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Chapter 1

Summation technique

1.1 Summation - ((2k)

We have

1 1 SR T A
ZW:WZW/O e yT dy
n=1
1 N > — 2k—1
— nx d
(2/@—1)!;/0 cor
1 0 ka/’fl
- [ 4
(2/@—1)!/0 w1
1 /oo I.le:c p
= X
2k o (em = 1)

1 /OO xker
— dx.
2 (2k)! (e? —1)2

— 00

This integral is not immediately amenable to complex contour integration. However, we
have

Which rearranged gives



o 2k x 1 o0 2k ,x
/ T v = / YO dx (1.2)
o (€7 —1)2 1— 2% | (e +1)2

So that

i 1 1 1 /°° x2ke® J
I X
Lon2k 2. (k)1 —21-2k | (ex 4 1)2

We next perform the integral on the RHS.
Performing the integral:

Consider the integral:

o0 x?kezr a2k e8] 0T o
/ dz — / T
oo (€T 4+ 1)2 oo J_ (e* 4 1)2

We now evaluate this integral using complex analysis. Consider the rectangular contour,
C, in the figure

a=0

271

v
S

Figure 1.1: .

and the integral



eazez
——dz
740 (e* 4+ 1)2

whose integrand has a pole at mi. The integral along the vertical edges vanishes as:

f(z) =

ea($+iy)€($+iy) {6(1a)(x+iy) T — 00

W - e(1+a)(z+iy) €T — —00

So that
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Which rearranged is
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= mResz:ﬂ'i [f(2)]-

We calculate the residue. Expand about pole, z, = im:

1 B 1
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Using this we can find the residue:

% p? elat)zo+(a+1)(z—20) pla+1)z0
= B T
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1 1)z
= 6_2Z06(L)202 + 6—220&—’—)O 4.
(Z - Zo) z — ZO
So that
/OO ﬂdw — L . aei(a+1)ﬂ'
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= 1 1 1 o 2k,m
S L1~ e,
—n 1-2 2 (2k) ) o (er 4+ 1)
_ 1 1 o?k  ar
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We have the series expansion of xm csc xm in terms of Bernoulli numbers:

T _ i 2(2217,—1 - 1)(_1)n+17r2nB2nx2n‘

2k
1 _ 1 1 9 am
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2k—1 _
_ ﬁm A 2(22k 1_ 1)(_1)k+17r2k32k

= (1) (2m)* 5. (1.3)




1.2 Summation over odd integers

General sum, its integral representations, and evaluation of integral

The general sum, > °>° has the following essentially equivalent integral rep-

1
n=0 (2n + 1)%’
resentations:

i 1 /m x2k€x d N 1 /oo I.lex d
2n+1 IS SN S RN BN CYATE U L Sl

n:O o0

and

oo 1 0o x2kea:
1—27% d
2 G I 2n+1 = )2-(2k)!/oo(ex—1)2 v

n:O

which I derive below. Comparing these you find

o] x2k€x 22k71 [ee] Ilex
/ e = 2%—1 / zdv
e (6“” — 1) 2er—1 —1 J_ o (eﬂ” + 1)

This relation was proven directly - see (1.2). Substituting this into the second integral
representation you get another integral representation

i 1 2% -1 1 o gPher
= ——dx
2k 2% _99. I / x 2
— (2n+1) 2 22-(2k)! J_o (e +1)
Below we will evaluate this integral and obtain the expected result:

= B
1— 272]6 -1 k+1 2) 2k72k'
— | 2n+1 = R A TETS]

n

where B,, are the Bernoulli numbers.

Deriving integral representations of sum



I now derive these integral representations. We have

o [ee]

Z v 1 Z 1—cosmn
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: ) ° ! 1 2k—1
4(2]{?—1)'/0' (6$—1 er—im _ | e$+z7r_1)$ €T
L < 2 1 oo, 2k—1
2~(2k—1)!/0 v —1 x+2~(2k—1)!/0 w1
1 o] I.lex 1 oo kaex
2.(2k:)!/o (e* — 1)2 x+2.(2k;)!/0 CESE
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= X i
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— 00

where we have integrated by parts and then extended the range of integration. This is
first integral representation the sum quoted at the beginning.

Recall the identity

> 1 =1

§ - = 1—2*2’€)§ -
2k ( 2k

— (2n+1) —~n

We have
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=1

1 1 [
- - - T —y 2k—1d
Zon% (2/@—1)!;712"’/0 €y y
1 OO > — 2k—1
— nx d
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= T
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1 /oo x2kea:
= dz.
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Substituting this into the identity just mentioned we get the second integral representation
of the sum quoted above.

As noted at the beginning, another representation follows from the first two:

i 1 22k -1 1 /oo x2kex J
= —=aX.
2n+ )% 2622 2k ) (er + 1)

n=0

Then

- 1 2% -1 1 o gher
= ——d
;%(277,—1—1)2’“ 22’“—22-(%)!/00 (v + 12"

226 —1 1 o ar
22k — 22 (2k)! 0a?F sin(am)

a=0

We have the series expansion of xm csc xm in terms of Bernoulli numbers:

=)™ By, o,

Employing this we obtain
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i 221 1 0% ar
(2n + 1)2 T2 22 (2k)! Oa?* sin(am)

n:O a=0
22k 1 1 _
T 22— 292 (2Kk)! 220 = DD By,
B
- (1 _2—2]€ -1 k+1 9 2k72k'
1.3 Alternating sums
The general sum
0 n
Z 2n n 1 2k+1
n:O
for k =0,1,2,... can be easily performed using the above method.
. T
oo oo gin —
_ 2
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n:0 n=
o T
1 S1n 7 o
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We will evaluate
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Figure 1.2: .
The integral along the vertical edges vanishes as:
ea($+iy) e(Ol*l)(:C«l»iy) T — 00
F2) = == =\ et
e + e Y e e Ty T — —00

So that
e¥? 00 o ] 0o+4T e
74 7@:/ 7dx+eo””/ e
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=(1+e )/_0076$+€_$dx
and so
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by considering the rectangular contour integral (see figure) of

dx



We then have

] =

So finally,

In post 5 I proved

/ ———dr
_so ¥t €

T 1 ]{ e® d
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T T e
— 1 _
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- 2(1 + eam’) z—>% er — =%
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4(1 4 eomi)
o 1
= S ™
cos( 5 )
. 0? 1
8 Dar? cos(%)
2 a=0
in(5)
_ W_Qi Sin B
16 90r cog2( 27
2 a=0
_ 3 cos?’(a—;) + 2sin2(%) cos(%)
32 4 O
cos?( 5 )
C 32
o=
2o+ 17 32
e T 1
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Using this, we have

0 _1\n () 2k
(—=1) _ 1 / x dr
+ _

— (2n+ 1) (2R)12 ) et +e®
o 9% 1 (%)
(2k)14 Oau?® cos(%)
2 a=0
Euler numbers are defined by
2 - ETL n
e
So that
o - (_1)nE2n 2n
sect = ZO Wt
and

mt > (=) B, 5.
sec 5= el

n=0

Using this in (), results in:

io: (-~ w o* 1
= (2n+ 1) (2k)14 90 o0q( T
— 7T2k+1 (_1)kE2k
(2k)14F+1

2 a=0

The first few Euler numbers are F, =1, £, = —1, and I, = 5.

Interchanging summation and integration
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Note in the above, I made an interchange of summation and integration. This needs to
be justified.

Case k > 0:
As

. TN _
sin 71’%6 ne

> 1
dr = Z (2n + 1)1
n=0

n=1 n=1
e
= (1-2 )Zﬁ
n=1
Yoo
<(1-2"H1+ lim )

you can use Fubini to justify interchanging summation and integration:

X, [ ™ oo ™

E sin —xFe " dy = g sin —z%Fe " dg.
0 2 0 2

n=1 n=1

Case k = 0 (Leibniz formula for ):

As

2, [ n > 1

E / )sm e "ldx = E =
— Jo — 2n +1
n=1 n=0

you can’t use Fubini to justify this interchange. An equivalent check:
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sm

co ©© 00
/ > / B e ) da
(VI — 0
oo
-
1 _ fx/2
{2 <€$/2 te x/Q)L -
You can, however, use the dominated convergence theorem to prove the interchange is

legitimate. The proof for £ > 0 is not much more difficult that the proof for k = 0, so I
give the proof for k£ > 0.

Using the dominated convergence theorem k& > 0:

I now justify interchanging summation and integration using the dominated convergence
™

theorem. Define f (z) = ZnN:1 sin — 5 x?*¢~"® Then, for appropriate integers ¢, ¢ taken

from 1,2,..., we have

fN(x) = {

(67 —e ™3 4 e — 7T ... 4 e~ WT)2%k  5dd number of terms

/
(e —e ™ f e 7T ... e~ W=Dm)22%  oyen number of terms
_"’1—% 2k odd number of terms
_ e
- 1— 67(4€’+1)x
e“”H—%x% even number of terms
-

So the limit function for z > 0 is

1’2k

lim fy(x r) = f(z) =

N—o00 et 4+ e %

So fy(x) converges to the function f(z) except at z = 0:

67(4K71)x
lim, e*xmx% =0  odd number of terms
]\}1_{1(1)0 |f(z) = fy(@)] = e—(4%+1)$
lim, e*xﬁx% =0 even number of terms
e~ €T

It is not a problem that you don’t have convergence at the single point z = 07
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Also,

So
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Chapter 2

Inverting Fourier series

2.1 List of sums

I aim to evaluate the following sums through an integral representation of them:
(i)

For fixed h such that 0 < h < 2,

h | x=sinnh — 1 —cosnh
—+ Z = cos(nzx) + Z - et sin(nz)

2 ™ ™

n= n=1

cos(2m(2n — 1)x)
(2n —1)2

WE

(iii)

2 4 i": 1 (2n2)
_ — — COS(znx
T m 4n? — 1

(iv)
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(vi)

(vii)

(viii)

(ix)

% — %Z (=1 cos(2nx)

. cos(2mnx
3 (2mna)

n2k

N —

3
Il
—

1 21— cos(an)

—+— )Y ———~cos(nx)
2,2
2w an
E —o Sin(2mna)
n=1 n

2

T 42 (_12)n cos(nx)

2T
1

n




i cos(m(2n + 1)x)

2%
—~  (2n+1)

(xii)

isj m(2n + 1))

(2n + 1)2k+1
n=0

(xiii)

sinharm <= (=1)" ;..

D

a—1in
n=-—00

sinh am

2asinh am o= (—1)"
+
D

— a? + n?

am

_ 2sinhar > 1)”77,
cos(nx)

sin(nx)

2.2 Sum (i)

Deriving the step function from its Fourier series

For 0 < 2 < 27 and fixed h such that 0 < h < 27

h sinnh 1 —cosnh .
%—l—g — cos(nx) +n§1Tsm(nx)

h LS Lntn(e 4 ) — sin(n(z — )] + 3 - sin(na)
= — —_— — [S1N — S1n — — S1n
271’ 271_“177/8 n\x S n\x 4 7T7’LS nx
LS Lin(n(a + b)) + sin(n(e )] sin(na)

271' n:1n IIl ZE mm(nix In(nr

11 11
%—} :lgsm( (x—h))%—%nglgsm(nx)

We have:
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sin(n(z —h)) + sin(nz)]

o
NE
S| =
NE
S| =

S
Il
—
S
Il

[—% sin(n(z — h)) +

S|l= =

WE

sin(na)] /0 T e tdu

i
I

NE

[—sin(n(z — h)) + sin(nz)] /000 e "du

S
Il
—

WE

/OOO[— sin(n(z — h)) + sin(nz)le " du

i
I

NE

[—sin(n(z — h)) + sin(nz)]e” ™ du

n=1
1 [ , , ‘ .
= 2_ Z[_(e—nu-I—m(:B—h) _ e—nu—m(;r—h)) + e nutinz _ e—nu—mzr]du
1 Jo -

1

_ 1 1 1
2 0 1 — euhi(e—h) + 1 — e—u—i(z—h) +

1— efquix

1— efufix

To justify interchanging summation and integration in the above, we can’t use Fubini:

i /OO | sin(nz)e ™ |du < i /OO e "du
n=1 0 n=1 0
=1

n=0 n=1

= Zsin(nx)/ e "du
n=1 0

I [ , :
— 2_ E / (6fnu+znx _ efnqufmx)du
L n=1"0

1

1 1
- 2 B 1_67u+ix

Continuing

22

1 — efufix

)au

(2.1)



1 [ 1 1 1 [ eTety e ey,
AN 0 1 — e—utiz 1 — g u—iz 2 0 (1 _ efquzx)Z (1 _ efufzx)Q
1 /OO erely e ety J
= — - — u
A B (eu _ 6”)2 (eu _ 6—29:)2
1 [ eirely, e ey,
44 o (6“ _ ezx)Z (6“ _ 6711)2
1 oo 1T LU
= —]m/ c U gy
2 e (eu ezx)Q

Consider the contour integral

eixezZQ b — oo eixeuu2 oco+2mi eixeu(u 4 27”')2
a2 T u _ oiz)2 , U _ piz)2
C (6 € ) —00 (6 € ) —oo+27i (6 € )

o (eu _ 6”)2 o (eu _ 6”)2

T LU i
We casily have [ ﬁ = [ i (eue_iem) = 1. The above rearranged gives:
/oo et oty - 1R 6T o7 2
——— =-—mi+-Res_,, | —
—00 (eu - ezx)Q 2 F=x (ez _ em)Q
Res___.[---] = 2(mwai). So finally,

i sin(nz) 1 /°° ety
n - 2 o (6" — 62'9:)2

n=0
™=
2

sin(nx)

It is obvious fromm the contour integral that >~ is discontinuous at z = 2;

the poles jumps from z = 277 to 2z = 0 as x is increased past 2.

The integral (2.1) could also be written as

23



io: Singlm;) _ io: sin;nx) /OOO e~ tdu
- 2%'/0<>O (1 — e“(coS(i) +isin(x))  1- 6“(008(17) — isin(x))) du

/°° e "sin(x)
= - —————~du
o (1 —ecos(x))? + e 2usin’(x)

= sin(z) / - du
0

1 —2evcos(x) + e 2u

_ sin(x) / e du

2 J_oo 1 —2e*cos(z) + e

Ry p—

2 1 — 2w cos(z) + w?

However, it is less obvious that there is a discontiuity as x increase past 27. This integral
is easily done,

sin(z) /°° dw 1 o=t (U cos(z)\ ™
2 Jo (w—cos(z))?+sin’(z) 2 sin(x) 0
=T (20)
2\ 2 sin(x)
1 sin(x — )
(T i (- 2
2 (2 +tan ( cos(x — g)))
T
2
So
. sin(nz) T—2x
Z = for 0 <z <2m.
n 2
n=0
and
isin(n(x—h)) B w O<z<h
o n B ﬂf(gfh) h<x<2r
So that
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h h 1— h
— + Z il cos(nx) + Z ST cosnh sin(nx)

2 ™ ™

n=1 n=1

h 11 1.1
=5~ Es1n(n(x—h))+;2581n(nx)

1 n=1

_{—+——¥ O<w<h
- h 17—z 1 m—(z—h)

wtza 5 2 h<z<2m
1 O0<z<h

0 h<zx<2m

We have found that the Fourier series is that of the step function.

Square Wave

15

line 1

0.5

Amplitude
o

-0.5

-1.5
0 0.2 0.4 0.6 0.8

Time (s)

Figure 2.1: Plot of square wave.

2.3 Sum (ii

Deriving the |z| function from its Fourier series

We have:

cos(2mnx)
2

[1 — cosnr]

n—l 2 n

icosQan—l) ) 1

|
s



So we need to only calculate

1 & 2 o
= Zcosnﬁw/ ue” “du
0

2 — n?
1 *o
- _§Zcosn7rcos(27rnx)/ ue” "du
n=1 0

o0

1 o
=7 Z[cos(%mx + nm) + cos(2mnz — n)] / ue”"du
- 0

n=1
1 & o . 1 . 1 . 1 . 1
_ _g Z/ [(e—nu-l—m27r($+5) + e—nu—m27r($+5)) + (e—nu-l—m27r($—§) + e—nu—zn?w($—§))]udu
n=1"0

o 0
_%/ Z[(efnquianr(er%)_‘_efnufin27r(x+%))_‘_(efnu+in27r(x7%)_‘_efnufin%r(xf%))]udu
0 p=1
1 9]

B 1 . 1 . 1 . 1 .
o 8 0 6u727r(x+%)i -1 eu+27r(x+%)i -1 equﬂ(xf%)i -1 eu+27r(xf%)i -1 uau

To justify interchanging summation and integration in the above, we can use Fubini:

> oo o oo
E / | cos nm cos(2mnx)ue” ™ |du < E / ue "du
n=1 0 n=1 0

o0

1

1
=1+1— lim N:2<OO

N—oo

From the above
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NE

n2

1 2 o0
3 coS NWM / ue” “du
0

1

S
Il

1 /°° 1 n 1 n 1 n 1 J
o 8 0 6u727r(x+%)i -1 6u+27r(x+%)i -1 6u727r(xfé)i -1 6u+27r(xff)i -1 uau
1 [ e2m(z+3)iy, e—2m(x+3)iy, e2m(@—3)iy, e—2m(z—3)iy, p
- _§/0 ot _ p2m(atL)i * ot _ p—2m(a+L)i + ot _ p2m(z—1)i * ot _ p—2m(z—1)i v
1 [ e2m(x+3)iq 2 e 2m(@+3)ig,2 e2m(@—3)ig,2 e 2m(z—3)iy2 p
~ 16 0 (ev — 62W($+%)i)2 - (ev — 6_2W($+%)i)2 - (ev — 62”("3_%)i)2 * (ew — @—2W(w—%)i)2 v
1 [ e2m(x+5)iq,2 e—2m(x+3)iq,2 e2m(@—3)iy,2 o 2m(@—3)iy2 ;
32 —oo \ (v — e2ﬂ($+%)i)2 * (ev — 6—27r(:v+%)i)2 + (ev — 627r($—%)i)2 + (ev — 6—2%(:1:—%)1’)2 v
1 00 e2m(x+5)iq,2 e2m(@—5)iy,2
=——R
16 e/oo ((e“ _ ezn(a:+%)i)2 + (e“ _ 627r($—%)i)2 du
Define
oo o2 (z£2)i jou Lu
[:I:(a) = / - - 164 U
oo (6“ _ 627r(xi§)z)2
for —% <a< % Then

2. cos(2m(2n — 1)z 1 92
Z (2m( )x)

2n—17 = 372 [Rel(a) — %ReIJr(oz) - %Re[(a)]

a=0

In order to evaluate I («), consider the contour in the figure.

and the integral

627r($+:|:%)ieazez
- (ez _ e27r($+:|:%)i)2

1

().

whose integrand has pole at 27(z + %)z when 0 < x < 5 and pole at 27 (x — %)z when

2
% < x < 1. The integral along the vertical edges vanishes as:
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e2m(z£3)i o (a—1)(utiv)

€2W($i%)ie(a+l)(u+iv) ( . : U — 0
zZ) = = a+1)(u+iv
f:l:( ) (eu+iv + e?ﬂ(xi%)i)z 671 U — —00
627r($:|:5)z
Combining everything
_ea27r(ac+%)i—am’ .047'(' 0< x <%
I = s o
+(&) _604271'(564*%)7;7047!'2' &% % < T < 1
sin am
_eaQW(ac—%)i—am’ .047'(' 0<z <%
[ o) = S1 T
_( ) _ea27r(x—%)ifam' &% %< <1
sin am
Taylor expanding I(a) to get S0 cs@nilme
. . QTT
We Taylor expand —e®2m(@tg)i—omi_—— .
sin amw
o 60127r(x+%)i7a7ri aT
sin am

1 1
=— [1 + ami(2z) — 50427r2(2a:)2 + 6a27r2 4. }

and we Taylor expand —e2(@=3)i—ami ar_,
sin am
_eerma—)izami AT _ gy ami(2x — 2) — 1oz27r2(2x —2)% + 10427T2 + -
sin o 2 6
Then,
L0 (1a) - 21 (o) - 21 (@)
——[I(a)—=I,(a)— =1 («
0a? 2t 2 - N
2 2
1 12 7 1 i 1
B 52(55—5) —ﬂ—§(ﬂ'2x2—ﬁ) O<x<§

2 ™ 9 e
37 (2= 3) —ﬂ—%<ﬂ2($—1) _ﬁ) s<w<l1
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So that

icos(Zw(Zn—l)x)_ %—%2%7& 0<z<sj
%2 I <z <l

S
N
|
[\
N
oy
N[
A

or

72 = cos(2m(2n — 1)x)
el =7 - Z

n—l

on the interval —% <z< %

O<y<m
2m—y) m<y<2nm

= cos((2n — 1)y) _ {
(2n —1)2

ool%ooli
|

u>|>1 N}
<

n=0

2.4 Sum (iii)

Deriving the |sinz| function from its Fourier series

For —n <z <,

oo

4
- —— cos(2nx) — cos(2nz)]

2 2 1
5 cosan ———Z
7rn14n T m 1277,— 2n + 1

We have for the first sum on the RHS:
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[ee]
2

Z . cos(2nx)

n=1

= - Z — cos(2nw)/ e “du

0
(e}
= / cos(2nx)e” 2= Du dy

= Z / cos(2nx)e " dy

8

—_

—— E (612nx T 6712nx)672nu+udu

[\]

e}

i § —2n+z2n$

B 1 [ 1 1
D) 0 e2u—i2r _ | + c2uti2z _

2n—22n$)eudu

) e“du
1

There is a similar expression for the second sum on the RHS of ()

cos(2nx)

1
221277, 1cosnx ;2

Lo wgy _ L[ 1
62u7i2:c —1 62u+i2:c —1 e au 2 0 62u7i2x —1

1 —u
+ 62u+i2x _ 1) e “du

1 o) ei?x
e'du — = — +
2 A (62u _ ezQx

—1i2x
€ _
5 - e “du
e u __ 672 X

d 1 /oo ei2x N 67i2:c d
w — — - - w
2 1 w? (wQ _ 61233) w? (wQ _ e—z?;r)

1 1 1
it e g ) du

w2 w2 _ 672250 w2

1 1 6—i2$
d — ,
w+ 2 /0 (’LU2 _ 672250

We consider the integral

30

1

|

1

T )

1

| )

1 00 6z‘2x 6—i2a: 100 1
25[ Qﬂ—@fﬂw—eM)““ié‘(ﬁiPﬁ_
1 . |

1

T )

ei2a7 o] 1
+w2—6i2x) dw+/1 de



ei2a:
= In zdz
c Z° —evrt

Estimates

< 2 e*™(In R + i0)
=/, R2¢i20 _ p2ai

™ InR+ 27
——— Rdf
/0 R2 -1 1

=O(R 'InR)

f(2)dz Rie®| do

T'r

e*™(In e + 16)
20120 _ p2wi

f(z)dz ee”| df

Ie

</

/27r |Ine| + 27 "
—c
0

1 —e?

= O(elne)

In the limits R — oo and € — 0 we have

e’ * 2 Inw * 2% (Inw + 271)
5 iom Inzdz = ﬁdw — 5 5 dw
c z4 — el €T 0 w* — 6Z X 0 w* — 6Z X

o] €i2x
0 W — et

622x 61296

———Inz= , ——Inz
22 _ 622$ (Z _ 6”)(2 _ eza:-l—mr)
Case 0 <z <
ei2a: ei2a: 62'9:
ReSZ:emm Inz = 26”2 = 71:[‘
61’295 12x X
Reszzemwwm N2 = o i (ix +im) = —7(zx + i)
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Case m < x < 2

6i2$ 6i2$ ei;r .
Res__ i JE R Inz = 26%2 = —ix
€i2x ei2x ezx
Res,_ jiv—in— T Inz = Soietin (ix —im) = ——(ix — i)
o] 2x 2@
e e
————dw =—Res—————1Inz
0 w ezQx 22 _ 622x
%m O<ar<m
—%i’ﬂ T<x<2T
Combining everything
2 4 1
- — — cos(2nx) = — — — cos an cos(2nx
T 7r2_24n2 Z n—l ) - 2n+1 (2nz)
[e%s) ez2a:
= Re ———dw +1
0 ’LU2 _ 622x
2 2 sin x
2 27si
- Z[Er+1] w<z<2nm
=—sinx O<z<m
—sinx T<x<2mw
= | sin x|

2.5 Sum (iv)

Deriving the | cosz| function from its Fourier series

For —n <z <,

2 4L »
- —— cos (2nx)

s 7T

32



Plot of |sin(x)|

0.9

\
08 [ | / ‘ | \ | I

| N O R T
I A s S B o B

SRR RN

0.5 |

Isin(x)|

o4 ] | . T ‘\

0.3 |

02 | & b -

0.1

Figure 2.2: Plot of |sinx|.

We have just proved:

oo

2 4 1
— Z 1 cos(2nx) = | sin z|

From cosz = sin(z + §) and cos(2n(x + %)) = (—1)" cos(2nx), we have:

2 4K (—1)
———Z (2 ) cos(2nz) = | cos z|
T 7rn:14n -1

2.6 Sum (v)

2 cos(2mnx)  (—1)Ft1(2m)%*
Z n2k - 2(2k)' BQk(I)

n=1

or
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= cos(nx)  (—1)Ft1(2m)%* T
Z n2k - Q(Qk)! BZk(%)‘

We will evaluate the general Fourier series

. cos(2mnx)
D

n=1

for k=1,2,.... We have:

1 = cos(2mnx) [ 4,
(2k—1)!; n2k /O oo a
1 > 0
= WZCOS(QWTL%’)/ u e dy
o " n=1 0
_ ;1 i oo(efnquianrx 4 efnufin27rx)u2k71du
S 2k-1)124= ),
1 e in2 in2 2k—1
— —nu+in2re —NU—IN2TT -
g, 2 re T
1 o0 N

1 1 2k—1
Q(Qk. _ 1)[ /0 (eu27rm -1 + eut2mzi _ 1) u u

To justify interchanging summation and integration in the above, we can use Fubini:
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1 0 0 N 1 oo - L
WZ/O | cos(2mna)u® e | du < WZ/O W2 Lo gy,
n=1 =

o0
>
o n2k
n=1
o0

1
< ZW
n=1

1
<1 li -
tim > e

Yoo
=1 li _ =
ngOZ(n_l n)

1
+ 1mN 00

N—}OO

From the above

- cos(2mnx) 1 % 1 1 ket
Z n2 - 2(2k‘ — 1)' 0 eu—27r$’i —1 + eu—|—27r$i -1 u u
1 o] 627r$iu2k—1 6—27r$iu2k—1
= S50 _ 1\ . - | d
2(2k' — 1)' /0 (eu . 627TCCZ + ey — 6271':01) u
1 [e'e] 627rxi 6uu2k 6727rm‘ euu2k
- 4 , d
2(2]€)' /O ((6“ — 627"9”)2 T (eu — eQﬂ'IZ)Q) u
1 /oo eQﬂxieuch N 6727rm'€uu2k d
4(2]{3)' 0 (6“ — 62”“)2 (@u _ 6—27rm)2
1 [

627rm'euu2k
= R —d
2(2]€)' e\/_oo (@u — 627ra:2)2 w

where I have done an integration by parts. Extending the range of integration is valid if
you use both terms.

Define

e 9] 2rxt ,ou U
I(a) = / _emetter

(6“ _ 627rm' ) 2

35



=, cos(2mn) 1 o*
Z n2k 2(2k)! 3a2kR€I(Q) —0 ().

n=1

In order to evaluate I(«), consider the contour in the figure.
rectangle contour.jpg

and the integral

627r:m' % o®
fé (ez _ 627rm')2
whose integrand has pole at 2wxi. The integral along the vertical edges vanishes as:

o2 (1) (utiv) e2rig(a=1)(utiv) o o oo

( ) (equw + 627rm)2 € — U — —00
e2rxi

So that

627rm' 0% p# o] 627rm' e womi oco+2mi 627rm' e
o=y e =) otans (€ — )

oo 27zt ,ou
= (1 —eO‘Q’”)/ S —

o (eu _ 627rxi)2

Which rearranged is

/oo 627ra:i6aueu p 271 1 % e27r$i6azez p

. (6“ _ 627TI7,)2 1 — €a2m 711 C (6z _ 6271'I7,)2
211

= o Res[f(2)]

1 — 6a27rz

We wish to expand the integrand in powers of z — 2, about pole z, = 27xi. First note:
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6_2ZO 6—2210
N (2 — 2,)? B z—zo+“
Then note:
70 % o7 a e(a+1)z0+(a+1)(zfzo) s e(a+1)z0
% e(a+1)zo[1 +(a+1)(z— Zo) + ] e elat1)zo
=e€ —e P ...
(Z - Zo)2 Z—Z
_ e%%o e??o
(2 — 2?2z — z,

Combining everything

o0 2wl ,ou
I(a):/ B

o (6“ _ 627rm')2
1

=2m— - aeo&mm
1— €a2m
— _ea27rm‘fa7ri om
sin a7

This expression is related to the generating function for Bernoulli polynomials, as we
establish in a moment. First we take the case £ = 1 and Taylor expand in « to obtain
the coefficient of o2

cos 2mx
n2

Taylor expanding I(a) to get > -,

We Taylor expand I(«):

B QT
[(Oé) — _ea27rmfam :
Sm o
; 1 2,2 2 1
=—|l+ami2x—1)— a2z — 1) +---
2 1
L -1__0427"'2_‘_...

3!
i : L 5 o 2 ] L o o
=— 1+047r7,(2x—1)—§047r(2x—1) + - 1—1—6047r + -

1 1
=— |14+ ami2z—-1) - §a27r2(2x — 1%+ 6042%2 + - ]
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Then, for k = 1:

and so

= cos(2mnz) o [ , 1
Z 2 =7 (x x+6 .

n=1

Bernoulli polynomials

We return to the evaluation of the general sum, y -, Cosgzm). The generating function

for the Bernoulli polynomials is

We have

te®t Atet@+3) > 1.tk
= =2 B )—
sinh % et —1 Z k(x +3)

We perform ¢ — 27t and z — = — =

9]
mt 227rt$ 27rt B 127Tt
sin 7Tt
k=0

We recognise the LHS as our expression for —I(«) with a replaced with ¢. Taking the
real part:

wt = )k (27r) 2k
R 227rtx it B t2k
“sinmt’ z% 2 (@ 2k)!
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Using this in (*) we obtain the general formula:

i cos(2mnx) _ 1 o> Re eo2rai-ami AT
n2k 2(2k)! a2k sinam |, _,

(—1)++ (2m)2
- Q(Qk)! B%(I)

n=1

For k =1,

Z cos(272mx) _ B,(2).

n
n=1

We need to compute B,(x). We next derive an explicit formula for Bernoulli polynomials.
Explicit formula for Bernoulli polynomials

The generating function for Bernoulli numbers is

t . ¢
t—1 ZB”E
n=0

From the generating function for Bernoulli polynomials and Cauchy product of series:

n=0
N B tF = ot
k=0 1=0
> — n! tn
= B k
nz% — (n—k)k! k]
We read off
- n! &
Buo) =2 i B
k=0



The first few Bernoulli polynomials are

1
By(z) =1, B,(z) = 2" —22° + 2* — —,

30
1 D 5 1
B/(z) =2 — 3 B.(z) = 2" — 5904 + §x3 — 5
2 1 B.(2) — 28 5,94 1o 1
By(z) ==z —x—l—g, s(z) =2 — 3z e =gt oo
1
B3(x):x3—§x2+§a:,

Figure 2.3: Plot of Bernoulli polynomials.

It is easy to expand the generating function for Bernoulli numbers to find B, = 1, B, =
—%, and B, = %. Substituting them into the expression for B,(z),

B,(x) = B, + 2B,z + B,z*

2
=" —x+ —.
6

So finally,

— cos(2 1
ZCOS( 72mx) _ 2 <x2 . _) .
n 6

n=1
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or

1.2

0.8

0.6

0.4

f(x)

0.2

-0.2

-0.4

-0.6

i cos(2mnx)  (—1)M(2m)* B, (2).

n2k 2(2k)!

n=1

i cos(nz)  (—=1)F1(2m)** ( T )

n2 2(2k)! kAo
n=1
Plot of f(x) = frac B2 pi - x + fracpi3
line 1
\_/
0 1 2 3 4 5 6 7
x
Plot of sz(%) = % — x + % between 0 and 27.

Figure 2.4:

2.7 (vi)

We wish to evaluate:

1 N 2 w= 1 — cos(an) cos(nz)
— 4 — N n
2T — a’n?
It can be written as
2 o 1 1 2 &K1 1 2 &
ﬁ ﬁ OS nx —aﬁ n2 COS( (I—CL —aﬁz 2COS x—f-a))
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As B,(x) =2 —x + é we have from the previous result, we have in particular:

2 w=~cos(nz) 2 (27m)?
WGQZ n?  7ma? 2(2)! 2(%)

n=1

for x € [0,27). So that

. a2 w_(x_aJrzﬁ)Jrﬂ fo<z<a
12 %cos(n(x—a)) = (x_j)g 3 )
Tat i n @2< o —(ﬂf—&)+%) ifa<z<2n
—2 (.T—CL)2

o —i—(x—a)—i—%) fo<z<a

)2
a2((x2ﬂa) —(x—a)—i—%) ifa<z<2n

(2.4)
and
) = &—2<(5’5;ra)2_(x+a)+§) f0<zr<2r—a
@nlmCOS(n($+Q)) - CLQ((x—i_C;—_Qﬂ-)Q—(ZE‘i‘G—27T)+%) if2r —a <z <2rm
T
a2 (x;ra)Q_(x%—a)—i-%) fo<z<2r—a
N a‘2<($;r&)2—3(x+a)+4ﬂ+§) if 2r —a <z <2rm

(2.5)

Combing (2.3), (2.4), and (2.5) we obtain:

42



ED P — cos(nz) — CED I — cos(n(z —a)) — DI — cos(n(z + a))]
%_x_%[%_i_(x_a)]_%[%—(xjta)] fo<z<a
—_q)2 2
gj_x_%[u_(x @)]_%[(Wra) — (z+a) ifa<z<2r—a
g_x_%[%—(x—a)]—%[%—3@—1—@)%—4#] if2r —a<ax <27
_%_i_a—x 1f0§x<a
=< -2 ifa<xr<2r—a
—%—i—x—Zw—i—a f2r—a <z <27
(2.6)
0o a?(a—x) ifo<z<a
1 2 1 — cos(an) :
— 4 = 7(305(71:5): 0 fa<z<2r—a
2r 7 a’n? )
= a Pz — 27 —a)]] f2r—a<z<2n
Plot of the piecewise function f(x)
1 \ 7
0.8 \\ ,’J
0.6 \ 'r’f
0.4 \‘\
0.2 \\\ ,{’H’
0 0 ‘1 2 3 4 5 ’ 6 7

Figure 2.5: Plot of triangle wave for a = 1 from 0 to 2.

2.8 (vii

o0

L.
Z —5io Sin(2mn)
n

n=1
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Plot of the piecewise function f(x)

0.9
[\

08 | \

0.7 J |
\

0.6 : “

f(x)

0.5 / |

0.4 i i
/ \

0.3 | \

0.1 i i
/ \

&O

Figure 2.6: Plot of triangle wave for a = 1 from —7 to .

for k=1,2,.... We have:

Z sin(2mnx)
2k+1
=0 e
sin(2mnz) [ o _,
(2k) IZ 2kt 1 /0 u™e  du
1 0o
= m Zsin(%rnx)/o u e~ dy
7nu+'m27rx _ —nu—in2nx), 2k
2k (2k)! 2i Z / ‘ Jud
_ 1 /oo Z(e—nu+in27r:v . e—nu—in2n$)u2kdu
225! J,
n=1
1> 1 1 o
= 4 — , d
2Z(2]€)' /0 (6u27rm —1 eut2mri _ 1) u u

To justify interchanging summation and integration in the above, we can use Fubini:
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1 °°/°°. on 1 °°/°°2k
— E sin(2mnx)u““e” ™ |du < —— E u“ e " du
(2k)! — Jo [sin( ) | (2k)! “—~ Jo

1
<1+ 1 —
ngl)oz;n(n—l)

Yo/ 1
=1+ i — -
+N1inooz(n—]_ n)

1
=14+1-— 1 —=2<
+ 1mN o0

N—o0

From the above

o .
2 1 > 1 1
Z Sln( ';TTLI> = / . _ ‘ u2kdu
— n 2i(2k)! J, \eu2mwi 1  eut2mzi
1 (e8] 627T$iu2k 6—27T$iu2k
=5 / - — = | du
2i(2k)! J, e — e2TTi  pu _ o—2mwi
1 627Tmeuu2k+1 e 27rm€uu2k+l
- - , d
22(2]{? + 1)' /O' ( ev — 627TCC2)2 ev — 627rxz)2) u
1 0 62ﬂ'meuu2k+1 6727rm€uu2k+1
= TR T . —d
42(2]{5 + 1) / ( ev — 62”“)2 et — 6—27r:m>2) u
e | S
2(2]{3 + ].) ev — 627T;Bz>

where I have done an integration by parts. Extending the range of integration is valid if
you use both terms.

Define

[e%¢) e27r$ieau6u
I(Oé) = /_ u 627rxi)2du

for —% <a< % as before. Then
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s sin( 27mx 1 g+l
2 = 52k 1) daze M) ().

n=1

We have, derived in a previous section,

QT
I(Oé) —_ _6a27rm ami :
Sm o

This expression is related to the generating function for Bernoulli polynomials, as we
establish in a previous section:

[
mt 227rt$ 27rt B Z27Tt
sin 7Tt
k=0

We recognise the LHS as our expression for —I(«) with « replaced with ¢. Taking the
imaginary part:

t o -1 2 2k+1
™ z27rta: it ZBQkJrl ) ( 7T) t2k+1

I
it (2k + 1)!

k=0

Using this in (*) we obtain the general formula:

sin(27mnx 1 0 o oam
E Q — Im 60127rm ami "
n=1

n2k+l 22k + 1)! Dokl sin ar

B (_1)k+1(27r)2k+1
- 2(2k—|— 1)! 2k+1(x)

a=0

2.9 Sum (viii

7T2 o (_1)n
— +4
- + Z = cos(nzx)

n=1
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We have from () that for x € [0,1)

0 2
1 1 2
E — cos( 27rnx - = -
n? 2 12

n=1

Performing the shift x — x + % results in

0 n 2
Z n2 cos(2mnx) = w21® — D
n=1
for x € [-1,2) or
- r? 7
Z n2 cos(nx) = YERET
n=1

So that for x € [—m, 7) we have

2 o —1)"
%—1-42( 2) cos(nx) = z?

2.10 Sum (ix)

2.11 Sum (x)

i cos(2m(2n — 1)x)

n—l%

n=1
Deriving the functions from its Fourier series
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We have:

¢] o0
cos(2m(2n — 1)z) 1 cos(2mnx)
Z 2n—12’f —521—00snw]7n2k

We already know that

1 o cos(2mnx)  (—1)kH(2m)%*
DR Ry Dule)

n=1

So we need to only calculate

[o¢]
1 cos(2mnx o
= —_ E cosn7r¥ uF e tdu
0

2

2(2k — 1) &= n
1 S * ok
——— E cosmrcos(%mx)/ u? e du
—1)!
2(2k — 1) &~ ]
1 S >
- E [cos(2mna + nw) + cos(2mnz — nr)] / u e dy
4(2k — 1) &= ;

00 [e'¢)
= _8(2k1 1)' Z/ [(e—nu—f—in%r(a:-{—%) + e—nu—in27r(a:+%)) + (e—nu+in27r(a:—%) + e—nu—in27r(a:—%))]u2k—1du

_ _8(2k1 1)' /wz[(e_mﬁ_inmr(:v-ké) +6—nu—in27r(a:+%)) + (6—nu+m27r(a: )+€ nu— m27r(a:——))]u2k—1du
- *J0 _

- 1 . 1 . 1 ) 1 ket
o 8(2k — 1)' 0 6u—27r(a:+%)i -1 €u+27r($+%)i -1 6u—27r($—%)i -1 €u+27r($—%)i -1 u u

To justify interchanging summation and integration in the above, we can use Fubini:
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1 00 0o 00 00
P E——— cosnm cos(2mnx)ue u < u”t e du
2 nu| gy < 2k—1 nu g

1
—1+41- lim —=2<
HIIN (0. @]

N—o0

From the above

oo

1 cos(2mnz) [
- ud
~ @R =) E cos T ———3 /0 ue “du

- 1 > 1 ) 1 ) 1 ) 1 -y
- 8(2k _ 1)' 0 eu727r(x+%)i -1 6u+27r(x+%)i -1 6u727r(xfé)i -1 6u+27r(x 2) -1 u u

1 oo [ o2m(a+g)iy,2k—1 N e 2m(@+5)ig 2k—1 N e2m(z—75)iy 2k—1 N e 2m(@—3)iy, ;
82k —1)! et _ 2m(@+)i  pu _ g2m@+d)i 0 gu _ p2m(a—3)i  pu _ p—2m(z—3)i U

1 00 e2m(x+5)iy 2k e 2m(z+5)iy 2k p2m(@—3 )iy 2k o—2m(z—3)iy 2k
- _8(2k)! /0 ((6“ 2m(wt3)iy2 * (ev — e~2m(@+3)i)2 " (ev — 2m(@=2)i)2 " (ev — eQW(xé)i)Z) du
0 2m(z+5)ig, 2k e—2m(z+3)ig, 2k e2m(z—75)iy 2k o 2m(w—3)iy 2k
B 16( 2k ' /OO < e2r(@+3)i)2 + (en — e 2m(@t3)i)2 * (en — e2r(z=3)i)2 * (ev — 6?#(9&%)1’)2) du

() 27r(x+ )2u2k 627r(x7%)iu2k
= 2o it + d
8(2k;) 6/00 <(eu —e2m@Hiye  (pu — 2r(@=3)iy2 u

Define

(9] 27r(a::|:l)z au L u
I, (o) :/ ‘ i —

o (6" _ 627r($:|:5)z)

IN
2
IN

. Then

N
N

for —
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2 cos(2m(2n — 1)z 1 92k
3 (2m( Jx)

Gn—17 82k gam el (@) = % Rel (a) - %Ref(a)]

n=0 a=0
Recall
_6a27r(x+ Yi—ami am 0< o< %
I (o) = s%gm
+( ) _ea27r(x+ i—ami " - % <r<l
_ea27r( ;)z ami AT 0< < %
I (o) = won(o—Lyi—ani s%gm )
- : sinar 2 <w<l
and
> k+1 (9 2k
Rel(a) = Z B% ) ( )7 o
=0
So that
o cos(27(2n — 1)x) 1 o* 1 1
nz 2n —1p = 3(28) Do [Rel(a) — §R61+(()é) — éRel—(a)] i
_ (DR ) 1 1, 1 1
= seRy Bale) =5 Bulrtg) = g Bule =)

2.12 Sum (xi)

oo

cos(m(2n + 1
Z )z)

(2n + 1)2k

0<zr«l

We will evaluate the general Fourier series
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for k=1,2,.... We have:

Z 11— cos(7m)]M

n2k

~—~

[\

3

|

—_
N—

[\~

BN
l\DIr—\

1 o= [2 cos(mnz) — cos(mn(z + 1)) — cos(mn(x — 1
:ZZ[ (mnz) ( (n; ) (mn(z —1))]

= cos(wnx)
Z 1 — cos 7rn fk;
vt n

l\DIr—\

o0

— m Z[Q cos(mnx) — cos(mn(x + 1)) — cos(mn(x — 1))]% /000 wW2le—u gy,

o0

= oy D2 eostmne) — eos(mnte + 1) —costn(e ~ )] [0t

0o
_ (26—nu+m7r$ 4 Qe mu—inTz _ e—nu—l—zmr(;B—I—l) . 6—nu—m7r(a:+1)
8(2k — 1) Z
_e—nu—I—zmr;B 1) — U~ inm(x— 1)) 2k— ldu
7nu+in7rx + 267nu7in7rx . 6fnu+in7r(x+1) . efnufirm(erl)
Qk — 1!
. fnu+zn7rx 1) — e inm(x— 1)) Zkfldu

1 > 2 2 1 1
- 8(2k _ 1)] 0 eu—mzi _ | + eutmzi | o eu—m(z+1)i _ ] o eutm(z+1l)i _ |

1 1 2k—1
_eu—w(a:—l)i -1 o eutm(z—1)i _ 1) u du
1 o 1 1 1 1 -
= , . . , —d
4(2k _ ]_)l A (euﬂm -1 + eutmzi + eu—TTi | 1 + eutmwi + ]_) u u
1 o0 1 1 1 1 -
—_— : . , —d
(Qk. _ 1 /0 (eu TXL __ 1 + 6u+7rm _ 1 + eU—TTL + 1 + eu+7rm + 1) u u
/w 7rm e 2k N el euu2k y
0 ewxz)? (eu + ewxz)? u
/OO 7rm etu 2k N el euu2k p
U
o €7r$z)2 (eu + €7r$z)2

o1




To justify interchanging summation and integration in the above, we can use Fubini:

1 > o0 2k—1 —nu 1 - > 2k—1 _—nu
m Zl\/o |COS(27TTLI’)U e \du S m Zl\/o u e du

<1+ L _
T n(n —1)
n=2

R 1 1
=1+ lim - —
N—o0 n—1 n

n=2

1
=1+1-— lim N:2<OO

N—oo

Define

0o T ,0U LU 0o TTL ,0U LU
I(a) :/ udu%—/ . —
. (eu _ eﬂ'Il)Q e (6“ + eﬂ'Il)Q

for —% <a< % as before. Then

. cos(m(2n — 1)z )1 o
Rel(«) (x).
; 2n — 1)k 4(2k)! Ok 00

In order to evaluate I(«), consider the contour in the figure.
rectangle contour.jpg

and the integral

emm' 0% p? 67r$i 9% % p
(ez _ 67rm')2 + (€Z + efrxi)Z <
C

whose first integrand has pole at wzi and second integrand has pole at mxi + wi when
0<z< % and pole at mxi — mi when % < x < 1. The integral along the vertical edges
vanishes as:
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ewxie(a—f—l)(u-l—iv) 67r$i6(a+1)(u+iv) 2€7rm'€(a71)(u+w) U — o0

Z) = . — 4 . — = (a+1)(u+iv)
f( ) (equw _ eﬂ'Il)Q (equw + eﬂ'Il)Q 26 4 U — —00
emwi

So that

67r$i 9% % 67r$i 4% %
c (ez _ 67rm')2 + (ez + 67rm')2 dz
00 el pau pu el pau pu ) CO+7i T QU pu el pau pu
= + du + e*™ + du
(eu _ €7r$i)2 (eu + €7r$i)2 i (eu + ewxi)? (eu _ €7r$i)2
—00 —oo+7i
00 TTL ,0U LU TTL ,0U LU
. e e e e rere
= (14 ¢€*™) — + ~ | du
o (eu _ e7ra:z) (eu + e7ra:z)

Which rearranged is

/OO 67r$i eau N emm' eu p 21 1 % 67r$i 9% o* N 67r$i % % p
. (eu _ 67rm)2 (eu + 67rm)2 1 + eam 97y c (ez _ 67rm)2 (ez + 67rm)2
27

= WR%U(Z)]

We wish to expand the integrand in powers of z — 2, about pole z,. First note:

Then note:
%0 Q% o% s e(a—l—l)zg—l—(a-{—l)(z—zo) e e(a—l—l)zo

e — —e + -

(e# — e%)?2 (2 — 2,)? z — %,
_ o et + (a+ 1) (2 — 2,) + -] 0 elot1)zo L

(2 — 2,)? z— %,
6az0 0460“0

- + +

23



67r$i % % eamti e

e? —e™i)2 (7 — 2 2+z—z
0 0

Combining everything

o0 67r$i QU U 67r$i QU ot
I(a) = , , d
(Oé) /oo ((eu _ 67rm)2 + (6“ + eﬂ'Il)Q) u
1

anxi

= 2m

1+ eam' ’
_ soam(z—1/2)1 am
_ jeonte1/2)i 0T
COS —
2
etﬂ(xf%)i o (Z?Tt)n
tr Z En(x) n!
COS — n=0
2
So that
€t7r($—%)z o0 (i?TO{)nJrl
Io)= o =3 B, ()T
COS — n=0

Ey(xz) =1, E,(z) =2'— 22" +
1 d d 1
El(x):x—é, E5(x):x5—§x4+§a:2—§,
E,(z) = 2* — x, Ey(x) = 2% — 32° + 52° — 3x,
1

o4



2.13 Sum (xii)

=~ sin(7(2n + 1)z)
(2n + 1)2k+1

n=0

0<z<l1

We will evaluate the general Fourier series

isin 277,—1) )

n—l

n=1

n2k

Z 11— cos(7rn)]M

_ i i 2 cos(mnz) — sin(mn(z + 1)) + sin(mn(z — 1))]

25
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sm(wnx)
2 o2kl

_ 1 ‘ 2[2 sin(mnz) — sin(mn(z + 1)) — sin(mn(z — 1))]712]1“ /000 uke—

“du

_ 4(21k 2[2 sin(mnz) — sin(mn(z + 1)) — sin(mn(x — 1))] /OOO w2k et g,

§ : —nu+inTr 2€—nu—in7ra: —e

82 2k !

6fnu+zn7rx 1) _‘_efnu inm(x— 1) deu
7nu+in7rx _ 267nu7in7rx —e

82 2k:

_ —nu—l—zmr;r 1)+ —nu—inm(z— 1)) 2kdu

e

—nu+inm(z+1) +

—nutinm(z+1) +

e—nu—imr(a:—l—l)

efnufirm(erl)

1

_ 1 / > 2 2 1
CO8i(2k)! J, \ew @i —1  eutmri ] eu—matl)i _

1 1 2k
_euffr(xfl)i -1 + eutm(z—1)i _ 1) udu

1 + eutm(z+1l)i _ |

1 /°° 1 L1
— 4i(2]€)! 0 6“*7”“' -1 equﬂ':ci —1 6U*7TCC’L' + 1

1
o 6u+7rm’ + 1) u%du

1 /°° 1 L1
— 4i(2]€)! 0 6“*7”“' -1 equﬂ':ci —1 6U*7TCC’L' + 1

1 00 emm'euu2k+1 67r;m€ u2k+1
= ol — + — ) d
(2]€ + 1)' m/o ((eu _ eﬂ'Il)Q (eu + 6#11)2) U

—00

1 e’} efrmeuu2k+1 efrmeuu2k+l
= —Im — + , du

(eu _ €7rm)2 (eu + €7r$z>2

1
o 6u+7rm’ + 1) u2kdu

To justify interchanging summation and integration in the above, we can use Fubini:
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1 &K (™ = -
2! Z/o | sin(2rnz)ue ™ |du < ] Z/O W2 e gy,
n=1 —
->
o T 2k+1
n=1 n *
o
1
<D
n=1
1
<1+ lim

N—oo£— n(n — 1)

N

N

1 1
=1+ li - —
+J\flinooz:(n—l n)

. 1

Defingn /() as in (?7):

an(z—1)i 0 : n+1
e 2 T
Ha)= S = S B T
coS — 0 n:
2
We have
— sin(r(2n — 1)z) 1 o+l Il
2. @n— 1P+~ 1@k 1)1 gazei (@)
— a=0
(_1)k7r2k+1
=T B ()
4(2]{2)! Qk;(x>

2.14 Sum (xiii)

I aim to evaluate the following sum through an integral representation of it:

sinh am i (=)™ e

—e
7T a—in
n=—00
sinhar  2asinhar <= (—1)" 2sinh am <= (—1)"n |
- + - nE:1 e cos(nz) — - nE:1 i sin(nx)

27



Through detailed a calculation (presented below), I have found that this sum can be
expressed as:

smh aTm —iau sinh am
Im u +
e“” am

(although, I haven’t justified a step in the calculation where you interchange a summation
and integration).

Calculational details: Expressing the sum as an integral

We write

sinh am io: (=)™ ...

—e
™ a—1in
n—=——odo
. o0 o0
sinh am p—inz 1
= g - g + -
™ 1o + n —ia + n a
n=1 n=1

. o0 .
_ Z,smh am Z 1 gine-inm Z 1 p—ina—int | | sinh am
T 1a + n —ia +n am

n=1

_ 2smh am . Z 1 Jin(a+) /oo - sinh am
0

s m+n am

_ smh arm Im Z/ n(atm) (i) gy, | sinh amw

aT

sinh am smh am
- _9 I § —n(u—iz—in) fzaud
- m / (&

smh arm e lau sinh am
= — Im du +
u r—IiT __ 1 aTm
smh ar g~tau sinh am
Im du +
eu—ir ] arm
smh arm et piau sinh am
Im u +
e”” am

You would need to justify interchanging the summation and integration, which I haven'’t
done. You can write:

o8



Z/ um n ein® —(n+za u‘du _ Z/ SlIl na +CL) nu|du
< Z/ “du
Z

n:l

Therefore, the series of integrals may diverge, but it could also be finite. Without further
analysis, we cannot definitively conclude whether the series of integrals converges or di-
verges. Thus, we cannot apply Fubini’s theorem to justify the interchange of summation
and integration based solely on this inequality.

It is unclear whether or how the dominated convergence theorem can be applied to justify
the interchange of summation and integration.

T ,—tau

Define I(b) = [ ifwdu Then

a /OO eixefiau 00 a eixefiau
— ———du = ————du
ob eu/b+€zw 0 ob eu/b+6w
00 piT p—iau (o /]2 u/b
:/ e /b( u/ 36 i
@ Ter)

oo ix —iabu,,  u
:_/ L
0

(eu + 619:)2

where in the last line I have made the substitution u — bu. Note that:

—iau o] 1T, —iaU 1 oo _ix ,—iau
ee ee
——dudb = —d = —
/ ab/ e“/b—l—e“’ ! UO eu/b + e UL /0 et e

Integrating both sides of (k) gives

—iau —zabu
/ e / / L dudb
0 e + 6”3 eu ezx
/ / —iabu db—— du
6“ + 6233)

:——/ = Let du
a Jo (e“—i—ew)
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Taking the complex conjugate of the above result, substituting © — —u, and rearranging,
we get:

oo —ix Llau : oo —ix( lau __ 1)e¥
A e e
B ev 4 e~ a /o (6“-}-67”3)2
. 0 s _
i iau 1
/ e (e fdu
B

i
a
. 0 : _
1T Zau_l u
/ e (e ‘ Je du

1
a e (6“—}-6”)2

Note:

00 1T U 00 d ix T S
/ Ldu:/ SR S P
. (eu + ezx)Q . du ev + el ev + et

Using the above results, we have:

mu : o0 ix ,—iau 00 —1iT Llau
1 ere e €
Im = ——= - du — 7du
ey + 6”3 2 0 ey + ewr 0 ey + e~
1 00 eix(efiau o 1)eu

o % o (eu +ei$)2

1 /oo eixe—iaueu 1 /oo eix e
—— | ——du—-=— | ————du
2a J_ (e" + )2 2a J_ (e* 4 e)?
1 oo eiwe—iaueu 1
= — ———du— — *%k).
2a /_OO (et + eiz)? YT o (x%)

In order to evaluate the integral in the last line of (), consider the rectangular contour
C in the figure

du

and the contour integral

eZCUe*Z(IZeZ
— i dz
o (e + em)

whose integrand has pole at iz +i7 for —m < x < m. The integral along the vertical edges
vanishes as:
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—nr<z<0

27

Xx1+ me

v
IS

X

AU O<x<m

271

Xxi + i

X

v
N

Figure 2.7: .

f(z) =

€—i$€—ia(u+iv)e(u+i1}) U — —00

eixefia(quiv)e(quiv) 6i$e—ia(u+i1}) e—(u-l—iv) U — 00
(eutiv 4 giz)2 B

Thus

6ix67iazez ) [ee] eixefiaueu
% z T QdZ:(]'_ea ﬂ—)/ U T Qdu
o (e7 + em) _oo (et 4 ei?)

which rearranged

1 00 eiwe—iaueu i 1 eme—iazez
2a J_ (ev + )2 a(l —e®m) 2w Jo (€% + e®)?
uxl

_ 6ia:e—iazez
o &(1 _ 6a27r) ReSZZiIJriW (ez + 6ix)2

For —m < z < 7 there is a pole in rectangular contour at z, = iz + 7. We wish to expand
the integrand in powers of z — 2z, about pole z,. First note:
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Then note:
0 o1z o7 . 6(*ia+1)Zo+(fia+l)(zsz) . e(*iaJrl)zo
EPrEprav i A +e 0 ...

(62 _ ezo)Q (Z _ Zo)2 2

_ 0 elmat=0 ] 4 (—ja + 1) (2 — 2,) + - - -] ., e_ZO@
(Z - 20)2 Z—Z
6—i¢12’0 _iae—iazo

(2= 2)? z— 2,

Combining everything

1 e’} eme—iaue p i R 6ia:e—iaz e
N —aQu = —— [1eS___. . T
2a . (eu + ezx)Q &(1 _ 6a27r) Z=1T+1T (ez + 619:)2

iy’ .
= — . Zaea(x+7r)

a(l — ea?m)

,/.‘.eail?

eaT _ o—am :

Using this in (%) we finally have:

00 eixefiau et 1
g e'+er 2sinhar  2a

sinh ar i (_1)n inx azx

™

n=—oo

60 eie

a (ece” + eir)?2 a (1+ee? + e + ... )2

62

1 T iz, —iaee'? e ) 1 T T 1 4 1 0 . .
_/ uiee—ﬁdg = _/ (1 +e(—ia + 1)e” + )iee_“gd@
0 0



21 _ix 0 27 : af
/ e (ee??) e it ap| < / [e| cos(alne)| + €| sin(alne)lle "
o (e+e™)? 0 (1—¢)?

This tends to zero as ¢ — 0.

/27T ' (Re') e Rei® 0| — / R[| cos(aln R)| + | sin(aIn R)|]e% "
o (R+ei)? (R—1)?

=O(R

So that

emz—m

1 o8} T, ,,—ia
2riRes.__ . | ———| = (1 — @‘1277)_/ &dw
= (24 eir)? 2 Jo (w+ew)?

2.15 Summary

(i)

For 0 < x < 27 and fixed h such that 0 < h < 2,

2 ™ ™ 0 h<z<2m

n= n=1

1— 1 h
£+281nnh cos(na) +Z cosnh sin(nz) = { O<z<

This is a pulse wave. A special case would be the square wave corresponding to h = m:
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If we ommit the constant term and double the amplitude you get the square wave that
alternates in value between +1 and —1:

— —sin((2n — 1)x) =
Wzﬂ'n (( )) =1 n<x<27

4K 1 _{1 O<ax<m

There is the time-shifted square wave

(i)

(i)

2 4 1
; — ; ; mCOS(ZnI’) = \Sinx\

(iv)

For —m <z <,

2 4 (-1
———Z( ) cos(2nz) = | cos z|
7r

T :14n2—1

% z:l 27rnx
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(vii)

(viii)

= cos(2mnx)  (—1)Ft(2m)%*
Z n2k - Q(Qk)! B%(l’)

oo

cos(2m(2n + 1)x)
(2n + 1)k

ifng

cos(m(2n— D)z)  (—1)kx%
1% apk -1

(]

n=1
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(xii)

Zsin m(2n — 1)z )_ (—1)Fr=t B, (x)

(2n — 1)2k+1 A(2k)!

n=1

(xiil) For a € R {0} e** for [—m,m):

sinh am i (=)™ e

—e€
™ a —1mm
n=—

1)"n

arm T a? 4+ n? T
n=1

— eazt

66

n

=1

h 2asinham o~ (—1)" 2sinh ar
sin o | asin a’ﬂ'z ) cos(nz) — sin awz(2

a

+ n?

sin(nx)



Chapter 3

More Methods

We have this:

In(1 — ") = — i e

n=1

n

You can split In(1 — €®) into its real and imaginary parts:

In(1 — ) =In|l — ™| +if
:111’28in§’+i8

where
sin x cos(x/2) T X
o cosx — 1 sin(z/2) W2 72
So
> einz T T oz
o] 5-)
; - n |2 sin 5 —+1 5 5

We take the imaginary part:
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Integrating this gives

Putting z = 7 we get:

We can find the sum Y > L by integrating () from 0 to 7. Integrating the LHS of (x)

n=1 n?
results in:

SRS S B

n=1 n=1 n=1 n=1

Integrating the RHS of (%) results in
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Substituting this into (xx), finally we get:

o0 i (nT
Zsm(7) :_W3L+7T_3:7T_3.
Lo 3-32 12 32
Checking convergenge of In(1 —2) = — Y > =
You can prove In(1 — z) = — Y>> | £- converges everywhere on the unit circle except at

z = 1. Fix z in the unit circle, i.e. |z] = 1. We apply Dirichlet’s test:

If {a,} are real numbers and {b,} complex numbers such that: (i) a; > a, > --- (ii)
lim a = 0 (iii) There exists M such that ’Zgil bn’ < M for all N € N; then

n—oo n

S a, b converges
n=1"n"n &es.

Choose a,, = 1/n and b, = 2", then the first two conditions obviously hold. For the third
condition:

for all N € N. This shows the series converges for |z| = 1 where z # 1.

3.1 Generalising

Integrating
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we get

Summarising;:

and

Lcos(nr) m 5 ' = lux 1
PR AT RSk i S
n=1 n=1 =1
isin(nx)_z_z
no 2 2
n=1
= cos(nx) x? =1
nzl w2 2"y 2+nzﬁ
[ee] . (e}
sin(nx) 7 x? x3
; n? 221 12 3!+;n2x
= cos(nz) maz* - 1x2+§: 1
~ nt 230 241 L=p22 gt
7zt x° =1 a8 =1
S e
241 2.50 f=n?3l =n
rx®  af 1z 1z 1
“amtratlwn Luw i
b 2l 12t K 1ux =1
R AR ST R P R Vi

We have the general formula
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X 2k 2k+1 2k—1
sin(nx T X T 1 =z 1
> ) - (1) (— - DD Ry a AR ol Sl VD Dl Wﬂﬁ)

2 R 22k 2-(2k+ 1) 2k —1)
(3.1)

 cos(nz) Y x?F S o 1

; pm (7D (5 (2k—1)  2-(2k)! 2in=1 73 ok—21 T (=12 W)
(3.2)

General forumla

n=1 n=1
=1
_ —2k
=20-2)
n=1

Using this in (3.2)

o0
Z cos nw Z 1
n2k n2k

n=1

2k—2 s 1w
2(2]{7_"'4_(_1) Zn% 2 9|

n=1

I
T
—_
S~—
ol
L
/N
—
)
EO I
[ =
—_
=
o ®
ol
=
|
HM8
:)—‘
N
\_/

gives

(_1)k—1 7T2l€ 7T2l€
(

2k—2 1 o 1 7T2
— _ _ (=1
2122 \ 22k —1)1 _ 2-(2k)! perCT R G e

gk
3 —_
3
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Chapter 4

Partial fraction expansions of
trigonometric functions

(="

12 — n2

1 o0
Tesemr = — + 2% E
T
n=1

[e.o]

1
2 2 _ E
T~ CSCT T = m

oo

2n+1

rsecnr = Y (—1)'————
; (n+ 3)% — a2

(4.1)

(4.2)

(4.4)

(4.5)



Proof of (a):

We will evaluate:

1 1 > 1
Z x+n25+2$zx2—n2
— 0 n=1

We take WLG we can take —1 < :1: < 1. This is because if we had k < x < k41 we could
write > >° e We need to choose —1 < x < 1 so that our integrals

n=—00 x+k+n n=-—00 ac-i—n
converge. We have

1 =1 J—
) - - Z
x x;xQ—nQ x Z(x—l—n —x+n)
1 [ee]
- (nerud n:cud
DM A z/ 2
_ l io: (TH—:B)udu (n— wudu
oz
0
1 o
= ——i—/ du—/ du
s 0 0 6“—1
1 oo @ uk oo ® I'k uk
= — du — — d
x+/0 Z e“—lu /0 ;k!e“—lu
_ 1_2/ Z p2k=1 g 2k—1
x o = (2k - lev—1
1 o p2%k-1 00, 2k—1
= ——=2 d 4.6
= Z(Qk—l)!/o e 1 (46)

But
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Substituting this into (4.6) and using the formula for ((2k) (see (1.3)) gives:

1 > 1 1 >
—+2 — = — =2 2k)x 1
a:+ x;ﬁ—nQ T ;C( )I

o
- Z(—1)k4’%%@x%—l (4.7)
x 2(2k)!
k=1
. . . . x w B
The generating function for the Bernoulli numbers is 1= Yo —Tx" We have
er — — nl
Coth — Eerte
22 —e 2
re+1 x r T ~=B
= — = — == —L" 4.8
der 1 e 12 2+;n!x (48)

Using B, =1, B, = —%, and that B, , =0 for £ > 1, we have

x T “. B
v th i 2n _.2n 49
2 MY ; 2n)!" (49)

That x cot(z) = (iz) coth(iz) implies:
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—4"(—1)"B
rcotx = Z Mﬁ” (4.10)

—~  (2n)!
So that
o —1)(27)2" B
Tzceot mz = Z (=1) ((2::))1 2n 20 (4.11)
n=0 ’

Comparing this to (4.7) we finally obtain

1

1
meotmer = — 4+ 2z .

o
n=1

Proof of (b):

We will evaluate:

= (- 1 — (-1)"
=42
Z T+n :E+ I;x —n?

n=—oo

We take WLG we can take —1 < z < 1. This is because if we had k <z < k+ 1 we
could write $7°  ED% — §nee U™ We need to choose —1 < 2 < 1 so that our

) n=—oo z+n n=-—o00 z+k+n"
integrals converge. We have
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1 = (=1)"
—+2
a:+ I; 2 —n?

N
x Tr+n

n=1

o)

1 Zoo COS TN
:E+ — (x—i—n_

1 0 00
:—+E cos

- 7T7L/

cosT™n
—Tr+n

0 00
e~ (DU, Z cos 7T7L/ e~ (=g,

0

1
T
1
x

e“+1}

/
ek

[e.o] exu
du
/0 e+ 1

1 /OO e TUoU p N T 0 N
— —au Eae—
x Jo (e*+1)2 (e +1)],

/ ueu d + 1 /OO e$ueu d
= —au —au
x Jo (e*+1)2 z )y (e*+1)2

1/°° ertet p
= — ——du
T J_ o (e +1)?

Consider the contour integral in fig 4.1

and contour integral:

We have

1 j{ eTFe? d
- ————dz
z ) (e#+1)2
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271

v

Figure 4.1: .

1 Tz 2 1 o] TU LU 2T o] TU LU
_74 e**e ds — _/ ette du — e / ette Ju
x ) (e +1)2 ) o (et +1)2 T J_ o (e*+1)2

Which rearranged results in

L [ e™e 2me 1 1 e**e?
— du = ——— ¢ ———dz
) o (% +1)2 1 —e?m g 2mi | (e# + 1)2

2w 1 erFe?
%—RGS . D ——
1 — ez27r$ T Z=1T (ez + 1)2

We have
%7 % B e(erl)z etZe? N
(2 +1)2  (2—2,)2 z-—2
R4 (e (2= z) +-00)  em0e® N
(= 2 %
_ e(erl)zo £%%0 020 o
(2 z)? z-z
1 [ eTuet 2w 1 ,
_ d — i . _ 1T
37/—00 (ev +1)2 YTl ey (=ee™)
o
 sinmx
So finally,

7



1 = (=1 T

49 —
T ter — 2 —n?  sinmx
Alternatively:
— (-1)"
~ 42
T o ; % —n?
1 o0 —Tu o0 Tu
:——/ ¢ m+/ C _du
x o e*+1 o e*+1
1 /oo 0 ( 1)k k u / .Tk
= — — u —|— —_—
=_ 49 d
+ / E:Qk—luw+1“
1 T ) u2]€71
=_ 49 d
: ;&%%ﬂﬂ% et 1
But

n=1
> 00
:Z(—l)”/ uPe ™ du
n=1 0
w(—D”/m K
I D Ly R
n=1 nt 0

Substituting this into (x) and using the formula for {(2k) gives:
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sintr 2 —n?

1 = (=1)"
G P N
n=1

1 o
= +2 Z C(2k)x* !
k=1

1 = B
=__9 -1 k 1— 2—2k+1 4k 2k 2k 2k—1
v Z;( I oA
Proof of (c):
From (a) we have
d d — 1
—— cot = — 4.12
7Tdaz: covm dzx nz_oox+n ( )
or
s sin® mx — cos®mx i 1 (4.13)
sin™ x N = (x 4+ n)? '
or
1 - 1
2 — — 4.14
T sin™ x nz_oo (x +n)? ( )

Proof of (d):

We will evaluate:

> on+ 1
(=1)"

2

We take WLG we can take —1 < 2z < 1. This is because if we had k < 2z < k+1 we could

write Z?:O(_l)n(nfgﬁ =23 > (=1)" (,ngx +ods) =220, (=" <n+kl+2x + n+l€172x

We need to choose —1 < 22 < 1 so that our integrals converge. We have
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2n+1

2

> (e

= o2n+ 1
=4y (-1
nz%( ) (2n 4+ 1)2 — 422
> ™ n
— 4 in ——
;sm 2 n? — 4x2
= . 7™ 1 1
=2 sin — +
; g (n+2x n—2x)
I e [™ 1 [
== Z/ (ez% _ e*l%)ef(nJrZ:c)udu 4= Z/ (ez% _ e—z%)e—(n—h)udu
(3 0 ? 0
n=1 n=1
1 e e} —2xu 1 o] —2xu 1 o] 2xu 1 o] 2xu
:_,/ %du——/ %d/u“—_\/ e.w du——/ e,Tr du
iJo em 1 iy et 1 iy e o1 iy et -1

2zu 1
€ du + -

]

/oo e—2$u /oo e—2$u
-du + .
0 €% —1 o e+
0o 6—2a:u6u 00
= 2/ du + 2/
0 0
0o €2 +e 2 o €
prU

e +1
3 +e 2
[ee]
/ ﬁdu
o €2+ e 2

—Tu
Consider the contour integral in fig 4.1 and contour integral:

J

du+/
0

62$u el

62u+1

ru

-

et —1

du

(&

el‘Z

z _z
ez +e 2

dz.

But

Tz TU
——dz =

z
ez +e 2

(&

u =

o
/0 ez +e 2

0o
— (1+e$i2w)/
o €

J

So
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B 271 1 e®?
u u du — . . K K dZ
0 ez f+e 2 14 e*27 270 Jre2 +e 2

271 e" ez
- 1 + ei2mz ResZZiﬂ'[ez +1
_ o 2m i i
1 + ei27r:c
T
a COSTTX

Proof of (e):

We will evaluate:

> 1
2 -
oY

1
n=0 2

We take WLG we can take —1 < 22 < 1. This is because if we had &k < 22 < k + 1
. 0 1 ] 1 1 0 1 1
we could write 2z ano (n+%)2_$2 = ano (n—2:v + n+2$> = ano (n—i—k—?;r - n+k+2$>' We

need to choose —1 < 2x < 1 so that our integrals converge. We have

1
— 4 § 1— -
z Yy [1—cosmn] SR

n=0

> 1 1
= Z[l — cos )| -
—~ n—2r n-+2z
- (2 — el _ efmn)ef n=2C)u gy / (2 — el _ efmn)ef n+2)u g,
2 n=0 "0 2 i
1 [ 2¢%m 1 [ 2% 1 [ 2e2m 1 [ 2¢72m
= — du — = —d — du — = —d
2/0 e 2/0 1 — e—u-im “+2/0 e 2/0 1 e—uwin "
[e'e) 2xu o] 2xu [e'e) —2zu o] —2zu
:/ € du—/ ¢ du—/ ¢ du+/ ¢ du

oo 2xu U o —2xu U
e e e e
=2 5 du — 2 5 du
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Consider the contour in fig 4.2

)

v
IS

Figure 4.2: .

and the contour integral:

2xz 2
e“e
2 7{ 5 dz
e* —1
As no poles are contained within the contour, the contour integral will be equal to zero.

We evaluate the integral around a small semi-circle centered at z = ee (note it is clock-
wise):

0 2zee’® eet? 0 0 1 0
—2/7r erez df = —2/7r 26€iazeeZ df + O(e)

=i+ O(e)

We evaluate the integral around a small semi-circle centered at z = im + ee? (note it is
clockwise):

- €2x(i7r+eei9)ei7r+eei9 ) - 62xeei9€eei9 )
) _ 2xim )
—2/ 2(intect?) 1ee”df = 2e / W@G@ do
0 e —1 0 € —1

. 1 ,
= 92T / o ieedf + O(e)
0 ee’

= —mie*™™ + O(e)

Using these results, we have
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2xz 2
0= 7462 edu
e’ —1

—€ 2zu,u oo 2zxu ,u
= / eu eldu+7ri+2/ c ¢ du

2u __
o e 1

) —€ 62xu€u ) ] 00 €2$u6u
+ 2" / 1du — i 4 2T / T 1du + O(e)

o9 -

) —€ 62$u6u ] o] e2a:u6u )
=2(1+ eﬂ”)/_ o Tdu+ 2(1 + em)/e - Tdu+ mi(1 — *™) 4+ O(e)
Taking the limit € — 0 we oabtain:

o] 2xu ,u

, . e“te
mi(—1 4 e ™) = 2(1 + 622”)/ 5 du
_o et —1
Which rearranged gives
e} e2a:u6u ei;mr _ 6—i$7r
/ du = —mi————
e 62u -1 eirr | e—inx
= mtanmx.
So finally,
- 1
2x —————— =mtannx
; (n+1)% — a2
Alternatively

SN (2)" u 2:5) u”
zxz _— _x2=2/0 Z s _eudu—Z/ L du
n—l 2n— 1

u
=4 221 "
/Oz BT
o 2n—1 2n—1  u
X u €
=4) 22071 / d
; @n—11), ew—1""
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But

Then

2n—1

20 % —23 (@ - 1)((2n)r(2n)h

& (L) - )2n) By,
_nzo (2n)! ’

= mcotmr — 2w cot 2mx

cos? mx — sin? mx
=7 |cotmx —2 -
2sin Tx cos T

= mtanmx
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= (_1)n(27r)2n32n 2n—1 = (_1)n(27r)2n32n
B Z (2n)! v -2 Z



Appendix A

Fubini’s Theorem and the
Dominated Convegence Theorem
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Appendix B

Bernoulli numbers and Euler
numbers

86



Appendix C

Bernoulli polynomials and Euler
polynomials

C.1 Bernoulli polynomials

The generating function for the Bernoulli polynomials is

tetx e tn
1= 2 B (C.1)
Explicit expressions for low degrees
By(z) = 1
1
B = x— =
() 2 9
1
B,(z) = wQ—x—é
3 1
By(z) = 2°— §x2 — 5
1
B,(x) = 2*—22°+2* — —. (C.2)
30
Derivatives
We have
e , tn t2 xt
ZO ' (z) ] et—l_ZnB (C.3)



which implies

Symmetries:

B (l1-z) = (=1)"B,(x), n>0
proof:
We have

00
n tet(lfx)
;Bn(l—x)ﬁ = et—l
tetet(—it)
o et—1
(~t)el-"
et —1
oo 4
= By

Equating coefficient of eams power of ¢ gives (C.5).

We have

Equating coefficient of eams power of ¢ gives (C.6).
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Representation by a differential operator

The Bernoulli polynomials are also given by

B, (x) = " (C.9)

where D = d/dx is differentiation with respect to x and the fraction is expanded as a
formal power series. This follows from:

= D .t D, te®
;7613—1% E_eD—f =97 (C.10)

Representation by an integral operator

The Bernoulli polynomials are also the unique polynomials determined by

/IJrl B, (u)du = z". (C.11)

The integral transform

r+1
T = [ fwn (C12)

on polynomials f. If F(z) = [* f(u)du, then

(Tf)z) = / < Pl

= Flx+1)—-F(z)

= f(x) (C.13)

Inversion



5 Ba(®)
[o¢] Dm
n;) GRS
i n!

()

(m+1)(n— m)!B"*m

1 (n+1)! (2)
nr & (a1 kR
1

n+1 z:: (nzl)Bk(x)'

C.2 Euler polynomials

The generating function for the Euler polynomials is

Symmetries:

proof:

o(@) =1
1
(z) = z— 2
(x) = -
1
J(x) = 2 — 5:103 3
() = 2*—22% + 2.
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(C.15)

(C.16)



We have

> (-1)"E, (). (C.19)

Equating coefficients of the same power of t gives (C.17).

We have

o0

n=0

N " = tn
Z(—l) En(—x)m +ZOE”($)E

2 6t$ 2 eta:

e*t+1+et+1

et 1
2t$
‘ Lt+1+et+1]

2€t$

(0.] t”

. (C.20)
o n!

Equating coefficient of the same power of ¢ gives (C.18).
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