(vckb> (Vakc> - Rbcadkckd‘

Contracting gives

k°V 0 = —B®B,, — R, kK.

Now using (3.11), we have B*B, = B®B, = B®B, as k*B,, = k'B,,

k, B = k,B% = 0.

We have

ab Hab T
B*B,, = B"B,,
_ 1éhab ~ab ~.ab 1éh ~ ~
= 13 +0" +w 3 ba T Oba T Wha

~aba ~ab ~

1.
= 592+0 O — W"W,,

ab

ab _ ab 4 __ pab~ __ sabn _
where we have used h*h, =2, "6, = h"w, , = c"w, , = 0.

This gives

21
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(3.21)

(3.22)

= 0 and

(3.23)



& i — 6%, + %, — R koKD, (3.24)

3.4 Expansion tensor

KV (Vok,) = —(V°k,)(V k) — Ryoogk k" (3.25)

Write

kY, (b, R,V k) = KV [(6,° + k,n 4+ n k) (6,7 + kyn® + n k)Y k]
= k°V_[(6,° + k,n) (5, + k,n?)V k]
= k°V [V,k, + kn'V k, + knV,k, + k knn®V k] (3.26)

3.5 The trace-free, symmetric part
The trace-free part of a tensor X, is
L. 7cd
Sab = Xab - ihabh Xcd

The symmetric part of the tensor S, is

1 I 7cd
é(sab + Sba) = S(ab) = X(ab) - ihabh X

Or

c L. c
Sab = (6(a6ll;l) - §habh d) Xcd

22



3.6 Derivative of shear
3.7 Derivative of vorticity

3.8 The expansion, shear and twist - 2 X 2 notation

3.8.1 Defintions

We introduce vectors €% (A = 2,3) that point in the two directions orthogonal to both
k* and N*, and we choose them to be orthonormal, so that they satify

sa sb _
9465 = 04p-

We introduce the 2 x 2 matrix

B, = B,,é%é% (3.27)

~

Bab — Bcd hcahdb

— Bthcahdb

= B 07 egen][0"Peney]
(Byf5eh)aA5Pes el

= Bpo“tePPesel,

= BABerel (3.28)

_ Hab
0 = h,B
_ AB »ra sb
= h,B T e
~a b

= BABgabeAeB
= B*5,,. (3.29)

23



3.8.2 Dependence on choice of auxiliary null vector N*

First

Next

N“N!

1
ey = S(BY + BU - 057P)ee
1 - R
— §(Bab 4 Bba o ehab)
_ B(ab) - lehab
2
= o,
1
wibBeseh = 5(BAB — BBYerél
1 - .
— §(Bab Bba)
— djab

E°N! = k*(N, +ck, +c%é,,)
kN,

—1.

o a A _Bra »
= 2cN%, +c"c eég,

A B
= —2c+c"c?i,p

A

for this to vanish we must have ¢ = %c Cy-

Change in h®

h’ab

gab+kaN’b+N/akb

g™ + k(N 4 ek + cPeb) + (N® 4 ck® + ek’

h 4 2ck k" + Preel, + ek

24

(N + ck® + %) (N, + ck, + cPéy,)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)



Change in B®

Blab —  p eap’db B,

= (h% + 2ck"k + Uk, + et k) (W + 2ck’k? + PkPey + Pl k) B,
= (h*+ ke (R + chb 1By

— Bab—i—(cchbd déc) ko ( DhacBCdAdD)k,b (CCCDécCédDB )k‘ak‘b

= (A Bup)k k" + (“0PPELEL B )k + (P40 E4 e B ek + BT ey,

= (LB + (LS Bep ke, + (8B )k + BesE,

= (APB )k k" + (c*B Pkl + (P BY,)e k" + BABes e, (3.35)
That is

B = (AP B, o)k + ("B P)k"éY, + (P BA,)el k" + BAPeeél, (3.36)

Invariance of 6

From (3.36)

~/

AB Aa ~b
B E€aep

— 0. (3.37)

25



Change in 0%

O_’ab _ B/(ab) - lglh’ab
2
1 1
= ("B kK + 5cABA (kb + KPes) + 5¢ BB 6%k + 5k
1
+BUP e el — 50[201@“1@” + PRl + ek + h)
1
= ("B kK + 2[ c*B B+ BB ke, +3 + = [PBA, + BB ek
1
+BWB)ga 41’3 QQ[CAcAk:ak‘b + CBk“eB +c eAk:b h]

1
= AP (Bup — 595A3)k“kb + ¢ (BYP) — —05AB)I<:aéb

+cg(BAP) 95AB) K+ (BUAP) — 95AB) e éb,
= AP gk k" + c o PE Y 4 cpotPe kb +o4Besel,. (3.38)
That is
0% = (c*cPo,p) Kk + (Mo B) kel + (Pot) erkb + o Pesél, (3.39)

This shows that if o, = 0 for one choice of N, then o, = 0 for any other choice.
Invariance of a“baab

"ab _t o "ab
o Uab = 0 U gacgbd

(AP, )k K + (cto Pk el + (PoMedk + atPes el

[(C ¢ UC’D)kckd (CCUCD)k edD + (CDUD )eokd + UCDeccedD]gacgbd
A 0 P e 00

AB CD(S 5

“T (3.40)

o
= 0
o

as
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Uabgab - UabUCdgacgbd
ABézel])BUCDez'é%gacgbd
AP CD(éileégac)(eBengd)
AB CD5A06

Tr(c*Bo ) (3.41)

Change in w®

w’ab _ B’[ab]
1 1
_ 2( B )[kaAb _kbAa] 2( BBA )[Aak _eAka] _i_B[AB]Aa Ab
1 1
= 5((;ABAB — BB kel + 5(cBBA — PBgYesk + wPer el

= (c W)k + (cpuP)eskt + wiBesel, (3.42)

That is
w® = (c*w,B) kel — (Pwyt) e4kb + wrBesél (3.43)
This shows that if w,, = 0 for one choice of N*, then w , = 0 for any other choice. This

proves hypersurface orthogonality for any choice of N®.

Invariance of w“bwab

WabW;b = W' gacgbd
= [(cMw Pkl — (Pwghesk’ +wiPesey)]
[(c“ Wc P)kees, (CDWDC)eckd"‘WCDecce%]gacgbd
- e Vieh, 0,
_ LABCDs s
= W, (3.44)
Wy = WP,y
= —w'Puwy,
= —Tr(w*Pwy.) (3.45)

27



Invariance of 6, U“baab and w“bwab implies that the Raychaudhuri equation is invariant
under a change of N¢.

3.8.3 Evolution equations for shear and rotation

Introduce
Ryp = Rk ekt (3.46)
and
T ,p = pk"V 65 (3.47)
Note

0 = KV, (€p6%)
N AV Ve

And so I' , ; is antisymmetric. It is possible to set I',; = 0 by choosing €9 to be parallel
transported along the congruence.

In the following we need an identity. As k* and €9 are orthogonal we have

0 = k'V,(ke9)
= &5 (k'V k) + k KV 24
= kkV 6. (3.49)

where we used the geodesic equation k¢V k. =0.

Counsider
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FACBCB - 6CDFACBDB
= 0P (60 kY 1€5) (B €5¢5)
= (69Pé,.e%)B, beBkdvdé;
= h,“B,e5LkV 6
= (4, +kN“+Nk“)B bERkV e
= 6,"B,,e%kV &4
= B,,é%kV ¢4 (3.50)

where we have used (3.49) and k*B,, = k"V,k, = +V,(k"k,) = 0.

Consider

FBCBAC - 5CDFBCBAD
= §P(e, kV 165)(B,,e%¢h)
(5CD60 ébD)BabeAkdvdeB
= h, BabeAk:dVdeB
B, é4k*V 4éb. (3.51)

where we have used (3.49) and kB, = k*V,k, = 0.

Combining them gives

FACBCB + FBCBAC = Babé%kdvdéfl + BabeAkdvdeB
— BV
= V,k kV (&%) (3.52)

Also consider

BACBCB - BAC(SCDBDB
- 5CD( B, E4¢ c)(Bdbécleél]B)
(6°Peg.e5,) B, Byehey
- thB Bdbﬁél]s
= (thJrchdJrch:d)B Baesel
- CdBa Bdbéié%

= B, B &4k (3.53)
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where we have used k°B,, = k°V k, = 0 and k’B,, = k?V k, = 0.

Working out the main evolution equation proceeds as follows

% = KV Byp
= KV (B,¢%¢p)
= KV (Vyk,E5¢R)

= &RV Vik,) + V,k, [kV (€5¢)]

= [_(kac)(vcka) - Racbdkckd]ézél]s + FACBCB + FBOBAC

= —(V.k)(Vyk)ehey — Ryp + T, By + T B,y

= _BachbéilébB —Ryp+ FACBCB + FBCBAC

- _BACBCB —Ryp+ FACBCB + FBCBAC

where we have substituted in (3.52) and (3.53). The final equation derived is

dB 5
dX

c c c
= _BACB B RAB + FA BCB + FB BAC'

3.8.4 Decomposition of matrices

1 1
B,p = 5‘95AB 1t Oap+Wyps R,p = 5%5/13 +Cyp

Need to prove:

A = R,kK

We have by (2.15):

RAB = Racbdéixkcéljs ke
1
3

A0 1.C5 1 AG A c
Crcra 4K Ek" + 50,8485 R KK

= [Cacha — Yaale = 9epLlae — Rga[bgd]c]éjkcé%kd

a

1
Cap + 5 A5
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We have that C', 5 is symmetric:

_ ~a 1.csb 1.d

Cap = Coaafakepk
~a 1.csb 1.d

CraacCakepk

_ ~b 1.dsa 1.c

- C1acbcleAk eBk

= OBA

where we first used C,,, = C, ... It is trace-free:

BC, = C 0" e kek?
- Cacbdhabkckd
_ Cade(hab =+ kaNb =+ Nakb)kckd
= (Oacbdgab)kckd

= 0

We introduce the parameterisation

and
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3.8.5 Explicit evolution equations

Expansion:

do d(BABéAB)
dA d\
= _5ABBACBCB - 5ABRAB

1 1

= —(5004c + Tac Twac) (G007 + o+ W) — 7
1

= —592 — O’ACO'CA - wACwCA A

1
= —592 —2(0% + o)+ 2w - # (3.64)

The term involving I', ; does not contribute here:

5AB(FACBCB + FBCBAC) = 5AB§CD(FACBDB + FBDBAC)
= 511511(F11311 + FnBu)
+522511(F21B12 + F21321)

+611622(F12321 + FIQBH)
+622622(F22322 + F22322)
= 0. (3.65)
Shear:
do ,p d 1
= i (B 300)
1
= _é(BACBCB + BBCBCA) - RAB

1 1do
+§(FACBCB + FBCBAC + FBCBCA + FACBBC) - 55@13
1
= _§6CD(BACBDB + BBCBDA) - RAB
1do
2d\

1
+§5CD(FACBDB +TpeBap + TpeBpa + UaeBap) — o5 (3.66)

Using A=1and B=1
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1 CD
56 (FchDl + FlCBlD + F1C"BD1 + FlCBlD)

and so

do
d\

1.1
—5[=50" = 2(0% + %) + 2 — 7]

4
1 1
+[162 + (02 +0o) —w+ 57

= —90+—C++2FUX

Using A =1 and B = 2. The term involving I",

1 C
56 D(FACBDB + FBDBAC’ - 1_‘BC’BDA

gives the contributution

1 CD
56 (FchDZ + FZDBlc + F1C"BD2 + FZDBlC)

33

1
_§5CD(B1CBD1 + B,oBp,) — Ry, + 200, —
1
—(By, By, + B,B,,) — 5% —C +2l0, — ==+

(3640, + (0, + ), — )] -

%( nBu 1By
1By + 1 By
1By + 1,8y,
11, Byy + 15 By5)
I'(By, + By,)

2lo,

Ldb
2dA\
1dd

4]

11

2d\

1
5%—C++2FO'X

1 1
= —[—92—90++(Ji+02x)—w2]—59?—0++2F0X

- FADBBC’)

%(FuBu + Ty By,
A1 By + 15 By
['yByy + 'y, By,
15 Byy + F22B12)
_F(Bn - 322)
—2l'o

(3.67)

(3.68)

(3.69)



and so

do 1 1do
d/\x = _§5CD(BchD2 + ByeBpy) — Ryy — 2o, — 55512
1
= _5[(311 + Byy)(By + By)] — Oy — 2FU+
= 0o, —C, —2T0, (3.70)
where we have used
B11 + B22 =0
By + By =20,
Twist:
doyg _ 4Bup
d\ dA
1
= _i(BACBCB - BBCBCA)
1
- _§5CD(BACBDB — BpcBpa) (3.71)

dw 1
a = _§5CD(BICBD2 - B2CBD1)
1
- _5(311312 - BZlBll + 312322 - Bzszl)

1
= _5[(311 + B22)(B12 - B21)

= —fw (3.72)

where we have used

By, — By, = 2wy, = 2w

The term involving ' , 5

34



1
§5CD(FACBDB + FBDBAC’ o I_‘BC’BDA - FADBBC’)

does not contribute here:

5CD(FchD2 + FQDBlc - Fchm B F2DB1C) = F11Bl2 + leBn
_FnBlz B FZlBll
['yByy + 'y, By,
_F12Bzz B F22312

= 0. (3.73)
Summary
do 1
a = —592—2(0'_21_—‘—0'1)—‘—2(,02—%
d0+
K = —00'+—C++2FO'X
do,
N = —bo,—C, — 2110Jr
dw
O_abo_ab — O_ABO_AB
= ooy,
= TT(UABUBC)
= 2(c% +02) (3.75)
Now
Wy = WP,y
= —Trw"Pwp)
= 2w? (3.76)
We have

35



dé 1
o —592 — 0%, + w0, — R kK’ (3.77)

The other equations can be written

do

d;\lB = 0o, —Cyup

dw

d;‘B = —fw, g (3.78)

and as we assume that € are parallel propagated, (3.78) implies

d —
;\ab = =00, + Cyaakk?
dw,
dAb = —buw,, (3.79)
3.9 Optical scalars
Geodesic equation
RAVAAES (3.80)
Here we define
1 1 1
0=3V,0" = 5gabvbza =56 (3.81)
1 /1 3
W= (§V[bza]vbza) = (ﬁwabwab) (3.82)
— 1 bja N2 2 1 bja 1 2 %
o] = 5Valg V" =07) = 7 Vg VI = 50 (3.83)

Calculating 00, we find
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i
2

1
_ (bya) . ab ~7ab 2
= VOV ) = Tl 10+ 0

1
oo, = (v<bza>—§habe)(v(bza) ho?)

1
= VIV, — A

and so

1
o] = ’

1 ab
— (00
\/i ( ab)
Define

2= —0+iw
Then the two evolution equations for the optical scalars

dé_ N2 —2 — |2 1 ab
o= 0 & ol — R,

and

can be written as a single equation

dz _ 1 "
o 2+ |o)* + 5 Fa! .
Rewriting (3.87)
1dg 1, 1, 1

1
ab a1b
S __02+_(’(’b__00b__Rbll

we see it identical to (3.77). Calculating
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(3.85)

(3.86)

(3.87)

(3.88)
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we obtain (3.88).
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