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Chapter 1

Two Dimensions

We consider the case n = 2 first. Consider a two-dimensional integral I, for the integration
of an arbitrary function f(x,,z,):

I, = /_ f(x, x,)dx,dx, (1.1)

The Cartesian coordinates x; and z, are transformed into curvilinear coordinates ¢, and
¢, with the transformation relations

4, = ql(xlv%)? qy = @y, T,). (1.2)

which are assumed to be invertible and non-singular. Thus, x; and x, can be expressed
in terms of ¢, and g¢,:

= 2.(q, ), Ty =Ty(qy,G) (1.3)

We will make repeated use of the formula

d(x — x,)

()] (14

d(g(x)) =

where z, is the root of g(z) = 0 (we will only need the case when there is a single root).
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z1=x1(q1,22)

where we have used (1.4) with g(z,) = ¢, — ¢,(z,, ;). The z,(¢,, x,) denotes the root of
the equation ¢, — ¢,(x, x,) = 0. so that

1, —/ /f 1@ 29). ) g (1.6)

G,(qy,2,)

3Q1

We will use the abbreviation f(q,7,) = f (z,(q,,7,),7,) and G, (q;, 7,) = |5

x1=x1(q1,22)

The delta function for ¢, will be §[q, — ¢, (v,(qy, ), 2,)] = 6q; — ¢;(qy,2,)]. So I, can
bewritten

- / / / g ql,%)]%d%dqld%
= / / / () AU gl(fél” 22))4 Ldq,dq, (1.7)

‘%2 M

z2=x2(q1,92)

where we have used (1.4) with g(z,) = ¢, — ¢,(¢;,z,). The 2,(q;, q,) denotes the root of
the equation ¢, — ¢,(q,,,) = 0, and

Og,\ _ 9
(%) = S (0 ). ). (18)

So that

//f %7% (115 %)); %(ql’%))dqld%. (1.9)

5(a1,9,)G,(qy545)
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where 91 (ql, xg(CIp q2))

=g, (ql, q2) and Q~2(q1, x2(q17 QQ))

= G,(q,, )

The total differentials of ¢, and x, can be expressed as

dq oq,
dq, = ——*dr,+—=—=d 1.10
QI axl + axQ 1‘2 ( )
0 0
dv, = (i) dg +( ql) dz, (1.11)
o, ) ox (1)
where ¢, = ¢,(z,,z,) and z, = z,(q,, z,). Replacing dz, in (1.10), we obtain
dq, { Jq dq, (Ox dq
d L 1 d Y it —Ld 1.12
h= Ox, (81’1)(1) q1+[0x1 9y ) 1y Oy "2 (1.12)
Comparing the coefficients of the differentials of both sides, we find that
3q1 oq,
= 1 1.13
dx, (835 ’ (1.13)
99, (ai) % =0 (1.14)
O0r, \ Oz, ) Ow,
We have
dq, 0
(a—%)(l) = a—%%(%(qlv%)v%)
Oz, \ Ox, (1) oz,
dq, 0q,  0q, Oq, (3x1)
_ Ox, 0xy,  Oxy Oz, \ Oz, )
94,
Ox,
9q, Ogy
Or, Oz,
Rl R
9) 0
— Ty 9T (1.15)
aql
det
or,



So

94, Ogy

oxr., Ox

det| og,  0g,
Q}::%: Oty Ot (1.16)

! ’det (—ql )
O,
Substituting this into (1.9) we have

I, = / / ql,q2 da,da,
92 4> o g

1 41,4 2)

QpC]g
1
//F(QUQQ) aql aq2 dqldqz. (1.17)
Jr, Ox
8952 8x2

where we have swapped the abbreviation f(q,,q,) with F'(q,,¢,) = f(x,(q;,9,), 5(q;, q,))-
As z, = x,(q, (7, 2,), ¢y (v, 7,)) We have

Ox Oz, Oq,
L= L= 1.1
Ox zk: dq,, O (1.18)

or

L 0y [0z, Ox dq, 0Oq
(o 0)= {00 G| |0 2 19

We use this to rewrite (1.17) as

0 0
]2 ://F(Q17QQ) det 8%11 ag; dqldqQ. (1.20)



Chapter 2

Arbitrary Dimensions

Define an n—dimensional integral I :

In:/ flay,.. .,z )dz, ... d, (2.1)

Cartesian coordinates x; to the curvilinear coordinates g, with transformation functions

q, = qi(xl, o ,xn),

We insert [ [T, 0lq, — ¢,(x,. ... 2,)]dg, ..
T <//n
= [ e T

We now focus on integrating out the variable z,:

for1 <i<n. (2.2)

.dg, = 1 into the integral (2.1):

z,)]dgq, .. .dqn) flay,... x,)dz, ... dz,

z ) f(xy,...,z,)dz, ... dx dg, ...dg,

(2.3)



I, = / Oy —q(xy, .. z)] - flzy, .. 2, )deyde, .. dx,dg, ... dq,

— / Oy —q(wy, . z)] - flzy, .. 2, )deyde, .. dx,dg, ... dq,
_ / 5[551_‘”1(‘11””2“"‘””)]...f(xl,...,xn)dxld%...dxndql...dqn
|90
81'1 z1=21(q1,22,...,Tn)

= ... e flay (g, 2y sny), o xy)day L de dgy . dg,
(2.4)

where we used (1.4) with g(z,) = ¢, — ¢,(x,...,2,). The x,(q;,2,...,x,) denotes the
root of the equation ¢, — ¢,(x,,...,z,) =0. And

G,(q; g, ... 2,) = (2.5)

O,

z1=x1(q1,22,...,Tn)

We will abbreviate f(z,(q,2y...,2,),...,2,) as f(q,, %y, ..., 2,).

Next we integrate out the variable x,:

o0

g (A Toy oy flays Ty, -y, )da, . da, dg, . . . dg,

88

88

Olzy — wy(qy, gy - ’xn)]

< aQ2 )
0
x2 (1) To=I2 (qhqg ..... In)

1 G, (¢, - )
— ... 1(1 2 n ...f(q17q2"“’
gl(q17q27“‘7$n) gz(Qpan"'axn)

/ Oy — ¢ gy, 29, -y - flay, 2o, .. x,)dey .. da, dg, ... dg,

- flay, zy, .z, )da, . dx, dg, ... dg,

x,)dz, .. .dv, dq, ...dg,
(2.6)

where we used (1.4) with g(z,) = ¢, —¢y(qy, 25, ..., 2,,). The z,(q;, 2, ..., x,) denotes the
root of the equation ¢, — ¢,(z,...,z,) = 0.

oq,
O,

gg(qlan s "In) _
gl(ql>q2> e ,[Bn)

(2.7)

z1=21(q1,92,%3,..,Tn)



Contnuing this way we obtain

L = / / / /91 . g H Ola; —a;(qy, - 45 Ty - -+ @)

=i+1
X f( Quso o Ay Typgy oo s T z,)dx .dx,dg, ...dq,
= 5[q_Q(Q>7qZ>xZ a"'?xn)]
/ / / /g ql,...,qz,xzﬂ,..., )Hq J G\41 +1
Xf(qy, 3G Tiygs - )de - de, dg, . dg,,. (2.8)

Which we will now prove by induction. The base case has been proven, so we turn to
the inductive part. We assume (2.8) and prove the corresponding result for i replaced by

i+ 1. The integration over z, , is carried out as per usual:

;o /00/00// 1 Oz, =2 (@5 G Ty 51,
n . . Gy G Ty Ty, (aqiﬂ)
0y (i)

Mair1=2i11(q1,0 5 Qit 1,%i4250-,Tn)

H (5 ql,...,qi,a:H_l,...,a:n)]f(ql,...,qi,xiﬂ,...,xn)da:i+1...da:ndq1...dqn

Jj=1i+2

-/ / °°/ / 1 1
—00 —00 gi(qla"'>qi+1axi+2a"'>xn) (3qi+1)
Oz, 4 (i)

Maip1=2i11(q1,0 5 qit 1,5 4250-Tn)

H (5[qj—qj(ql,...,qi+1,xi+2,...,a:n)]f(ql,...,qi+1,xi+2,...,xn)da:i+2...da:ndq1...dqn

(2.9)
We now only need to establish that

(aqurl )
Ox,;, 0

Mair1=2i11(q1,0 Qi+ 1,5 4250 Tn)

gi(ql,...,qu,xHQ,...,xn)

Gii(@ys - Gy Ty -+ T,,)

(2.10)

To that end, the total differentials of ¢,,...,q;,7,,..., 2, can be expessed by
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dg, = a%da:a,
=1 a
! ox ] - ox
- B[, 0] [0,
; 94, ) iy ] a;—i—l 04,/ ;

o Ox, "ol O,
dr, = Y _(%)(i) dqa_ + ) (a—qa)m dqa]. (2.11)

We need the partial derivative of g, | = q, 1 (z,(qy, .., 2,0 ), - 2,(qy, - -

with respect to z, ;:

g, “[og,., ( oz aq;.,,
) < —. 2.12
<a$i+1 ) ) Z [ dz, (axiJrl ) () i dz; (2.12)

a=1

Substituting dx,, ..., dz, into dqj, we obtain

! 0q. : ox - ox
dg. = —L ( a) dqg, + ( “) dx
’ ; oz, LZ 04y ) @y bz 0ry ) iy

=1 —=i+1

where 1 < j <. Because the coefficient of dz,,; in (2.13) should be zero, we obtain the
following equation

Oay O ( O, ) 94,
axl axl axi—l—l (3) a$i+1
Do : =—1 (2.14)
dg; g ( Oz, ) dq;
O, Oz, Ox; Q) 0T,y
By making use of Cramer’s rule
or. det [(*ﬂ;xli])(j)(aqi)}
() - o1
9z, 4 (i) det [.7[2;11,]]

’xiJrl)? Lig1rLigor”



where

99, gy
o, Oz,
Ty = | 3
dq, dg,
o, Oz,
0q,
04
o, = | (2.16)
0q,
Oy

and (\7[’1 )9 (dg,) is identical to ‘7[;;2.} except that the j—th column is replaced with Jg,.

iX1]

Substituting (2.15) into (2.12) we obtain

; -1 ()
(aqu) = aqu — Z det [(j[zxz]) (aQi)} aqi“ (2.17)
amHl 0 a$i+1 st det [\7{;&}} 8xj

For example when ¢ = 3 this would read explicitly and simlify as follows

12



dq, 0q, Oq dq, 0q, Oq
or, Ox, Ox Or, Ox, Ox
dq, da, 0q, Oq, | 0g i, Oa, O, | g,
— = —det — det
0z, ) 3 oz, Oz, Oz, | Oz, dx, Oz, Oz4 | Oz,
dq, Oqy  Og dqy  Oqy  Og
Or, Oz, Oz, Or, Oz, Oz,
dq, 0q, 0Oqq dq, 0q, 0Oqq
Ox, Ox, 0z, Or, Oz, Oz,
_ det an aq2 aqg qy + det an an an aq4
Ox, Ox, Oz, | Oz, Ox, 0Ox, Oz, | Ox,
dq;, Oqy  Ogg dq;, Oqy  Ogg
Ox, Ox, Oz, Ov, Oz, Oz,

= det dq; Oqy Oqy Ogg

Similarly we have for (2.17)

%) = 7< det (T
(8Ii+1 Q) det ‘7[zxz] Z € [ [ZXZ

1 +1

(2.18)

9q; 4 11 9444
Oa,) oz + det [j[imﬂ .

i+1

= T 7 Z( )Z+1 ]MZ—I—I j(j(l+1)X(i+1)])

det _j[;jﬂ] =1

[ -1
det | Fj11)x z‘+1)}]
det |:‘-71><z]:|

(2.19)

where M, j(A) is the 75 minor of the square matrix A, i.e. the determinant of the matrix
obtained by removing the i—th row and j—th column from A. Hence, (2.19) yields

giJrl

aqurl _
01/

Completing the inductive step of the argument.

13
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(2.20)



Asz, = x,(q(2y,...2,), ..., q,(2,...2,)) we have

i 0% _ 0, 0g
ox i = dq, axj
and so
g, 0q, o, Ox,
or, O, g, dg,
dq, 0q, Oz, Oz,
or, O, oq, dq,
where L) is the n x n unit matrix. So that finally,

Ox, Ox,
In:/-~-/F(q1,...qn) det : : dq, ...dq,
oz, oz,

where we have swapped the abbreviation f(q,,...,q,) with

Flq,...,q,) = flx(q,--,q,), - 2,(q -5 q,))-

14

(2.21)

(2.22)

(2.23)



