Irreducible representations of SU(2).

We write a vector in C? as a pair of complex numbers (21, z2). We define tne element of a Hilbert

space Hy is a polynomial in z; and zo that is a linear combination of polynomials

f(z1,22) = 24 23

where the total degree is p + ¢ = 24.

d —b

C a

PEC[Zl,ZQ], g = < >, 22(21722)>

ad +bc=1

and

b
zg = gflz = < —ac d > < 1 > = (0,21 —|—b22,—021 +d22)

22

Pi(z1,29) = zfz%g_k, 0>k>2¢,

0% ) ()]

= (az +bz)f(—cz + dz)

flg™"2)

20—k

Taking the basis of mononials of degree n in the order

045 _0—j
)

Py(z1,22) = E

where ¢ is an integer or half integer

20 20—1 20-2 2 20—1 20
2] z2] T2 2] T2y 2125 2y

1
L2224l £=031, .

V2OU V201D /(20 =2)I2)1 /(D20 - 1) /(20!

(U.145)

(U.146)

(U.147)

(U.148)

(U.149)

(U.150)

(U.151)

(U.152)

These are the basis vector of a vector space we denote V. Since the monomial set is closed
under the linear transformation g, it will provide a (2¢ + 1) x (2¢ 4+ 1) matrix representation.
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For any g € SU(2), let Uy(g) be the linear transformation of H, given by

Ue(9) ) (v) = fg~'v) (U.153)

for all f € H, and v € C2. This is a representation: Uy(1) is the identity, and for any g, h € SU(2)
we have

Ue(g)Ue(M) H)(v) = (Uelg)f)(g~"v)

= f(h g M)
= f((gh)"'v)
= (Us(gh)f)(v) (U.154)
for all f € Hy, v € C2.
Matrix elements
Setting
t+k -k
¢ _ 1~
Pr(z1,22) = DI (U.155)
The matrix elements are defined by
—0
Un(9)dh, = > 021, 22) Te(9)n (U.156)
k=t
From (U.154)
¢
Ulg)Ue()gt, = Uilg) Y &5 we(h)jm
j:_
¢ v
= D > G me(@rime(h)jn
j=—t k=—¢
= Uilgh)dy,
¢
= > ¢ mlgh)kn (U.157)
k=—t

that is
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Stk =k L

Z m( Z 9kjme(h)jn — We(gh)kn) =0. (U.158)

Setting zo = 1 and multiplying both sides by z; f=m—1 integrating z; around the unit circle
about the origin of the z;-complex plane one obtains

14

> 7 @)mime(h)jn = 7e(gh)mn (U.159)
j=—t

i.e. m(g)k; is a matrix representation of SU(2).

We defined the representation my(g)gm by

Un(g)dty(21,22) = ¢<e+m§1<e_m>! Ung)z 4

(azy — Bzz)“m(ﬂzl + aZQ)K_m

O+ m)({l—m)!

= > ¢i(21,22) T(9)km (U.160)

The matrix elements can be expressed

l—n
_ m4n; A\l—m al—n \/(E—i-m)!(E—m)!(f—i-n)!(g_n)! |Oz‘ s
T0(9)mn = ™ T(=B) 3 ; m+nts)(l—m—s)!({l—n-—s)s <—m> (U.161)

To arrive at this we rearange the binomial expansion

(azg — Bzz)”"(ﬂzl + 622)#"

l+n n . l—n 0
= (Z(—1)€+n—t < | K > o'B *"tzfngrnt) (Z ( . n > ﬂé—n—kasznkz§>
=0

k=0

‘ {+n {—n a\F
_ m-{—n é m gl—n - I et l+t—n—Fk _L(—t+n+k
- pemem e (2500 () () ) e
m=—/ k
(U.162)
Noting 1/(—N)! = 0 for positive integer N, the summation over k in the last line above is

obviously non-zero at from 0 to /—m (some of these terms can also be zero). To derive this we will

1609



work backwards, we will start from the last line and get back out (azy — Bz2) (821 + @ze) ™.
Let us set Qo = QT HE(—g*)lom=h (g )kglon=k Lrm’ =m" then we can write

< g;n >Qm,n,k
( g;n )Qm,n,k

k=0 m=—/
B l—n l+n+k (4n {—n Q
- t :IC t—n—k,n,k
k=0t=n+k—¢
l4+n l4+n
{+n {—n {+n {—n
() (5 Y 5 () (5 e
t=n—~¢ t=n+1-¢
l4+n
{+n {—n
+> < . > ( 0—n > Qt—tn,t—n

l4+n L—n

where we have used again 1/(—N)! = 0 for positive integer N in going from the fourth line
—l+n— —n— _

to the last one. Now Qi—p—kn i = at gkl et zf” " sz t+n+k and we have proven

(U.162).

We divide the last line above by [(£ 4 n)!(£ —n)!]"/? and get (az; — Bzo) (B2 +@z) /(£ +
n)!(£ —n)!]"/2. We can then read off the matrix elements (U.161) from (U.160).

[]
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Examples

0=0,1/2,1,3/2,...

For 2¢ = to an even integer, the representatioon is the 2¢+ 1 dimensional tensorial representation
of SO(3). For 2¢ = to an odd integer, 7, is a spinor representation. For matter, 1/2 describe
elementary particles of half-integer spin.

(1) £=1/2
0
7T1/2(9)%% = Oézza
k=0
1 7a% 1 alNF
ey = e (_B)ﬂkzzo (k= D1 = k)!(1 — k)!&! (‘ 8 > -
m2(9) 11 = =0 (U.164)
a f o a [
7T1/2< B a > = < 3 a > (U.165)
(2)¢=1:

a? \/5065 52
m( o« E): —V3aB |af |8 VZas (U.166)
8 @ i —V2ag @

Unitarity of the representation

the transpose g — g1

the complex conjugate g — g

(5 2)-(572) = wowm—n@m= E@ (U168

Combining both operations g — ¢, this induces (g7 = 7,(¢)" and so we can write
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mo(g)t = mi(gh) = me(g™") = melg) . (U.169)
Therefore the representation is unitary.

[]

According to Euler’s theorem, every rotation R in R? can be written as R = R3(¢)R2(0)R3(v),
see fig (U.7).

z z Z oz,

y1 yl

Zq Zq

Figure U.7: EulerTherm.

™

N

(¢,0,9) = exp <—2%03> exp <—ig(72> exp <—i%03>

= (0T ) () ) (T )
(U.170)

Together
i) sin(§) exp(—iy) (Ua7)
3) cos(§) e

Irreducibility

According to Schur’s lemma, the representation is irreducible if the matrix which commutes
with all the elements of the representation is a constant matrix. This we will use to prove the
representations (labelled by ¢) are irreducible. Let M be a matrix that commutes with 7,(0)

My(0) — me(0)M = 0. (U.172)

By considering special cases we can show that any such matrix is a constant matrix. First
consider the case in (U.161) o = e~™0/2 g =0
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776(07 07 RS((b))mn = mneiim¢ (U173)

where mn=4¢0,¢0—1,---—0+1,—/,

PNy, A— U.174
(

implying that M is diagonal. Write M,,,, = M,,0,,, (no summation), then (U.172) takes the
form

(M, — M) 70(0)yn = 0. (U.175)
Now set m = ¢ in (U.161), the ¢th row is given by
() en = [(20)!/ (€ + n)!(£ — )|/ 2t ptm (U.176)
From this and setting m = ¢ in (U.175) we get

(My — M,)(a/B)" =0, for all n (U.177)

which implies M,, = M, for all n. Thus any matrix M that commutes with the representation
me(0) is a constant matrix and therefore, the representation is irreducible.

[]
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Clebsch-Gordon coefficients.

Vector addition

J2 Ji
YUy 02) = Z e~ imaf Z gm0 (U.181)

me=—Jj2 mi1=—j1

Set m = m1 + mo, and assume j; > jo without loss of generality. Then

o | o ([0 o
X(Jl)X(J2) — (6+J29 4t 6—J29) ( N
e—iU1+ie+1)0 _ i(j1+72)0 e—i2—g+1)0 _ i(j2—51)0
= — + -+ —i0
e”w —1 e~w —1
- X(j1+j2) + X(j1+j2*1) R X(jl*jQ) (U.182)
Thus
Ji+7J2
J=lj1—j2|
For example
7T1/2®7T1/2 = modm (U'184)

The composition of two spin haaalf particle is the direct sum of a scalar (singlet) and a spin one
(doublet). Or two j = 1/2 edges of a spin network shares a tri-valent vertex with either a j =0
or j =1 edge.

T Rm = ToDm Do (U185)
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