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Chapter 1

Introduction

1.1 Timelike Congruences

We are considering a smooth congruence of timelike geodesics. The geodesics are param-
eterized by proper tiem τ ...

....so that the vector fields V a of tangents is normalised to unit length: V aVa = −1.

We define the transverse metric or “spatial metric” by

hab = gab + VaVb. (1.1)

It is easily seen that the four tensor

ha
b = gachcb = δa

b + V aVb (1.2)

is the projection operator onto the subspace of the tangent space perpendicular to Va as

ha
bV

b = (δa
b + V aVb)V

b = 0 and if W aVa = 0 then ha
bW

b = W a. (1.3)

Also

ha
ch

c
b = ha

c(δ
c
b + VbV

c) = ha
b (1.4)

which is the property of a projector.

Also we have
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habh c
b = h c

b (gab + V aV b) = hac. (1.5)

Similarly

h b
a hbc = h b

a (gbc + VbVc) = hac. (1.6)

And

habhbc = hab(gbc + VbVc) = ha
c + Vc(g

ab + V aV b)Vb

= ha
c (1.7)

And

habh
ab = hab(g

ab + V aV b)

= habg
ab

= (gab + VaVb)g
ab

= 3. (1.8)

1.2 The expansion, twist and shear of the field

The expansion, shear and twist of the field are defined by

θab = h c
a h d

b ∇(dVc) (1.9)

θ = habh c
a h d

b ∇(dVc)

= hcd∇(dηc) (1.10)

The shear tensor is

σab = h c
a h d

b ∇(dVc) −
1

3
θhab. (1.11)

It is symmetric, i.e. σab = σba, and trace-free:
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habσab = hab(h c
a h d

b ∇(dVc) −
1

3
θhab)

= hcd∇(dVc) −
1

3
θhabhab

= θ − 1

3
3θ = 0. (1.12)

The vorticity tensor is

ωab = h c
a h d

b ∇[dVc]. (1.13)

the expansion is

θ = habh c
a h d

b ∇(dVc)

= hcd∇dVc. (1.14)

Note that we can raise the indices of θab, σab, and ωab using either hab or gab. Take the
shear tensor for example,

haeσeb = hae(h c
e h d

b ∇(dVc) −
1

3
θheb)

= hach d
b ∇(dVc) −

1

3
θha

b

= gaeσeb

= σa
b. (1.15)

where we have used (1.5) and (1.7).

1.3 As we have geodesics: The expansion, twist and

shear of the field

The expansion, shear and twist of the field can then be simplified
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θab = h c
a h d

b ∇(dVc)

= h c
a (g d

b + VbV
d)∇(dVc)

= h c
a

1

2
[g d

b ∇dVc + ∇c(g
d
b Vd)]

= h c
a ∇(bVc)

= ∇(bVc) (1.16)

where we have used the geodesic equation V c∇cVa = 0 and the identity V c∇aVc = 0.

θ = habh c
a h d

b ∇(dVc)

= hcd∇(dηc) (1.17)

The shear tensor simplifies,

σab = h c
a h d

b ∇(dVc) −
1

3
θhab

= ∇(bVa) −
1

3
θhab (1.18)

where we used (1.16).

The vorticity tensor simplifies,

ωab = h c
a h d

b ∇[dVc]

= ∇[bVa]. (1.19)

where again we have used the geodesic equation V c∇cVa = 0 and the identity V c∇aVc = 0.

The expansion is

θ = habh c
a h d

b ∇(dVc)

= hcd∇dVc. (1.20)
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Chapter 2

The Raychaudhuri equations

Note that ∇bVa can be decomposed as

∇bVa =
1

3
θhab + σab + ωab (2.1)

V c∇c(∇bVa) = V c∇b∇cVd + V c(∇c∇b −∇b∇c)Vd

= V c∇b∇cVd + R d
cba V cVd

= ∇b(V
c∇cVd) − (∇bV

c)(∇cVa) + R d
cba V cVd

= −(∇cVb)(∇aVc) + R d
cba V cVd (2.2)

where we used V c∇cVd = 0. In the following it should be kept in mind that θab and σab

are symmetric while ωab is anitsymmetric. Taking the trace over a and b we obtain,

2.1 Raychaundhuri equation for scalar expansion

V c∇cθ = −
(

1

3
θhca + σca + ωca

) (
1

3
θhac + σac + ωac

)

− RcdV
cV d

= −1

3
θ2 − σabσ

ab + ωabω
ab − RcdV

cV d (2.3)

and so

dθ

ds
= −1

3
θ2 − σabσ

ab − ωabω
ab − RcdV

cV d (2.4)
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where ωabω
ab ≥ 0 and σabσ

ab ≥ 0. This is the Raychaudhuri equation and is of great
importance for the singularity theorem. Note that vorticity induces expansion which is
in analogy with centrifugal force while shear induces cotraction.

2.2 The trace-free, symmetric part

The trace-free part of a tensor Xab is

Tab = Xab −
1

3
habh

cdXcd

The symmetric part of a tensor Tab is

1

2
(Tab + Tba) ≡ T(ab) = X(ab) −

1

3
habh

cdXcd.

Or

T(ab) =

(

δc
(aδ

d
b) −

1

3
habh

cd

)

Xcd.

2.2.1 The trace-free, symmetric part of V c∇c(∇bVa)

We wish to obtain the trace-free, symmetric part of the equation V c∇c(∇bVa) = −(∇bV
c)(∇cVa)+

RcbadV
cV d. First consider the LHS, the symmetric, trace-free part is

V c∇c(∇(bVa)) −
1

3
habh

efV c∇c(∇fVe). (2.5)

We have

V c∇c(habh
ef∇fVe) =

= (V c∇chab)h
ef∇fVe + hab(V

c∇ch
ef )∇fVe + habh

efV c∇c(∇fVe),

but as V c∇chab = V c∇c(gab + VaVb) = 0, where we used the geodesic equation, we have
V c∇c(habh

ef∇fVe) = habh
efV c∇c(∇fVe). Using this in (2.5) gives
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V c∇c(∇(bVa)) −
1

3
habh

efV c∇c(∇fVe) = V c∇c

(
∇(bVa) −

1

3
habh

ef∇fVe

)

= V c∇cσab. (2.6)

We now consider the symmetric, trace-free part of the RHS:

V c∇cσab =

= −
[

(∇cV(a)(∇b)V
c) − 1

3
habh

ef(∇cVe)(∇fV
c)

]

+ Rc(ba)dV
cV d

−1

3
habh

efRcfedV
cV d

= −1

2

[(
1

3
θhac + σac + ωac

) (
1

3
θhc

b + σc
b + ωc

b

)

+ a ↔ b

]

+
1

3
habh

ef

(
1

3
θhec + σec + ωec

) (
1

3
θhc

f + σc
f + ωc

f

)

+Rc(ba)dV
cV d − 1

3
habh

efRcfedV
cV d

= −
(

1

9
θ2hab +

2

3
θσab + σacσ

c
b + ωacω

c
b

)

+
1

3
habh

ef

(
1

3
θ2 +

2

3
θhefσef +

2

3
θhefωef + σecσ

ce + 2σecω
ce + ωecω

ce

)

+Rc(ba)dV
cV d − 1

3
habh

efRcfedV
cV d

= −
(

1

9
θ2hab +

2

3
θσab + σacσ

c
b + ωacω

c
b

)

+
1

3
hab

(
1

3
θ2 + σcdσ

cd − ωcdω
cd

)

+Rc(ba)dV
cV d − 1

3
habh

efRcfedV
cV d

= −2

3
θσab − σacσ

c
b − ωacω

c
b +

1

3
hab

(
σcdσ

cd − ωcdω
cd

)

+Rc(ba)dV
cV d − 1

3
habh

efRcfedV
cV d (2.7)

where we have used the anti-symetry of ωab.

2.2.2 Identities and an expression for the shear

The trace-free part of RcbadV
cV d can be rewritten,
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Rc(ba)dV
cV d − 1

3
habh

efRcfedV
cV d = Rc(ba)dV

cV d − 1

3
hab(g

ef + V eV f)RcfedV
cV d

= Rc(ba)dV
cV d − 1

3
habg

efRcfedV
cV d

= Rc(ba)dV
cV d +

1

3
habg

efRfcedV
cV d

= Rc(ba)dV
cV d +

1

3
habRcdV

cV d. (2.8)

where we have used RcfedV
cV dV eV f ≡ 0 by the identities of the Riemann tensor, for

example Rcfed = −Rcfde.

−1

3
habV

c∇cθ = −1

3
habV

c∇c(h
ef∇fVe)

= −1

3
habh

efV c∇c(∇fVe) (2.9)

Which together with (2.2) gives

V c∇c(∇(bVa)) −
1

3
habh

efV c∇c(∇fVe)

= −(∇cV(a)(∇b)V
c) + Rc(ba)dV

cV d − 1

3
habV

c∇cθ (2.10)

This equation will establish the equivlence between taking the symmetric, trace-free part
of (2.2) and V c∇cσab, which will be considered in the next section.

2.2.3 Derivative of the shear

Here we directly take the derivative, V c∇c, of the shear σab = ∇(bVa) − 1
3
θhab,
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V c∇cσab = V c∇c

(
∇(bVa) −

1

3
θhab

)

= V c∇c(∇(bVa)) −
1

3
habV

c∇cθ

= −(∇cV(a)(∇b)V
c) + Rc(ba)dV

cV d − 1

3
habV

c∇cθ

= −1

2

[(
1

3
θhac + σac + ωac

) (
1

3
θhc

b + σc
b + ωc

b

)

+ a ↔ b

]

+Rc(ba)dV
cV d − 1

3
habV

c∇cθ

= −1

2

[(
1

9
θ2hab +

2

3
θσab +

2

3
θωab + σacσ

c
b + σ c

a ωcb − σc
bωca + ωacω

c
b

)

+ a ↔ b

]

+Rc(ba)dV
cV d − 1

3
habV

c∇cθ

= −
(

1

9
θ2hab +

2

3
θσab + σacσ

c
b + ωacω

c
b

)

+Rc(ba)dV
cV d − 1

3
hab

(

−1

3
θ2 − σcdσ

cd + ωcdω
cd − RcdV

cV d

)

= −2

3
θσab − σacσ

c
b − ωacω

c
b +

1

3
hab(σcdσ

cd − ωcdωcd) + Rc(ba)dV
cV d +

1

3
habRcdV

cV d

= −2

3
θσab − σacσ

c
b − ωacω

c
b +

1

3
hab(σcdσ

cd − ωcdω
cd)

+Rc(ba)dV
cV d − 1

3
habh

efRcfedV
cV d (2.11)

where we used (2.7).

2.2.4 Symmetric trace-free part of RcbadV
cV d

The symmetric trace-free of RcbadV
cV d is

RcbadV
cV d − 1

3
habh

efRcefdV
cV d =

(

δe
(aδ

f

b) −
1

3
habh

ef

)

RcefdV
cV d. (2.12)

Now because of symmetry properties of the Riemann tensor, the quantity RcbadV
cV d is

symmetric in a and b:

RcabdV
cV d = RdabcV

cV d

= RbcdaV
cV d

= RcbadV
cV d (2.13)
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where in the first line I have used that c and d are dummy indices, in the second line used
the symmetry Rabcd = Rcdab, in the third line used the symmetry Rabcd = −Rbacd = −Rabdc.
As such (2.12) slightly simplifies to

(

δe
bδ

f
a − 1

3
habh

ef

)

RcefdV
cV d. (2.14)

Now the Riemann tensor can be expressed in terms of the Weyl tensor:

Rcbad = Ccbad − gc[dRa]b − gb[aRd]c −
1

3
Rgc[agd]b. (2.15)

Notice it is anti-symmetric in a and d. Using that Ccbad has the same symmetries of Rcbad

(in particular Rcbad = Radcb), means that the difference Rcbad−Ccbad in the above equation
is also anti-symmetric in b and c.

We take (2.14) and decompose it as follows

(

δe
bδ

f
a − 1

3
habh

ef

)

(Ccefd + [Rcefd − Ccefd])V
cV d. (2.16)

First note

(

δe
bδ

f
a − 1

3
habh

ef

)

CcefdV
cV d =

(

δe
bδ

f
a − 1

3
hab(g

ef + V eV f )

)

CcefdV
cV d

= CcbadV
cV d (2.17)

where we have used CcefdV
cV dV eV f ≡ 0 and that the Weyl tensor is trace-free in any

two indices.

Using this in (2.16) we have

(

δe
bδ

f
a − 1

3
habh

ef

)

RcefdV
cV d = CcefdV

cV d +

(

δe
bδ

f
a − 1

3
habh

ef

)(

Rcefd − Ccefd

)

V cV d.

(2.18)

Using δb
a = h b

a − VaV
b and the anti-symmetry in d and f , and the anti-symmetry in c

and e of Rcefd − Ccefd in the above equation we get,
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(

δf
aδe

b −
1

3
habh

ef

)

RcefdV
cV d = CcbadV

cV d +

(

(h f
a − VaV

f )(h e
b − VbV

e) − 1

3
habh

ef

)

(

Rcefd − Ccefd

)

V cV d

= CcbadV
cV d +

(

h f
a h e

b − 1

3
habh

ef

) (

Rcefd − Ccefd

)

V cV d

(2.19)

We now just need
(

Rcefd − Ccefd

)

V cV d. Contracting both sides of (2.15) with V cV d we

obtain

RcbadV
cV d = CcbadV

cV d − gc[dRa]bV
cV d − gb[aRd]cV

cV d − 1

3
Rgc[agd]bV

cV d.

The individual terms give

−gc[dRa]bV
cV d = −1

2
[gcdRab − gcaRdb]V

cV d

=
1

2
[Rab + VaRbdV

d]

−gb[aRd]cV
cV d = −1

2
[gabRcd − gbdRac]V

cV d

=
1

2
[−gabRcdV

cV d + VbRacV
c]

−1

3
Rgc[agd]bV

cV d = −1

2
· 1

3
R[gcagdb − gcdgab]V

cV d

= −1

2
· 1

3
R[VaVb + gab]

Bringing these results together we have

(Rcbad − Ccbad)V
cV d = −gc[dRa]bV

cV d − gb[aRd]cV
cV d − 1

3
Rgc[agd]bV

cV d

=
1

2
Rab −

1

2
gabRcdV

cV d + V(aRb)dV
d − 1

2
· 1

3
Rhab (2.20)

Using the above in (2.19) gives
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(

δf
aδe

b −
1

3
habh

ef

)

RcefdV
cV d = CcbadV

cV d +

(

h f
a h e

b − 1

3
habh

ef

)

(
1

2
Rfe −

1

2
gfeRcdV

cV d + V(fRe)dV
d − 1

2
· 1

3
Rhfe

)

= CcbadV
cV d +

1

2
h e

a h
f

b Ref − 1

2
· 1

3
habh

efRef +

− 1

2

(

h f
a h e

b gfe −
1

3
habh

efgfe

)

RcdV
cV d

+ h f
a h e

b V(fRe)dV
d

︸ ︷︷ ︸

=0

−1

3
habh

efV(fRe)dV
d

︸ ︷︷ ︸

=0

− 1

2
· 1

3
h f

a h e
b Rhfe +

1

2
· 1

3
· 1

3
habh

efRhfe.

(2.21)

We have

h f
a hbf = hab h f

a h e
b hfe = hab hefhfe = 3 hefgfe = hef (hfe − VfVe) = 3.

Substituting this into (2.21) gives

(

δe
(aδ

f

b) −
1

3
habh

ef

)

RcefdV
cV d = CcbadV

cV d +
1

2

(

h c
a h d

b Rcf −
1

3
habh

cdRcd

)

. (2.22)

And so (2.7) (or (2.11)) becomes

dσab

ds
= −2

3
θσab − σacσ

c
b − ωacω

c
b +

1

3
hab(σcdσ

cd − ωcdωcd)

+CcbadV
cV d +

1

2

(

hachbdR
cd − 1

3
habhcdR

cd

)

. (2.23)

Since the Wely tensor is trace-free is does not appear in the equation in the expansion
equation(2.4). however as the terms −2σ2 (= −2σabσab) occurs on the right-hand side
of the expansion equation, the Weyl tensor induces convergence indirectly by inducing
shear.

The Weyl tensor is the part of the Reiemann tensor not depending on the Ricci tensor.
From the Einstein equations,
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Rab −
1

2
gabR + Λgab = 8πTab.

we see that it is the Rici tensor, Rab, is determined locally by the matter distributionis.
Thus the Weyl tensor is the part of the curvature which is not determined locally by the
matter distribution.

2.3 Derivative of vorticity

And from the anti-symmetric part of (2.2) yields

V c∇cωab = V c∇c

(
∇[bVa])

= −(∇cV[a)(∇b]V
c) + Rc[ba]dV

cV d

= −(∇cV[a)(∇b]V
c)

= −1

2
[(∇cVa)(∇bV

c) − a ↔ b]

= −1

2

[(
1

9
θ2hab +

2

3
θσab +

2

3
θωab + σacσ

c
b + 2σc

bωac + ωacω
c
b

)

− a ↔ b

]

= −2

3
θωab − 2σc

[bωa]c (2.24)

and so

dωab

ds
= −2

3
θωab − 2σc

[bωa]c. (2.25)

2.4 Conjugate points

A pair of points p, q ∈ γ if there is a jacobi field ηa which is not identically zero but
vanishes at both p and q. Or p and q are conjugate if an an an infinitesimally nearby
geodesic intersects γ at both p and q.
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Chapter 3

Raychaudhuri equations for null

geodesics

3.1 Null congruences and transverse metric or “spa-

tial metric”

The transverse metric is constructed by introducing an auxiliary null vector na with
kan

a = −1. Then

hab = gab + kanb + nakb (3.1)

It satifies

habk
b = habn

b = 0 (3.2)

making it purely transverse (orthogonal to both ka and na) and entirely two dimensional.

The tensor

ha
b = δa

b + kanb + nakb (3.3)

is the projection operator onto the subspace of the space orthogonal to ka and na as

ha
bk

b = (δa
b + kanb + nakb)k

b = 0, ha
bn

b = 0, (3.4)

and if xaka = xana = 0 then
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ha
bx

b = (δa
b + kanb + nakb)x

b = xa. (3.5)

Also

ha
ch

c
b = ha

c(δ
c
b + kcnb + nckb) = ha

b (3.6)

which is the property of a projector.

We also have

habh
ab = hab(g

ab + kanb + nakb)

= habg
ab

= (gab + kanb + nakb)g
ab

= 2. (3.7)

Also

habhc
b = hc

b(g
ab + kanb + nakb) = hac (3.8)

and

h b
a hbc = h b

a (gbc + kbnc + nbkc) = hac (3.9)

3.2 The expansion, shear and twist

B̂ab = hc
ah

d
bBcd (3.10)

B̂ab = (δc
a + kan

c + nak
c)(δd

b + kbn
d + nbk

d)Bcd

= (δc
a + kan

c + nak
c)(Bcb + kbBcdn

d)

= (δc
a + kan

c)(Bcb + kbBcdn
d)

= Bab + kan
cBcb + kbBacn

c + kakbBcdn
cnd. (3.11)

Write
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B̂ab = B̂(ab) + B̂[ab] (3.12)

and make the decomposition

B̂ab =
1

2
θ̂hab + σ̂ab + ω̂ab (3.13)

where

θ̂ = habB̂(ab) = gabB̂ab = B̂a
a

σ̂ab = B̂(ab) −
1

2
θ̂hab

ω̂ab = B̂[ab] (3.14)

The expansion can be written

θ̂ = gabB̂ab

= gabBab (3.15)

where we have used (3.11) and that Bab is orthogonal to ka. Therefore

θ̂ = ∇ak
a. (3.16)

3.2.1 Explicit formula

B̂(ab) =
1

2
(h c

a h d
b + h c

b h d
a )∇dkc

= h c
a h d

b ∇(dkc) (3.17)

Similarly

ω̂ab = B̂[ab] = h c
a h d

b ∇[dkc] (3.18)

and

20



θ̂ = habB̂(ab)

= habh c
a h d

b ∇(dkc)

= hab∇(bka) (3.19)

3.3 Raychaudhuri’s equation for scalar expansion

As before

kc∇c(∇bka) = kc∇b∇ckd + kc(∇c∇b −∇b∇c)kd

= kc∇b∇ckd + R d
cba kckd

= ∇b(k
c∇ckd) − (∇bk

c)(∇cka) + R d
cba kckd

= −(∇ckb)(∇akc) + R d
cba kckd (3.20)

So that

kc∇c(∇bka) = −(∇ckb)(∇akc) − Rbcadk
ckd. (3.21)

Contracting gives

kc∇cθ̂ = −BabBba − Rabk
akb. (3.22)

Now using (3.11), we have BabBba = B̂abBba = B̂abB̂ba as kaBba = kbBba = 0 and

kaB̂
ba = kbB̂

ba = 0.

We have

BabBba = B̂abB̂ba

=

[
1

2
θ̂hab + σ̂ab + ω̂ab

] [
1

2
θ̂hba + σ̂ba + ω̂ba

]

=
1

2
θ̂2 + σ̂abσ̂ab − ω̂abω̂ab (3.23)

where we have used habhab = 2, habσ̂ab = habω̂ab = σ̂abω̂ab = 0.

This gives
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∂θ̂

∂λ
= −1

2
θ̂2 − σ̂abσ̂ab + ω̂abω̂ab − R̂abk

akb. (3.24)

3.4 Expansion tensor

kc∇c(∇bka) = −(∇ckb)(∇akc) − Rbcadk
ckd. (3.25)

Write

ke∇e(h
c

a h d
b ∇dkc) = kc∇c[(δ

c
a + kan

c + nak
c)(δ d

b + kbn
d + nbk

d)∇dkc]

= ke∇e[(δ
c

a + kan
c)(δ d

b + kbn
d)∇dkc]

= ke∇e[∇bka + kbn
d∇dka + kan

c∇bkc + kakbn
cnd∇dkc] (3.26)

3.5 The trace-free, symmetric part

The trace-free part of a tensor Xab is

Sab = Xab −
1

2
ĥabĥ

cdXcd

The symmetric part of the tensor Sab is

1

2
(Sab + Sba) = S(ab) = X(ab) −

1

2
ĥabĥ

cdXcd

Or

Sab =

(

δc
(aδ

d
b) −

1

2
ĥabĥ

cd

)

Xcd
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3.6 Derivative of shear

3.7 Derivative of vorticity

3.8 The expansion, shear and twist - 2 × 2 notation

3.8.1 Defintions

We introduce vectors êa
A (A = 2, 3) that point in the two directions orthogonal to both

ka and Na, and we choose them to be orthonormal, so that they satify

gabê
a
Aêb

B = δAB.

We introduce the 2 × 2 matrix

BAB = Babê
a
Aêb

B (3.27)

B̂ab = Bcdh a
c h b

d

= Bcdh
cahdb

= Bcd[δ
CAêc

C êa
A][δDB êd

Dêb
B]

= (Bcdê
c
C êd

D)δCAδDBêa
Aêb

B

= BCDδCAδDB êa
Aêb

B

= BAB êa
Aêb

B. (3.28)

θ = habB̂
ab

= habB
AB êa

Aêb
B

= BABgabê
a
Aêb

B

= BABδAB. (3.29)
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σAB êa
Aêb

B =
1

2
(BAB + BBA − θδAB)êa

Aêb
B

=
1

2
(B̂ab + B̂ba − θhab)

= B̂(ab) − 1

2
θhab

= σab. (3.30)

ωAB êa
Aêb

B =
1

2
(BAB − BBA)êa

Aêb
B

=
1

2
(B̂ab − B̂ba)

= ω̂ab (3.31)

3.8.2 Dependence on choice of auxiliary null vector Na

First

kaN ′

a = ka(Na + cka + cAêAa)

= kaNa

= −1. (3.32)

Next

N
′aN ′

a = (Na + cka + cAêa
A)(Na + cka + cB êBa)

= 2cNaka + cAcB êa
AêBa

= −2c + cAcBδAB (3.33)

for this to vanish we must have c = 1
2
cAcA.

Change in hab

h
′ab = gab + kaN

′b + N
′akb

= gab + ka(N b + ckb + cB êb
B) + (Na + cka + cAêa

A)kb

= hab + 2ckakb + cBkaêb
B + cAêa

Akb (3.34)
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Change in B̃ab

B̃
′ab = h

′cah
′dbBcd

= (hac + 2ckakc + cCkaêc
C + cAêa

Akc)(hbd + 2ckbkd + cDkbêd
D + cB êb

Bkd)Bcd

= (hac + cCkaêc
C)(hbd + cDkbêd

D)Bcd

= B̃ab + (cChbdBcdê
c
C)ka + (cDhacBcdê

d
D)kb + (cCcDêc

C êd
DBcd)k

akb

= (cAcBBAB)kakb + (cCδBD êb
B êd

DBcdê
c
C)ka + (cDδAC êa

Aêc
CBcdê

d
D)kb + BAB êa

Aêb
B

= (cAcBBAB)kakb + (cCδBDBCD)kaêb
B + (cDδACBCD)êa

Akb + BAB êa
Aêb

B

= (cAcBBAB)kakb + (cAB B
A )kaêb

B + (cBBA
B)êa

Akb + BAB êa
Aêb

B (3.35)

That is

B̃
′ab = (cAcBBAB)kakb + (cAB B

A )kaêb
B + (cBBA

B)êa
Akb + BAB êa

Aêb
B (3.36)

Invariance of θ

From (3.36)

θ′ = gabB̃
′ab

= gabB
AB êa

Aêb
B

= gabB̃
ab

= θ. (3.37)
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Change in σab

σ
′ab = B̃

′(ab) − 1

2
θ′h

′ab

= (cAcBB(AB))k
akb +

1

2
cAB B

A [kaêb
B + kbêa

B] +
1

2
cBBA

B[êa
Akb + êb

Aka]

+B(AB)êa
Aêb

B − 1

2
θ[2ckakb + cBkaêb

B + cAêa
Akb + hab]

= (cAcBB(AB))k
akb +

1

2
[cAB B

A + cABB
A]kaêb

B +
1

2
[cBBA

B + cBB A
B ]êa

Akb

+B(AB)êa
Aêb

B − 1

2
θ[cAcAkakb + cBkaêb

B + cAêa
Akb + hab]

= cAcB(B(AB) −
1

2
θδAB)kakb + cA(B(AB) − 1

2
θδAB)kaêb

B

+cB(B(AB) − 1

2
θδAB)êa

Akb + (B(AB) − 1

2
θδAB)êa

Aêb
B

= cAcBσABkakb + cAσABkaêb
B + cBσAB êa

Akb + σAB êa
Aêb

B. (3.38)

That is

σ
′ab =

(
cAcBσAB

)
kakb +

(
cAσ B

A

)
kaêb

B +
(
cBσ A

B

)
êa

Akb + σAB êa
Aêb

B (3.39)

This shows that if σab = 0 for one choice of Na, then σab = 0 for any other choice.

Invariance of σabσab

σ
′abσ′

ab = σ
′abσ

′cdgacgbd

= [(cAcBσAB)kakb + (cAσ B
A )kaêb

B + (cBσ A
B )êa

Akb + σAB êa
Aêb

B]

[(cCcDσCD)kckd + (cCσ D
C )kcêd

D + (cDσ C
D )êc

Ckd + σCDêc
C êd

D]gacgbd

= σAB êa
Aêb

BσCDêc
C êd

Dgacgbd

= σABσCDδACδBD

= σabσab (3.40)

as
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σabσab = σabσcdgacgbd

= σAB êa
Aêb

BσCDêc
C êd

Dgacgbd

= σABσCD(êa
Aêc

Cgac)(ê
b
B êd

Dgbd)

= σABσCDδACδBD

= σABσAB

= σABσBA

= Tr(σABσBC) (3.41)

Change in ωab

ω
′ab = B̃

′[ab]

=
1

2
(cAB B

A )[kaêb
B − kbêa

B] +
1

2
(cBBA

B)[êa
Akb − êb

Aka] + B[AB]êa
Aêb

B

=
1

2
(cAB B

A − cABB
A)kaêb

B +
1

2
(cBBA

B − cBB A
B )êa

Akb + ωAB êa
Aêb

B

= (cAωAB)kaêb
B + (cBωAB)êa

Akb + ωAB êa
Aêb

B (3.42)

That is

ω
′ab =

(
cAω B

A

)
kaêb

B −
(
cBω A

B

)
êa

Akb + ωAB êa
Aêb

B (3.43)

This shows that if ωab = 0 for one choice of Na, then ωab = 0 for any other choice. This
proves hypersurface orthogonality for any choice of Na.

Invariance of ωabωab

ω
′abω′

ab = ω
′abω

′cdgacgbd

= [(cAω B
A )kaêb

B − (cBω A
B )êa

Akb + ωAB êa
Aêb

B]

[(cCω D
C )kcêd

D − (cDω C
D )êc

Ckd + ωCDêc
C êd

D]gacgbd

= ωABêa
Aêb

BωCDêc
C êd

Dgacgbd

= ωABωCDδACδBD

= ωabωab (3.44)

ωabωab = ωABωAB

= −ωABωBA

= −Tr(ωABωBC) (3.45)
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Invariance of θ, σabσab and ωabωab implies that the Raychaudhuri equation is invariant
under a change of Na.

3.8.3 Evolution equations for shear and rotation

Introduce

RAB = Racbdê
a
Akcêb

Bkd (3.46)

and

ΓAB = êBck
d∇dê

c
A. (3.47)

Note

0 = kd∇d(êBcê
c
A)

= êBck
d∇dê

c
A + êAck

d∇dê
c
B

= ΓAB + ΓBA. (3.48)

And so ΓAB is antisymmetric. It is possible to set ΓAB = 0 by choosing êa
A to be parallel

transported along the congruence.

In the following we need an identity. As ka and êa
A are orthogonal we have

0 = kd∇d(kcê
c
A)

= êc
A(kd∇dkc) + kck

d∇dê
c
A

= kck
d∇dê

c
A. (3.49)

where we used the geodesic equation kd∇dkc = 0.

Consider
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Γ C
A BCB = δCDΓACBDB

= δCD(êCck
d∇dê

c
A)(Babê

a
Dêb

B)

= (δCDêCcê
a
D)Babê

b
Bkd∇dê

c
A

= h a
c Babê

b
Bkd∇dê

c
A

= (δ a
c + kcN

a + Nck
a)Babê

b
Bkd∇dê

c
A

= δ a
c Babê

b
Bkd∇dê

c
A

= Babê
b
Bkd∇dê

a
A (3.50)

where we have used (3.49) and kaBab = ka∇bka = 1
2
∇b(k

aka) = 0.

Consider

Γ C
B BAC = δCDΓBCBAD

= δCD(êCck
d∇dê

c
B)(Babê

a
Aêb

D)

= (δCDêCcê
b
D)Babê

a
Akd∇dê

c
B

= h b
c Babê

a
Akd∇dê

c
B

= Babê
a
Akd∇dê

b
B. (3.51)

where we have used (3.49) and kbBab = kb∇bka = 0.

Combining them gives

Γ C
A BCB + Γ C

B BAC = Babê
b
Bkd∇dê

a
A + Babê

a
Akd∇dê

b
B

= Babk
c∇c(ê

a
Aêb

B)

= ∇bkak
c∇c(ê

a
Aêb

B). (3.52)

Also consider

BACBC
B = BACδCDBDB

= δCD(Bacê
a
Aêc

C)(Bdbê
d
Dêb

B)

= (δCDêc
C êd

D)BacBdbê
a
Aêb

B

= hcdBacBdbê
a
Aêb

B

= (hcd + kcNd + N ckd)BacBdbê
a
Aêb

B

= gcdBacBdbê
a
Aêb

B

= BacB
c
bê

a
Aêb

B (3.53)
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where we have used kcBac = kc∇cka = 0 and kdBdb = kd∇bkd = 0.

Working out the main evolution equation proceeds as follows

dBAB

dλ
= kc∇cBAB

= kc∇c(Babê
a
Aêb

B)

= kc∇c(∇bkaê
a
Aêb

B)

= êa
Aêb

B(kc∇c∇bka) + ∇bka[k
c∇c(ê

a
Aêb

B)]

= [−(∇bk
c)(∇cka) − Racbdk

ckd]êa
Aêb

B + Γ C
A BCB + Γ C

B BAC

= −(∇cka)(∇bk
c)êa

Aêb
B − RAB + Γ C

A BCB + Γ C
B BAC

= −BacB
c
bê

a
Aêb

B − RAB + Γ C
A BCB + Γ C

B BAC

= −BACBC
B − RAB + Γ C

A BCB + Γ C
B BAC (3.54)

where we have substituted in (3.52) and (3.53). The final equation derived is

dBAB

dλ
= −BACBC

B − RAB + Γ C
A BCB + Γ C

B BAC . (3.55)

3.8.4 Decomposition of matrices

BAB =
1

2
θδAB + σAB + ωAB, RAB =

1

2
RδAB + CAB (3.56)

Need to prove:

R = Rabk
akb (3.57)

We have by (2.15):

RAB = Racbdê
a
Akcêb

Bkd

= [Cacbd − ga[dRb]c − gc[bRd]a −
1

3
Rga[bgd]c]ê

a
Akcêb

Bkd

= Cacbdê
a
Akcêb

Bkd +
1

2
gabê

a
Aêb

BRcdk
ckd

= CAB +
1

2
RδAB. (3.58)
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We have that CAB is symmetric:

CAB = Cacbdê
a
Akcêb

Bkd

= Cbdacê
a
Akcêb

Bkd

= Cacbdê
b
Akdêa

Bkc

= CBA (3.59)

where we first used Cacbd = Cbdac. It is trace-free:

δABCAB = Cacbdδ
AB êa

Aêb
Bkckd

= Cacbdh
abkckd

= Cacbd(h
ab + kaN b + Nakb)kckd

= (Cacbdg
ab)kckd

= 0 (3.60)

We introduce the parameterisation

σAB =

(
σ+ σ

×

σ
×

−σ+

)

, CAB =

(
C+ C

×

C
×

−C+

)

, (3.61)

ωAB =

(
0 ω

−ω 0

)

(3.62)

and

ΓAB =

(
0 Γ
−Γ 0

)

. (3.63)
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3.8.5 Explicit evolution equations

Expansion:

dθ

dλ
=

d(BABδAB)

dλ

= −δABBACBC
B − δABRAB

= −(
1

2
θδAC + σAC + ωAC)(

1

2
θδCA + σCA + ωCA) − R

= −1

2
θ2 − σACσCA − ωACωCA − R

= −1

2
θ2 − 2(σ2

+ + σ2
×
) + 2ω2 − R (3.64)

The term involving ΓAB does not contribute here:

δAB(Γ C
A BCB + Γ C

B BAC) = δABδCD(ΓACBDB + ΓBDBAC)

= δ11δ11(Γ11B11 + Γ11B11)

+δ22δ11(Γ21B12 + Γ21B21)

+δ11δ22(Γ12B21 + Γ12B12)

+δ22δ22(Γ22B22 + Γ22B22)

= 0. (3.65)

Shear:

dσAB

dλ
=

d

dλ

(

B(AB) −
1

2
θδAB

)

= −1

2
(BACBC

B + BBCBC
A) − RAB

+
1

2
(Γ C

A BCB + Γ C
B BAC + Γ C

B BCA + Γ C
A BBC) − 1

2

dθ

dλ
δAB

= −1

2
δCD(BACBDB + BBCBDA) − RAB

+
1

2
δCD(ΓACBDB + ΓBCBAD + ΓBCBDA + ΓACBBD) − 1

2

dθ

dλ
δAB (3.66)

Using A = 1 and B = 1
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1

2
δCD(Γ1CBD1 + Γ1CB1D + Γ1CBD1 + Γ1CB1D) =

1

2
(Γ11B11 + Γ11B11

+Γ11B11 + Γ11B11

+Γ12B21 + Γ12B12

+Γ12B21 + Γ12B12)

= Γ(B12 + B21)

= 2Γσ
×

(3.67)

and so

dσ+

dλ
= −1

2
δCD(B1CBD1 + B1CBD1) − R11 + 2Γσ

×
− 1

2

dθ

dλ
δ11

= −(B11B11 + B12B21) −
1

2
R − C+ + 2Γσ

×
− 1

2

dθ

dλ

= −[(
1

2
θ + σ+)2 + (σ

×
+ ω)(σ

×
− ω)] − 1

2
R − C+ + 2Γσ

×

−1

2
[−1

2
θ2 − 2(σ2

+ + σ2
×
) + 2ω2 − R]

= −[
1

4
θ2 − θσ+ + (σ2

+ + σ2
×
) − ω2] − 1

2
R − C+ + 2Γσ

×

+[
1

4
θ2 + (σ2

+ + σ2
×
) − ω2 +

1

2
R]

= −θσ+ − C+ + 2Γσ
×

(3.68)

Using A = 1 and B = 2. The term involving ΓAB

1

2
δCD(ΓACBDB + ΓBDBAC − ΓBCBDA − ΓADBBC)

gives the contributution

1

2
δCD(Γ1CBD2 + Γ2DB1C + Γ1CBD2 + Γ2DB1C) =

1

2
(Γ11B12 + Γ21B11

+Γ11B12 + Γ21B11

Γ12B22 + Γ22B12

+Γ12B22 + Γ22B12)

= −Γ(B11 − B22)

= −2Γσ+ (3.69)
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and so

dσ
×

dλ
= −1

2
δCD(B1CBD2 + B2CBD1) − R12 − 2Γσ+ − 1

2

dθ

dλ
δ12

= −1

2
[(B11 + B22)(B12 + B21)] − C12 − 2Γσ+

= −θσ
×
− C

×
− 2Γσ+ (3.70)

where we have used

B11 + B22 = θ

B12 + B21 = 2σ
×

Twist:

dωAB

dλ
=

dB[AB]

dλ

= −1

2
(BACBC

B − BBCBC
A)

= −1

2
δCD(BACBDB − BBCBDA) (3.71)

dω

dλ
= −1

2
δCD(B1CBD2 − B2CBD1)

= −1

2
(B11B12 − B21B11 + B12B22 − B22B21)

= −1

2
[(B11 + B22)(B12 − B21)

= −θω (3.72)

where we have used

B12 − B21 = 2ω12 = 2ω

The term involving ΓAB
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1

2
δCD(ΓACBDB + ΓBDBAC − ΓBCBDA − ΓADBBC)

does not contribute here:

δCD(Γ1CBD2 + Γ2DB1C − Γ1CBD2 − Γ2DB1C) = Γ11B12 + Γ21B11

−Γ11B12 − Γ21B11

Γ12B22 + Γ22B12

−Γ12B22 − Γ22B12

= 0. (3.73)

Summary

dθ

dλ
= −1

2
θ2 − 2(σ2

+ + σ2
×
) + 2ω2 − R

dσ+

dλ
= −θσ+ − C+ + 2Γσ

×

dσ
×

dλ
= −θσ

×
− C

×
− 2Γσ+

dω

dλ
= −θω (3.74)

σabσab = σABσAB

= σABσBA

= Tr(σABσBC)

= 2(σ2
+ + σ2

×
) (3.75)

Now

ωabωab = ωABωAB

= −Tr(ωABωBC)

= 2ω2 (3.76)

We have
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dθ

dλ
= −1

2
θ2 − σabσab + ωabωab − Rabk

akb (3.77)

The other equations can be written

dσAB

dλ
= −θσAB − CAB

dωAB

dλ
= −θωAB (3.78)

and as we assume that êa
A are parallel propagated, (3.78) implies

dσab

dλ
= −θσab + ̂Ccbadk

ckd

dωab

dλ
= −θωab (3.79)

3.9 Optical scalars

Geodesic equation

lb∇bl
a = 0 (3.80)

Here we define

θ̄ =
1

2
∇al

a =
1

2
gab∇bl

a =
1

2
θ (3.81)

ω̄ =

(
1

2
∇[bla]∇bla

) 1

2

=

(
1

2
ωabωab

) 1

2

(3.82)

|σ̄| =

(
1

2
∇(bla)∇bla − θ̄2

) 1

2

=
1√
2

(

∇(bla)∇bla − 1

2
θ2

) 1

2

(3.83)

Calculating σabσab, we find
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σabσab = (∇(bla) − 1

2
habθ)(∇(bla) −

1

2
habθ)

= ∇(bla)∇(bla) −∇(bla)h
abθ +

1

4
habhabθ

2

= ∇(bla)∇(bla) −
1

2
θ2 (3.84)

and so

|σ̄| =
1√
2

(
σabσab

) 1

2 (3.85)

Define

z = −θ̄ + iω̄ (3.86)

Then the two evolution equations for the optical scalars

dθ̄

dλ
= −θ̄2 + ω̄2 − |σ̄|2 − 1

2
Rabl

alb (3.87)

and

dω̄

dλ
= −2θ̄ω̄ (3.88)

can be written as a single equation

dz

dλ
= z2 + |σ̄|2 +

1

2
Rabl

alb. (3.89)

Rewriting (3.87)

1

2

dθ

dλ
= −1

4
θ2 +

1

2
ωabωab −

1

2
σabσab −

1

2
Rabl

alb

we see it identical to (3.77). Calculating
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dω̄

dλ
=

d

dλ

(
1

2
ωabωab

) 1

2

=
1

4ω̄

d(ωabωab)

dλ

=
1

2ω̄
ωabdωab

dλ

=
1

2ω̄
ωab · −θωab

= −2θ̄ω̄. (3.90)

we obtain (3.88).
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