Intruction to the use of Spinors in General Rel-
ativity



0.1 Null Tetrads and Spinor Analysis

0.1.1 Null Tetrads

We start with four linerly independent vector fields ef, where i serves to label the vectors.
Zaie? =0 dmplies a; = 0.
At a particular point, we define a matrix of scalars g, i called the frame metric, by

9ij = gabe?e?' (1)

Since ef are linearly independent and that g, is non-singular, it follows that the matrix
9,; s non-singular and hence invertible. To see this first consider the eigenvector equation

D05 =\
i

as g,; is real and symmetric it has eigenvales. To prove g,; is non-singular we assume

A =0. Then

> 9% = €1 ducsu] = 0.
j j

As the ef are linearly independent, this implies

> Juciv; = 0.
j

Using that g, is invertible, this implies
b, _—
> e =0
J

and again by linearly independence of e? we have v, = 0. Hence there is no eigenvector
with eigenvalue zero and so g,; is invertible.

We denote the inverse as g%,



99" =0}

we then use the frame metric to raise and lower frame indices. Then we can write

i ik _ ik a b __ i_a
(5j—g Irj = 9" GupCr€; = €,€5-

Using this it is easy to verify the inverse relationship to (1) is

_ i ]
Jab = gijeaeb

as

gabe?e? = (guener)eie;
gkl(ese?)(eéeé)')

Suppose for a given spacetime we have defined an orthonormal tetrad as follows:

v? timelikevector

[ spacelikevectors.

We can construct a null teterad via

in whcih case [* and n® are null vectors, that is

I*l, =nn, =0

and satisfy the normalization condition



next we introduce a complez null vector defined by

me = — (% + ik?)

-

together with its complex conjugate

Including

01 0 0

{10 0 0

9% =10 0 0 -1

00 -1 0

and the inverse frame metric is

01 0 0

s |1 0 0 0

9100 o -1

00 -1 0.

(10)

(11)

(12)

(13)

(14)

(15)



ab i,
9 = 9%

01 0 O I
— (nm) 10 0 O nt
arar e el ) 0 0 —1 m?
00 -1 0 mb

l,ny +n,l, —m m, —m,m,.

The metric g, is decomposed into products the null tetrads according to

9 = l,n, + 10, —mm, —mm,. (17)
gab — gi]e 6J
01 0 0 1b
— (1% n, o) 10 0 O nb
- B 00 0 -1 mb
00 —1 0 mb
= 1"n° +nl" — m*m° — m"m". (18)
n-l=—-1 n-m= n-m=>0
[ -m=01-m=0 m-m=1. (19)

Example

Conbsider the flat Minkowski metric, written in spherical polar coordinates:

ds® = dt* — dr* — r’df* — r? sin? §dp?

(1717070)a n, =

m

1
= (1a_1a070)
V2
m =

1
V2

=N

(0,0,r,irsinf),

(0,0, 7, —irsinf) (20)

1
b2



l

-l

(21)

(22)

(23)

(24)

1 0 0 0
L 0 —1 0 0
U 2
0 0 —1/r 0
0 0 0  —1/r’sin?6
= gwlulu
1 0 0 0 1
1 0 -1 0 0 1
= W00, o e 0 0
0 0 0 —1/r?sin*0/ \0
= 0.
= ¢"nn,
1 0 0 0 1
0 -1 0 0 —1
= 5L oL00 ], —1/r? 0 0
0 0 0 —1/r?sin?6 0
= 0.
= ¢"ln,
1 0 0 0 1
1 0 -1 0 0 -1
- 5(1’1’0’0) 0 0 —1/r? 0 0
0 0 0 —1/r?sin®6 0
= 1.
g‘“’mumy
1 0 0 0 0
1 o 0 -1 0 0 0
5(0,0,7‘,17‘311&9) 0 0 —1/s2 0 -
0 0 0  —1/r%sin*0/) \irsin6
0
1 o 0
5(0,0,7‘, irsin6) 1/
—i/rsind



Obviously m - m = 0.

m-m = g’“’mumy
1 0 0 0
1 . 0 —1 0 0
= §(0,0,r,zrsm9) 0 0 -1/ 0
0 0 0 —1/r?sin?0
0
1 . 0
= é(0,0,r,zrsme) mys
i/rsind

S

Obviously Il-m=[1l-m=0andn-m=n-m=0

0.1.2 Newman-Penrose Formulism

The Weyl tensor in terms of the curvature tensor is

1
Cibeda = Bopeat 3 (gadRcb + 9y — JucBay — Gpalie

2

1

+ g(gacgdb — Goa9) BB-

Define the scalars

= —C’abdclamblcmd,
= iC,, 1 m"ln?,
Cu dclambmcnd,
= —iC’abdclanbmcnd,
= —C,. Cmanbmcnd.

< e &
I

W~
|

The tetrad components of the Ricci tensor are given by:

0

0

T
—irsind

o)

(26)

(27)

(28)



Dy, = %Rabl“lb, <I>01:i%Rabl“mb,
Dy, = —%Rabmamb, d,, = —%Rablamb,
®, = iRab(lanbijamb), ®, = i%Rabnamb,
d,, = —%Rabm“mb, d, = —%Rabnamb,
P, = %Rabnanb. (29)
ko= —mi'V,l e = %(m”lbvbma—nalbvbla) ™ = m'’V,n,
o = —m*m'V,l B = %(mambvbma—nambvbla) p o= m'm’V,n,
p = —m'm'V,l, o= %(mﬂmbvbma—nam”vbza) A = m'm’Vyn,
T o= —mn’V,l, v = %(m“nbvbma—n“nbvbla) v = mn"V,n, (30)

0.1.3 Spinor Analysis in GR
Spinors and Vectors

(1) e (20) e (0) (b h)

We form the matrix

/ / / / / t+Z ,I‘—Zy
AA _ 0 _AA 1_AA 2 _AA 3_AA" _
ut =uoyt Fuoyrt futoy” +uloy _(x+iy f o ) (32)

We demand that this matrix by Hermitian

ul = u (33)

as then and only then are the coordinates (t,z,y, z) guareanteed to be real. One can
represent the effect of the Lorenz transformation by matrix multiplication

v = Lul' (34)



Here ' is also Hermitian

(W) = (LuLl)f
— (LT)TUTLT
= Lul'
= . (35)

and the new coordinates (t',2',y’, 2’) are guareanteed to be real too. Explicitly
t'+72 o+ a b t+z x4y a ¢
A / / = . P (36)
=y t—=z c d r—1y t—=z b d
A Lorentx transformation is defined as a linear operation that leaves the interval invariant:

/

t’2—x/2—y/2—22:tQ—xQ—yQ—zQ (37)
Note that the determinant of u is

det u =t* — 2° — y* — 22 (38)

so that the condition for the preservation of the interval is

det v = det u (39)
or
(det L)(det u')(det L") = det u (40)
This requirement is fulfilled by
det L= 1. (41)

We take the transformation rule for a two component quantitiy £4 to be

5/A = LABgB‘ (42)



This is the definition of a two-component spinor. To recover the formula v’ = LulLT,
namely,

w4l = LACZB/D,UCDI (43)

we introduce another spinor n®" which transforms according to the conjugate of the
Lorentz transformation

N =T, " (44)
because then the transformation law for a second rank spinor é4n?’,
’ 1 —B’/ ’
&4t =LA L7 L7, (45)

. . !
is the same transformation law for u34’.

We see in a sense a spinor is the “square-root of a vector”.

Dual spinor

In components with respect to this basis we have

w1 o) (46)

We define €48 as

0 1
AB _ ([ —1\AB _
A (a7)
We can use €, lower indices of spinors,

6A35AUB = (GABfA)ﬂB' (48)

The quantity in the brackets is the dual of £Z, and so we have

Ep=eapl = p = _EBAfA (49)
Using the inverse of €, we have

10



(Gfl)BCé-B — fAeAB(efl)BC :€A5AC> (50)
where 6, is the spinor Kronecker delta. Note th eposition of the indices
—ePCe, =16, =€ (51)

These can be used for the raising or lowering of spinor indices, in a way analogous to g®
and g,, for tensors, but here one has to be careful with the up-down rule.

{p = fAEAB’ ¢ = 'ECBSB' (52)
For multiple-component spinors, for example we have
fADC — fABCGBD (53)

Null vectors.

A space time vector corresponding to a spinor of the form

XAA/ — OéAﬁA, (54)

is null as its determinate is zero,

GABEA’B’(O‘AﬂA/)(O‘BﬂB/) = (@AOCA)(QAlﬁAf) = 0. (55)

In fact any null vector has this spinorial form. A four-vector is null if and only if
det(X44") = 0. This means rows,/columbs must be linearly dependent.

A real null vector satisfies the condition = @ whenever X is.

Converting spinors into vectors

u = ghg AN (56)

As
_ , BB
Upar = U €pafprar

11



we define the matrix 0", ,, via

_ 1
we have
_  ..u. BB
Uppgr = L0, €ga€pra
_ uwv _ BB’
= %(77 0,”" €gapa)
_ "
= 2,040 (58)
implying
I Y !
O qaa =1 0, €pufpar- (59)

Let us calculate this from

AAT
ot = (

Firstly

10
01

Ou . BB’
o, €gatpa

T BB’
—(e )ABUO

6B/14/
(0 -1
1

2 (o
(5 4)

0 g

—1

then

BB’
€BA€Brar
BB’
GBIAI

w0
o)

12

T Aar nmau
(GT)ABal
0
1
( 0

—1

)

)(

o) er=(o 4

(60)
o)

(61)
o)

(62)



then

o — p¥g BB ¢
Aa = 10, BASB A/

and

Altogether we have
10

0 1
UOAA’ (0 1)7 UlAA’ (1 0
1 0
7 = (0 —1)'

We have the following orthogonality and normalisation relations

AAT ___osAgA
o,/ olpp = 20505
and
AA" v - v
o, 0 = _26u
Proof:

(i) Proof of (66)

13
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)

(65)

(66)

(67)



We check by direct calculation. There arer 16 possibilities

A=A and B# B

B=PB and A# A

A=A"and B=DB

3
§ : 00" _p
v=0
3
E : 00" _p
v=0
3
E : 117 _p
v=0
3
2 : 11" _p
v=0

3
2 : 01" _p
v=0
3

10" _p
E o, 0oy
v=0
3
2 : 01" _p
v=0
3

10" _p
E o, 0y
v=0

3
§ : 00" _p
U# 0 oo
v=0
3
§ : 00" _p
v=0
3
117 _p
E U# 0 oo
v=0
3
§ : 11" _p
v=0

14

(68)

(69)

(70)



A# A and B # B’

3

01 _p _
E o, 0o = —2
v=0
3
§ : 01 _p _
v=0
3

10" _p _
E o, 0oy = 0
v=0

3
S0,k = 2 m
v=0

confirming (66).
(ii) Proof of (67).

AA

Calculate o, Ko - First say p # v

O'“AA/O'VAA, = TT[—UZUV] =0 (72)

as what appears in the bracket is the positive or negative of one of the sigma matrices.
Now say pu = v, first u =10

AA"_0

0, o’y = Tr[—olo,) = —2.

Now say p =1

AA" 1 _ T —
o, %0y =Tr[—0,0] = -2

Similarly for o,. Now say p = 2

0, 0%, =Trlolo,) = —2.
Now say pu =3

o, =Trlola,) = 2.
Altogether

15



o, o¥ 4= —26" (73)

Now

O pat = UVAA'(QCHUMAA,)

AN
= 20", o,
— _oghgY

2x 6#

= —2"

therefore the contravariant components of the vector are

1 /
Now
AA _ AA m
0, Upar = 0, (%U aar)
_ K AA
= 2z

and the covariant components of the vector are

1 /
z,=—=0 " u, . (75)

B PG

A tensor T' can be expressed in spinor language, for example for a mixed tensor

BB'CC' _ _u BB' _ CC'mve
TAA’ =0 440, 0y Tu (76)
and the inverting this via
1\?
vo __ AA" v o BB'CC’
Tu = (_5) 0, 0 Bpp09 coLan (77)
— M v o P
€anBp'cc' DD’ = Cuwop? Aa9 B9 cc'9 Db (78)

16



Spin basis

It is easy to find if two spinors p1, and A, are linearly independent j1, = C'onst. A ;; there
scalar product A ,u = 0. Therefore a nonvanishing scalar product

)‘AMA # 0 (79)

is a necessary and sufficient condition for the linear independence of two spinors.

A general spinor can be written as a linear combination of two basis spinors:

¢ =%+ € (80)

ot =(1,0), 4 =(0,1) (81)

The conition that (o,1) is a spin basis are

A B _ AB _ AB _
€450°0° =€,50"17 =0, €,507"7 =1. (82)

€ap = Oalp — 140y (83)

since both sides give the same result when applied to o? or ¢4:

A _ A A
€ g0° = 0,075 — 1,005 =0p

A A _
0,07 — 1,005 =1p (84)

Jacobi identity

We have the Jacobi identity

€aB€cp) = 0 =€ p€cp T €acpp T €aptne (85)

Lemma 0.1.1 Let 7 ., be a multivalent spinor. Then

1 c
T.AB. = T p).. T 58T .. (86)

17



Proof:

It is sufficient to consider the case where 7 has valence two. So multiply (85) with the
CD indices raised with 7,

(GABECD + 6ACEDB + EADEBC)TCD = 6ABTCC —Tap +7Tpsa =0, (87)

or

1 c
Tap) = 5€aB7c (88)
So that
= + T =T + e, ,1.C (89)
Ta = T(aB) [AB] (aB) T 5€aBTC -
[]

The alternating tensor. The alternating, as defined before, by €, ., = €labed)> with
€123 = 1. We prove that

€abed = Y€actBDCA D Bt T ¥ ADCBCCA C'EB D - (90)

First note this corresponds to a real tensor since complex conjugation interchanges the two
terms with ¢ replaced with —i. We check that it is anti-symmetric under interchanging a
and b:

€abed — LeBCc€ADeB D €acr T ¥BDCactB ' €arD T T Chacd: (91)

Similarly it can be shown to be anti-symmetric under the interchange of ¢ and d. Finally
we consider the interchange between b and c. We have using the Jacobi identity (85),

€abed T €acbd = Y€actBDCA DB — € apEpcCarci€pD
+  l€ap€cpEap€orp — YapEcBEa B oDy
i(€qc€pp T EABGCD)GA/D’EB/C’ — i€ pepc(€pctpp + GA/B’GC/D’)

i(_EADEBC)EA’D’eB’C’ - iEADEBC(_EA/D’EB’C’)
= 0. (92)

From anti-symmetry in the pairs ab, bc and cd, it follows that we have total anti-symmetry:

18



€abed = €abed)” (93)

An equivalent expression for €, , is:

Y p€opCarc e p — ¥ actBpCaB €O D (94)

We use the Jacobi identity (85) to show they are equivalent:

Y p€epCarc e p — Y¥actBpCarB COr D!

_i(EACGDB + GADGBC)EA’C’GB’D’ + Z.'5,40'515:[)('5,4/0' €pp t GA’D’GB’C’)
= U actpBCarctr D T Y¥apepctactr D

-
R

L xc€ppCarc€pp T €acEpappc

g

= W ctBpCaptpo — ¥apepotacitr (95)

Null tetrads and spinors

We can contract the @ a4 With a tetrad e,

ut = ule, " =uto e (96)
so that
wAA = g Ad (97)
T (98)
s = 27 2 (AT + 7Y, (99)

is a unit spacetime vector orthogonal to k%, and is unique up to an additive multiple of
ke

Another real unit spacelike vector orthogonal to k¢ is
ta — 2_1/2(K/AﬁA/ _ MAEA,) (100)

19



A4 = 0" + i + CoMTY + oo (101)

—_A’ _A! Al — —A’
19 = oY, n® =47, me = oM, mt = 47, (102)
l,=0,0,, N, =147, M, = 0,70, T, =1,0,. (103)
_ _ !
1l, = 0,0,0"0" =0 (104)

Theorem: Suppose 7,5  is totally symmetric. Then there exists univalent spinors
ay,Bg, .., such that

The «, 3, ...~ are called principal spinors of 7. The corresponding null directions of T.

Proof:

First we let £ = (z,y) and define

T(€) = 7,5 8.0 (106)

For simplicity, let us consider the simple case of a valent 2 spinor, 7, 5. Now

A¢B
Tap = Tap&" ¢

is obviously a polynomial of degree 2 in (complex) = and y:

2 _ . 2 _ 2 _ 9 2
TooL T TY — ToYT + T1Y° = Ty 2l vy + 11y

= y’p, (E) : (107)

The polynomial in (z/y) can be factorised

Too(2/y — a))(@/y — a,) (108)

20



where a, and a, are roots of the equation p,(z/y) = 0. So

Therefore

2 2
Tool~ — 272y + 74y

T(f) = TABfAfB

e
= y2(040§ - 0‘1)(605 - 5)
= (a7 — ay)(Byr — Byy)
= OéAﬁBfAfB

TABfAfB = @AﬂngfB

2 !
Tool” — 2T 1y + 74

aoﬁon — B vy — o, By + 041ﬁ1y2

Differentiating 92 /0xPdy? for p + q = 2 we get

or

For 7 with valence n

(&)

Too = O‘(oﬂo)
Ton = O‘(oﬁn
i = a(lﬂl)

TAB...cfAfB L€
()
yp,\—

Yy
3/2(0402 - 041)(505 =B —n)

(aox - 0413/)(@):5 - ﬂ1y) S (70x - 719)
N PO o B

21
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(110)

(111)

(112)

(113)
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Differentiating as 9%/0xPdy? for p,q = 0,1,...,n, such that p + ¢ = n we obtain

TaB O = a(AﬁB Yoy

The spinor equivalent of T, = —T, is T)yz x50 = —T g4 4.~ Define
ba5 = 5Tac’”

AB T 5T ABCY

By
o _ A'B" A'B A'B o’
Typer =Typape = —Tgapac€ =Tpaape =Tpacr

we have

¢AB = ¢BA'

Typap = TAB(A’B’) + TAB[A’B’}

= TAB(A’B/) + PupCarn

where ¢, 5 = %TABC,C'. Aplying this again

Thpyp = T(AB)(A’B’) + Papeap T €apPup

Note that

T(AB)(A’B’) = EE(TABA’B’ +Tpapa + Tpanp + Tappar)

- EE(TABA’B/ - TABA/B' + TBAA’B/ - TBAA’B/)
= 0.

So that we have

Typarg = PapCarn T €apPap-

22
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(117)

(118)
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The dual of T is defined by T% = ¢,¢T,. Let us calculate T 5, 5/,

* . cCD_ C'_ D cC_ D c'D’
TABA/B/ Z(EABG EA/ EB/ _EA EB GA/B/E )TCDC/D/
cp,_ C'_ D C_ D C’D’)(

(6,4136 €par € T €4 € Eypp€ ¢CD€C’D’+€CD$C’D’)

SN =R DN

CD

- 5[EAB(GCD¢CD)(EA’C/EB’DIEC’D’) + 6AB(6 GCD)(GA’CIEB’D/aOD’)

!

- (EA_CEBD¢CD)€A’B’(€C P €cipr) — (EACEBDGCD)GA’B’(E oo
= i(EAB¢A'B' - ¢AB€A'B/) (120)

Cc'D'—

cD _ D _ cD _ C'D _ :
where we used "¢, = € 7 ¢ = 0 and € ey = € 7€ = 2. From this and
(119) we have

T,+ iT:b =20 ,p€ 4 (121)

a

which proves that ¢,, and T, are fully equivalent as

T, = Re (2¢AB€A/B/)-

We can decompose ¢ 4 as it is symmetric,

Pap = AaPp) (122)

If @ and 3 are proportional then « is called a repeated principal spinor of ¢, and ¢ is
called algebraically special.

0.1.4 Curvature Spinors

Rabcd = RAA/BB/CC’DD/ (123)

From Rabcd = _Rbacd

1 ,
_+ X i X
Ry = QRAX’B copp€ap t QRXA/ B'CcCc'DD'€AB (124)

We have the symmetries
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X' _ X’
Ryxp"copp = R(A\X/\B) cCc'DD!

X _ X
Rya" poopp = RX(A/ BCC'DD’
From R, ., = —R,,. we then have
Ryea = Xapop€antop + PapopCanon

+ P ypep€apton T X apcp€aston
where

]_ X/ Y/ 1 Xl Y

XABCD = ZRAX/B CcY'D > CDABC/D’ - 4RAX’B YC' D’

The complex conucates appear to make R, , real. We have the symmetries

abc

X' Y’ X' Y’ X' Y’
RAX/B CY'D - R(A|X’|B) cYy'D R(A|X’|B) (ClY'|D)
R X Y = R X Y =R X’ Y

XA" B'YC' D' — X(A" BhYC' D' T “YA|X'|B) Y(C'" D)

or

X

ABCD X
)

)

= X(AB)(CD) = XAB(CD)

=

(AB)CD

ABC'D’ (AB)C'D’ (AB)(C'D") — CDAB(C’D’)

The interchange symmetry

(125)

(126)

(127)

(128)

(129)

Xapep€aptop + Papop€antop+ Papepeanton + X apop€anton

= Xcpapap€op T Popaptantop + Lopap€anton + Xopap€anton

Contracting both sides with €7 ¢’ gives

X ABCD — X CDAB

24
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Contracting both sides with €45 ¢“P gives

CI)ABC’D/ = 6C/D'AB (132)
Therefore the interchange symmetry is equivalent to
XABCD = XCDAB> (I)ABC’D’ = CI)ABC’D’ (133)

The second of these equations implies that @, ,, 5 corresponds to a real tensor ®_,, while

Qg = CI)(AB)(A/B/) = &, 54 implies &, = @, and q)CCC/C, _ CI)ABA’B/EABGA,B, _
Q(AB)(A/B/)GABCA/B/ = 0 lmplles @aa = 07 altogether
CI)ABA’B’ = q)ab = (I)ba = Eab’ cbaa =0 (134)

that is ® , is real, symmetric and trace-free. Note also X , 5, = X(AB)(CD) and X , pop =
Xopap implies

1
AD AD
XA(BC)DE = §(XABCD+XACBD)€
1 AD
= i(XBADc+XBDAo)€
AD
= XB(AD)CE
=0 (135)
that is
X, peit =0 136
AmBc) — Y (136)
The first type of dual of R}, , = %ecdefRabef
* 1. EF_ E'_ F E_F E'F’
Rypepapcop = QZ(GCDE €cr €y € €p €op € ) Rupppappe
1 . ’ / nl
- 5 (cop™ e ep — e ep ccipe™ )

(XABEFEA’B’EE’F’ + Qupppapear

+ P yppreaptpp T X A’B’E/F’GABEEF)

= QZ(Q(I)ABC/D'EA/B/ECD +2X yporp€apten
— 2X  pop€aporp — QQ)A’B’CDEABEC’D’)
= “Rypcpappcr (137)
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Similarly we have

* % .
Ropea = "Rapepapcop = Rapeppacp (138)
Also
*R* 1 ef ghR
abed 4€ab €ed efgh
* *
Riypcpapon
.k
i " Rypepasper
—Rypcppapc (139)
Altogether

sk

R abed
*

Rabcal

* %
R abed

iR ypcpappor
iR ypcpp arcipr
_RABCDB/A’D/C’ (140)

Clearly all three duals satisfy share the anti-symmetry of R, (R.q = Bapeq) In

addition as

ef gh
€ab  €ca It

ef gh - ef gh
b Ced Rghef_ecd € 1T

c efgh = a efgh
i.e.
>|<]%*abcal = >|<]%*calab (141)
and
1 1
* % ef h ef h
R albed) = Zea[b € ’ Refgh = Zea[b Ec}dg Refgh =0
ie.
*R*a[bcd] = 0. (142)
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Ryy = X+0+0+X

R e = —iX +1® —i® +4iX
Ry = —iX —i®+i®+iX
R ped = —X+0+0-X (143)

Because of X, 5.p = Xopap
c _ _AC _ _AC _ _AC _ c
Xepp=€¢ "Xupgop =€ Xopap=—¢ Xupcs = —Xcp B (144)
and so

Xop'p =3Tegp. (145)

We translate the symmetry R[abc] 4 = 0 or equivalently Ra[bcd] = ( into spinors. To simplify
the calculation we establish an equivalence, first note

1 1
* bc _ — bcef _ _ — cbef
R ab 26 Rabef - 26 Ra[beﬂ (]‘46)
therefore Ra[bC g =0 implies R*,,* = 0. Next
1
_ efg
Ra[bcd} - ggbcd Raefg
= _QGhbcd§€ ngaefg
2 * eh
= _gehbcdR ae (147)
therefore R*abbC = 0 implies Ra[bc ' 0. Thus Ra[bc ' 0 is equivalent to
R, =0. (148)

To obtain the cyclic identity
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« b - B B - B B
R, = —tX,p cap€ o H1Pup” c€ap€ o

= B B — B’ B
—1Pyp c€ap€ o T X pp c€ape o

!

, B B ~ B
= —iX g c€ap€ o HiX up €ag€ o

+ i(Pacacr = Pacacr)
= 0

implies

B _~ B
Xup claor = Xap oac

or

Ye oo = Tepotac

. . el .
or on contracting with e’ gives

Let us define ¥ , 5., by

Vapop = Xapep — T(EACEBD + GBCEAD)

where

]‘ACBD
TZEE e " X spop-

The symmetries X , 5 = X(AB)(CD)
\II(AB)(CD) —VYupep = X(AB)(CD) — Xapep + Y(€ac€pp + €p0€ap)
BCIE (€ac€BDp T €Bc€ap + €pcCanp T €actsp

+ €ap€pe T €gpfac t €ppac T 6ADEBC)
= 0.

or
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(153)
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v =V

ABCD (AB)(CD)
and X, peop = Xopap Imply
Vapep = Yepas = Xapep — Xepap
— Y(esc€pp t €pc€ap) T T(€cu€pp + €paon)
= 0.
or

\IJABCD = \IICDAB‘

By construction

AC AC AC
v € Xypep — € T(EACGBD + GBCEAD)

= 3Tepp — T(2epp +€pp)
0.

ABCD

Therefore ¥ , 5, is totally symmetric

Vipep = ‘I’(ABCD)'

(156)

(157)

(158)

(159)

(160)

We have now found the spinor equivalents of all the symmetries of R, ,. Next we compute

the Ricci tensor R, = R, ". From (126) we get

R = R,"

ac abc

_ B B B

= Xupc €apecr T Papor €apec
= B B |, v ! B

+ Pypc €apécr T X ppo €agéo

= 6Te €00 — 2P 00

or

R, =06TYe peyp — 2P, pp-
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which may written

R, = 6Tg,, — 2®,,. (163)

Hence, for the scalar curvature R = R * we find, using ® ¢ =0

R =247, (164)
Thus
1 1
(I)ab = _§(Rab — ZRgab) (165)
Rypopapop = (Yapop + Y(€acepp +€pc€ap))enncon + Paporp€apcon

+ P ypop€aptorp T (\IIA’B’C’D’ + T(EA’C’EB’D’ + EB’C/EA’D’>)€AB€CD
U sep€arstop T Paporptaptop + Y(€actnp + €pc€ap)eap o
+ c.c. (166)

Weyl tensor

Define the real tensor

Capepanop = Yapepantop + Y apcp€aptop (167)

Rearanging (166) gives

C’ABC’DA/B/C/D’ = RABCDA/B’C/D’

—P porp€aptop — T(EACEBD + EBCEAD)EA’B’EC’D’

—P ypop€aptorp — T(GA/C’GB’D/ + 6153'0/91/13')@136013 (168)

We use the Jacobi identity

614/B/€CVID/ + EAIDIGBICI - EAICIEB/DI - O
on the terms proportional to T,
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—T(€ac€np + €pc€ap)eapécp + .
= —Y(eac€pp + €pcap) Cacpp — €apeper) T
= —T(eactwcrpnp — €Bo€pcr€aptan

— €actrpEap o T Epo€apCaciEpp) t e

= —2Y(esc€uceppepp ~ €Bc€pcrCantan) (169)

Substituting this into (168)

Capcpapop Rapopapcon — Papop€aneop — Popap€anton

_QT(EACEA/C' €gptp D — GBCGB’C’GADGA’D’) (170)

Comparing

—P@upop€aptop — PLopap€anton (171)

with

Pscac€pperp — Papap€rcere — Poopc€ap€ap T Poppp€acitac

(172)
for the distinct indices
A=0,B=0,C=0,D=0;
A=1,B=1,0=1,D=1;
A=1,B=1,C=1,D =0;
A=0,B=1,0=1,D =1
A=0,B=1,C=0,D=1;
A=0,B=0,C=0,D=1;
A=0,B=1,C=0,D = 0;
proves they are equivalent. Substituting (172) into (170) gives
Capcpapcop = Rapepapop T Pacactnpesp = Papaptrotpe
— Ppopcaptap T Pepppactac
— 2V (epc€pcr€pEr D — €BCEBICEADEA DY) (173)
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Converting into tensors gives

Capcpapop = Rapa T (q)acgdb = P09 = Ppeboa T q)bdgac) - ZT(gacgbd - gbcgad)

R
1
= Ry — §(Racgdb = Rouhe = Byeloa + Brabae)
1 R
+ gR(gacgdb - gadgbc - gbcgad + gbdgac) - E(‘gacgbd - gbcgad)
1

1
§(Racgdb = R,19e — Ry9og + Biaae) + = (90cIap = GaaIer) B

- Rabcd - 6
(174)

This agrees with the definition of the Weyl tensor
1 1
Coped = Bapea + 5(90aly + 9pePa — GucBap — Gpallea) + = (9ucap, — ua9er) (175)

2 6

so we can identify

CABCDA’B’C’D’ = Cabcd (176)
Worked exercise:

Use that C, , only differes from R, , by terms involving the Ricci tensor and the Ricci
scalar, that C, , have the same symmetries as I, ;:

Rabcd = _Rabdc = _Rbacd (177)

and that

to determine Cabc "
Solution:

The most general expression for C, , involving R, ,, R, R and g, is

Coved = Bopea IO R9oq + CoR,9pq + C3R 59, ) + [Cy Ry 0q + Cs B9l + CoR g0
+R(C7gabgcd + Cs90c9pa T OQQadgbc)‘ (178)
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Using

CVabcd = _Cbacd

= Rq— [ClRabgcd + CyRy.9,q + C3Rbdgac] - [O4Racgbd + OSRadgbc] — CeR 494,

_R(C7gabgcd + Cs9peYua T ngbdgac)

(179)

which implies ¢, = 0 and C, = —C, and C; = —C; and Cy = 0 and C, = 0 and

Cy = —C,. So that
C’abcd = Rabcd + OZ(Racgbd - Rbcgad) + C13(}%(1clgbc - Rbdgac)
+ C8R(gacgbd - gadgbc)

Now using

CVabcd = _Cabdc
= Rabcd - OZ(Radgbc - Rbdgac) - OS(Racgbd - Rbcgad)

— CsR(90ac = 9acIna)
So that C, = —C} and so
Caved = Rapea T Co(Bopa = Bonloa — RoaIhe T Roiae)
+ CsR(9ucIbd = Gaadse)-
Now using C dcd = 0 we obtain
0=R,+CUR, — R, — R,.+ Rg,.) + CR(4g,. — 9,.)

or

0=(1+2C,)R,. +(C,+3C5)Ryg,,.

So that
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1 1
CYabcal = Rabcal - _(Racgbd o Rbcgad - Radgbc + Rbdgac) + _R(gacgbd - gadgbc)‘

2 6
(183)
[]
The dual of the Weyl tensor is
L
CV*abcal = §€ab CVabef
In spinor notation
# 1. EF_E'_ F' E_F E'F!
Capcparscp 571(60136 €or €pr — €c €p Corpi€ )CuErap EF
1. EF_E'_ F E_F E'F
= §Z(€CD€ €cr €pr — €c €p €oipi€ )
\IjiBEFGA/B/EE/F’ +V yppr€an€nr
= Y ypeopeapéop — II’ABCDEA/B/EC'D/) (184)
Therfore
C aped 0 ped = 2V apcp€arp oy (185)
so that C' , , and ¥, 5., are equivalent,
C spea = Be 2V 4popEapop)- (186)
As W, 5 p is totally symetric we can decompose it as
Petrov classification
Vapep = uPpYc0p)- (187)

There are six distict cases which constitute the so-called Petrov classification
Type T or {1,1,1,1}. None of the four pricipal null directions coincide.

Type Il or {2,1,1}. Two directions coincide.
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Type D or {2,2}. Two are two different pairs of repeated null directions.
Type III or {3,1}. Three pricipal null directions coincide.
Type N or {4}. All four pricipal null directions coincide.

Type O The Weyl tensor vanishes and spacetime is conformally flat.

Spinor Covariant Derivative

1 [ 9,40, 0, —id
Var) =75 ( 0,i+0, 0,—0. ) (188)

where the J, are derivatives with respect to inertial coordinates.

0.1.5 Curvature in spinors
It is easily seen that V[CV d annihiltes all scalar fields:

= 0,0,0—0,0.0+ (I, —T1%5)0.¢0=0. (190)

uaRabcd = 2V[cvd](u86bb)
= QUBV[CVd]ebb (since V|,V yu; = 0)

= 2(u;,) V.V, (191)

It follows that
Rabcd = 26lA)av[cvd]ei)b' (192)
QV[Cvd} =VeorVop = Vo Ve (193)

The spinor equivalent is
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We define

Or

RABCDA’B’C’D’

cD

vCC/vDD/

B _B
QEBAEB’A’V[cvd] <€ B¢ B’)
B B
€5a€pa(V.Vy =V, V) <€ B¢ B’)
B B B B
€pacpalVel€p Vs + €5V )
B oo B, Bo B

— V(€75 V €75 + €5V €7,)

B B
€pa€pa€ V.V, =V, V )" +ce.

2epp€p 4V Vyep + cc. (194)

c'D!

1 ! !

560 P (VearVoo = VopVeer)
]_ ! !
§(VCC/VDC + VDD’VCD )

VeV - (195)

1 E
VC/(CVD)D’ + §€CDVC’EV D’
1 E/
VeV + §€C’D’VE’(CVD)

1 1 :
+ 5€cnVie Vo + zée¢orVep V" (196)

2

vCC/vDD/ - VDD’VCC/

El
5 o VeV )

1 /
E EFE
+ §€CDVE(C’VD/) - ZECDGC/D/VEE/V

]_ El
- V(D’(DVC’)C’) - §€D/C'VE'(DVC)
1 g 1 EE'
§€DCVE(D'VC') - ZEDCED’C’VEE’V (197)
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VCC’VDD’

Consider the term

E E
— Voo Veer = 6C/D'VE/(CVD) +€CDVE(D’VC’)

= €apep +€cplop-

B
€gadope

This is obviously symmetric in C'D and from

B
DCD(EBAE B)

B B
€gadope g+ € gUopesa

B B
€galope 5 — €ssUope 4

we see it is symmeric in AB. We decompose it into symmetric spinors

B _
€galdope s =

1 ~ - -
§€BA(DCD€BB + DDBEBC + DBCEBD)
1 B B
+ geéA(DCDE 5 — Uppe c)
1 - -
+ geﬁ’A(DCDGBB - DCBGBD)

B
6BAD(CD6 B) gEB’AGC’BDD € rp— gEBAGDB

1 F B 1 DCFEBF

N 1 N
F _B DEFGB

B
EB’AD(CDE B) — gECBEB(ADD) € r— EEADECBEBE

1

3

EDBEB’(ADC) € r— EEACEDBEB’E

X 1 .
F _B DEFEBF

B EF B
6EeAD(CD6 B) (EEBED € p)(€acepp t+ €apton)

1
3

F_B
[ECBEB(ADD) € pt EDBEB(ADC) €

FB]

Using the symmetry in AB and CD,

€galope

B

B

B
€5y € )
B EF B
6BAD(CD6 B) _(EEBED 6 F)2€(A(C€D)B)
Vpep — ZTG(A(CGD)B)
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where

Y ypep = 'EBAD(CDEBB) = \D(ABCD) (203)

and

]_ ~
T = BGBEDEFGBF. (204)
Also we write
GBADC’D/GBB =P porp (205)

which is symmetric in AB and C’'D’. Combining all of this into (194)

Rypepapep = €apéon |Yapep — QTE(A(CED)B) + €peep®aporp + e (206)

0.1.6 Spinor Form of the Ricci Identies

Recall the covariant derivative satisfies the product rule

Va(TASB) = TAVQSB + SBVGTA. (207)
Then
(Vavb - vbva)(TASB) - Va(TAvbSB + SBvbTA)
=V, (T,V,Sp + S5V, T),)
= T,V,V,S;+5S,V,V,T,

-T,V,V S5+ S5V, VT,

2v[avb] = expap T eastap

DAB(¢CXD) = 0cUupXp T XpUapPe (209)
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We consider the self-dual null bivector
Tab — é—Aé—Bé—A’B’ (210)

The Ricci identity says

2V, VT = R, T + R, "T* (211)

Using (208)

2PV V7 267V V67 = Ry P £ R P €O (212)

or
C'D' ¢(C D) _ CC' ¢E¢D _E'D’ DD’ ¢+C ¢E_C'E'
O e VA N e e i S R o A s (213)
Counsider
cc' E'D _ E c o’ c’
€opBanpppr € = Oa (Xape €apte T Puipp €apcp
c o v ! c
+ Qg €apfe T Xapp €app )
_ C c’ C
= 2X,p5p €up T Pupcr €aptr
!
c ~ c
+ 2P g €ap+ Xapo €aptr
_ C C
= 2X,pp €ap T2P4pp €ap (214)
! ! ! - C/ ! 1<~
where we used @ABC/C =P Doy =0,and X 4,50 = “'P X yperp = 0. We also
have
DD C'E' DD' _E'C’
copBanpppe € = epoRippppe €
_ DC' _E'D'!
= €opBRivpppe €
_ D D
= 2X,pp €ap +2P4pp €ap (215)
. ! / / ! .
where in the first step we made the replacements €., = —€,, “F = —F'Y and in

the second we swapped the dummy variables C’ and D’, then comparison with the LHS
of (214) gives the last line. Substitution of these results into the contraction of (213) with
€cipy ElVESs
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2§(Dv[avb}§o) - f(D(EA/B'XABEC) + 6ABCI)AUEVEC))SE
If we have
oUxP) =0

then either ¢ = 0 or Y% =0

We obtain

QV[avb]fc = (EA’B’XABDC + EABq)A’B’DC)fD

or

c c c C\¢E
€xpUaps” +eapUaps :(EA’B’XABE +€apPupp )€

. . 'R/’ .
contracting with 5’ gives

DABgc = XABCDfD

contracting with e4? gives

_ D
|:|A’B’€C - (I)A’B’CD€

If we substitute X, 50p = Vagop + YT(€ac€sp + €pc€ap) in (219) we obtain

Uapéc = ‘I’ABCDSD + T(EACEBD + 6BCEAD)fD
= \IIABCDgD — Y(€peac + Ea€peo)
Symmetrising over ABC' gives
Ooapley =¥ &P
(ABSC) ABCD

Contracting (219) with €€ and using e#“X , ., = 3Te,,, we obtain

0,587 = -37¢,
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(220)
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We collect these formula together:

Uapée = ‘I’ABCDfD - QTf(AGB)c

D(AB§C) = ‘I’ABCDSD

0,567 = -37¢,

Oypée = gD(I)CDA’B" (224)

These are the spinor forms for the Ricci identities.

0.1.7 Einstein’s equations

The vacuum field equations are

R, = 0. (225)
or in terms of spinors
6 e pean — 2P g4 =0. (226)
Symmetrising (226) over AB implies
O, =®,ppp =0 then Y =0, (227)

Obviously (231) implies (226), thus they are equivalent.

If a cosmological constant is included in the field equations are

1
Rab - §gabR - Agab =0. (228)

Contracting gives R = —4A which upon substitution back into the field equations gives

R, = —Ag, (229)

which in spinor form becomes

6T peap = 2P apap = —Neypap (230)
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and is equivalent to

1
Py =Pupap =0 T= —gA-

(231)

In the general case, where sources are present, the fielf equations with cosmological term

are

G, —Ng,, =8rGT,,

using R = 247, this can be written

1
d,, + (3T + §A)gab = —4nGT,,
which we rewrite as

1 1 1
Qo+ (BT + 5A)gg = —4nGI(Toy — 7 T000) + 710 90)

As @, represents the trace-free part of the RHS we have

1
®,, = —4nG(T,, — Zchgab)

and

1 1
T=—7GT¢— =A
37rG I

Recall that

XABBC =3Te 0

(232)

(233)

(234)

(235)

(236)

thus the vanishing of T which occurs for vacuum field equations implies that X , 5,
is symmetric in BC' and since it is symetric in AB and CD, it is symmetric in all its
indices. The curvature tensor R ,pop 4 pcrp 1S given by the Weyl tensor (in accordance
with ) Cypopagorp- I a vacuum the curvature can be fully characterised by a totally

symmetric four-index spinor.
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0.1.8 Spinor form of the Bianchi identity

Recall the Bianchi identity

Consider

Vi Byqe = 0 (237)

1
a * - efva
\ Rabcd - 5 €ab \ Refcd

1 a e
= 56 b fv[aRef}cd (238)

This proves V[aRbc} ge = 0 implies V¢ *R_, = 0. Now consider

Vv [aRbc} de

1
ef
g 6abcgvaghde

2 .
—=€ 0V "Ry (239)

This proves V¢ *R_, , = 0 implies V[aRbC} 4 = 0, therefore the Bianchi identity is equiva-

lent to

From (?7) this in spinor form is

Ve R, =0 (240)

a * _ N~ AA’
V" Ruyea = —IV [ Xypop€apon + Paporpanton

= 0.

Or

cpA' B €ABCC D

- XA’B’C’D’GABECD]
(241)

A A Al A~ -
€cpY B XapeptecpV B Papop € Ve Popan —€cpVe Xapcop =0 (242)
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c'D!

Contracting with e gives

VAB’XABCD = VBAIq)CDA/B/' (243)

Contracting with €“? gives its complex conjugate. Thus (243) is the spinor form of the

Bianchi identity.

0.1.9 Newman-Penrose Formalism in Spinor Form

Newman-Penrose scalars in terms of spinors

Now

mVl, = 0%'V(0,0,)

Note V(0%2,) = 0 implies

Now consider

1
i(naVla -m'Vm,) =

_ AN =
= 0"7" (0,Vo, +0,Vo,)

= 0'Vo,. (244)

0"V, =1"'Vo, (245)

1 A _ —_ A —
5(2’42‘4 V(0,0,) — 10V (0,7,))

1

= 3 1"7%(0,Vo,, +0,Vo0,) — 10" (0,Vi, +7,V0,)]
1 ! /
= 5(7“ Vo, +1Vo, — "' Vi, +1*Vo,)
= 1'Vo, = 0*V1,. (246)
—m'Vn, = —'5VV(1,,)
— _/LAEA, (ZAV7A/ + 7A’VZA)
= Vi, (247)

Altogether we have
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m*Vi, = 0*Vo,
1
é(naVla —-m'Vm,) = 0*Vi, =1'Vo,
~m'Vn, = 1"Vi, (248)

Recall D = [*V , A =n*V _, § = m*V

can then be written:

o and 0 = m*V . The Newman-Penrose scalars

S OADOA € = OADZA T = ZADZA
o = 0A50A g = OA(SZA o= zA(SzA
p = o%%o 4 o= oto1 4 A= Ao A
T o'No, v = o0'N, v =1, (249)
Consider Do ,, we can write
Do, =ao, +b1, (250)

we can determine a and b by contracting with ¢4 and o? respectively,

a=1"Do,, b=—0"Do,, (251)

so that, using (249),

Do, =€Vo, — Kiy,. (252)

We can derive the following in a similar manner:

Do, = eo,—kK1,, Diy=mo, —€1,,
No, = 7vo,—Ti,, Di,=v0,—"7,,
do, = o, —01,, 01y = o, — Py,
do, = o, —piy, 01, =Xo, —aiy,. (253)
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Weyl tensor written in terms of spinors

We move to the Newman-Penrose components of the Weyl tensor. Consider ¥, =

a,,bic,,d
Cpeal®m’lm

blcmd

C

a A—A" B-B' C=C' D-D’
abcdl m ¢

(Y apepars o + Y apepEaptop)o 0 0717 070" o

A B C D B’ _C'-D’ A B
U, pop0” 070”07 ( J€ap© 77 ) + ... € 50707 ...
N A B C D

ABcD? 00 0. (254)

iy
Eppr0 1

: _ a,,b1c,,d
Consider ¥, = C , [*m’[°n

lamblcnd —

C

A—-A'" B-B' C-C' D-D'
abed ¢

(\IIABCDGA/B/GC/D/ + ‘IIA/B/C/DEABGCD)O O O 1 0 0 1
A B C,D —A'-B’ —C'-D’
\IIABCDO 0O 01 (EA/B/O 1 )(EC/D/O 1 )
A B C,D
U, popo” o071, (255)

: _ a,bmmcod
Consider ¥, = C_, .I*m’m‘n

C bcdlambmcnd =

A BB C—" DD
; OAOAOBZB C=C'" D-D

(\IJABCDGA’B’GC’D’+qu’B’C’D€AB€CD> 1m0 1
_ A B C.D _A'-B’ —C'-D’
\IIABCDO O 1 1 (GA/B/O 1 )(GC/D/O 1 )
_ A B C.D
U, pop0 0 1 1. (256)

: _ a, b—=—c, . d
Consider ¥V, = C, ,[n"m*n

b—c, d T A—A’ B-B' C=C' D-D'
Oabcdlan mcn = (\IIABCDGA/B/EC/D/ + ‘IIA/B/C/DGABECD)O O 1 1 1 0 1 1
A B C D —A'_B’ —C'-D c,D
= W ,pop0 17171 (64507 17 J€qp© T )+ ... €qptt
= U, 50p0 1P, (257)

: _ —a,,b=c,d
Lastly, consider ¥, = C, m*n’m*n

—a, b——c, d N7 A—-A' B-B' C=C' D-D’
Cabcdman mcn = (\IIABCDEA/B/GC/D/ + \IJA/B/C/DEABGCD)Z O 11 1 0 11
A B C D —A'-B’' —C'-D’
= Wpept 0170 (6450717 )(€cip0 1)
= U popt PP (258)
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The Newman-Penrose components of the Weyl tensor written in terms of spinors are given

by:

ABCDOAOBOCOD?
ABCDOAOBOCZD?
ABCDOAOBZCZDv
ABCD OAZBZCZD,
ABCDZAZBZCZD .

w [\ = o

SHCROESES
~

I 1.
SIS I SRR SIS

Ricci tensor written in terms of spinors

(259)

We move to the tetrad components of the Ricci tensor written in terms of spinors. Con-

sider ®,, = —%Rablalb

1 1 / ,
aib  _ A—A' B—B
—§Rabll = —5(6T€AB€A,B, —2® 54 5)0"0" 070
A B_A'_B
= P, a0 07070 .

: _ 1 a, b
Consider @, = 2Rabl m
By —~(67 —2® )05 PP
o tab m- = 9 €aBCarp ABA/B )0 O 01
A B—A'-B'
= Q54507070777 .
: _ 1 Ay b
Consider @, = 5 Rmtm
1 a. b 1 A-A' B-B'
—iRabm m’ = —5(6T€AB€A/B/_2@ABA/B')O 1" 071
A _B-A'-B'
= Qg0 071707 .
: _ 1 am=sb
Consider ®,, = —5 R, [“M’ = &, hence
A B=A'—B'
q)lozq)ABA’B’O 170700 .
. . 1p =—a=b__ &
Consider ®,, = —5 R, m"m’ = ®,, hence
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Dy = B, 4 i P07 (264)

Consider ®,; = —1 R, (I°n" + m“m")

]. ]. / ! !
b —b A—A’ B-B A-A' BB’
—ZRab(lan +mm’) = —Z(6T€AB€A,B, — 2P, 50 5) (0707177 4+ 07771707 )
1 / ! / !
= §CI>ABA,B/(0AZB(_)A 7 4 0P
?)T ! ! ! !
- TEABEA,B,(OAZB5A 7+ oM PP
_Al_p!
= &, pp0Po (265)
. I D . _ 1 Ay b
where we used the symmetry in A’'B’ of ® 5, 5. Consider ®,, = —5R_nm
1 a, b A-A' B-B'
—§Rabn m’ = —5(6T6ABEA,B/ — 20 45 )T 071
A-A' B-B'
Qypapt 1071
_Al_R!
- ®ABA/B/OAZBZA ZB . (266)
: : _ 1 arrb
where we used the symmetry in AB of ® ,;,,5,. Consider @, = —3 R ,n*m’ = ®,,, hence
. _Al_n!
D, =D, mi PN (267)
: _ 1 a, b
Consider ®,, = —5 R nn
—ER n'n® = —1(6T6 €y — 2P )74 PP
o tab -~ 73 ABCA' B ABA'B
A=A’ B-B'
Qg 110
_A_R/
= O, pupr P (268)

Collecting these results together the tetrad components of the Ricci tensor written in
terms of spinors are given by:
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(AU~ .~ IS S I S L~ S
= B =2 S8
LSS LS LS LS S L~ LS .

—
[en]

[\ [\~ =
= S [\

N
N

Lorentz transformations

Class I transformation:

They correspond to

(0,7)

we have

A=A ’
64" = ottt
A A

> 3> o~
|

or

=1, m=m+al,

Class II transformation:

They correspond to

(6,) =

we have

A
ABA'B'L Y

ABA B’

ABA'BO O )

ABA’B’

ABA'B'O O 0 1

ABA/B/

ABA'B'O O

A B— A’ B’

ABA'BO

A B— A’B’

ABA'B'O

_A_R!
ABZAZB

ABA'BO T )

‘A, B— A’ B’

ABA' B Y )

_Al_p!
BAZB

A
Aparpt U0 )

_Al_R!
BZAZB.

(0,14 ao)

6A5A’ — A

+ avoA

A—A'

J— — / —
—l—ao 74 +a7,A0A + aao”’o

n=mn-+am + am + aal.

(0+br,1)
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A=A Y

47 =474

~AZA A_A AN
0T =071 + ™

/

_ 3 >
|

or

A=n, m=m+bn, [=I1+bm+ bm+ bbl.

Class III transformation:

They correspond to

we have

Transformation of Weyl scalars

The Weyl scalars transform under class I transformations as

= U,
v, +aV¥,,
U, + 2a¥, + a*¥,
v, + 3a¥, + 3&21111 + a31110,
= ¥, +4a¥, + 6&21112 + 4013\111 + a4\110.

o S o o &

W~

The Weyl scalars transform under class II transformations as

U, = U, +4b0, + 6070, + 45°0, + b* T,
0, U, + 360, + 30° 0, + b2,

v, W, + 200, + bV,

U, = U, bV,

U, = U,

20

A TA _ ! - _ ! _ / - _ !
= 64" = 00" + boM + oY + b7t

(274)

(275)

(276)

(277)

(278)

(279)



The Weyl scalars transform under class III transformations as

A _4if
= ce"V¥,,

2 2i6

c eV,
= \112’
—2 721'0\1]
c ‘e N

= c e M0y, (280)

N = o

K K R KR KR

W~

0.1.10 Petrov Classification

Recall

Yapep = O‘(AﬂB’YC(SD)' (281)

There are six distict cases which constitute the so-called Petrov classification
Type T or {1,1,1,1}. None of the four pricipal null directions coincide.

Type Il or {2,1,1}. Two directions coincide.

Type D or {2,2}. Two are two different pairs of repeated null directions.
Type III or {3,1}. Three pricipal null directions coincide.

Type N or {4}. All four pricipal null directions coincide.

Type O The Weyl tensor vanishes and spacetime is conformally flat.

Petrov classification via scalars

The condition for e;* to be a principal null vector is
Type I'is when ¥, =W, =0and ¥, ¥, ¥, #0
Condition for double:

Type Il is when ¥y =¥, =¥, =0 and ¥,, ¥, # 0
Condition for a pair of doubles:

Type D is when ¥, =¥, =¥, =¥, =0and ¥, # 0

Condition for triple:
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Type Il is when V) =¥, =¥, =¥, =0 and ¥, # 0
Condition for quadruple:

Type N is when ¥y =¥, =V, =¥, =0and ¥, #0
Type O is when ¥, =V, =V, =V, =V, =0.
Proof:

Assume spacetime is not conformally flat and not all Weyl scalars vanish. Let ¥, # 0. If
it happens to be zero in the chosen frame, we can make it non-zero by a rotation of class
I. By a class II transformation, ¥, can be made to vanish if b is a root of the equation

V', + 40PV, + 6b°0, + 40| + ¥ =0 (282)

This always has four roots and the correspondingnew directions of [,

[+ bm + bm + bbn, (283)

are the principal null directions of the Weyl tensor.

We can easily derive from (279) that

1d . .
1 Vo0 = VU, + 30*W, + 360, + U, = U (b)
1d . .
S Vi) = B 260+ W, = W, (0)
1d . .
5%‘112(5) = bW, + Wy = Uy(b)
d ~ A
TUs0) = v, =¥,0), (284)
and that
Wy (B) = W,y (b—by)(b— b)) (b—by) (b= b,). (285)
We have
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b,(b) = i%\if (b)
v, d
= 7 000 =0,)(b=bg)(b—b,)
= D4 b) (b~ b)(b—b,) + (b~ )b b,)(b— b,
(b = by)(b—b,)(b—by) + (b= by)(b— bs)(b—b,)] (286)
and
b,0) = 5 0)
= qé‘*[(b—b)(b by) + (b= by)(b—bs) + (b—b,)(b—b,)
+(b = by)(b—by) + (b—by)(b—b,) + (b—by)(b—b) (287)
and
. 1d .
\113([)) - 5%\112(13)
- %(419 —b, — by — by —b,) (288)
and finally
A d -
U, (0) = - 0,(0) = ¥, (289)

a) Petrov type I. All four roots are distinct. Then a rotation of class II with parameter
b="b, (say) we can make

U, = b1V, + 4630, + 6020, + 4b, ¥, + ¥, = 0.

Taking \ilo as a fucntion of b, we have

For (286) the parameter b = b,

v, = ‘ijl(b = b1) = %(bl - b2)(b1 - bg)(b1 - b4) # 0. (290)
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For (287)

A

By(b) = A b)(3b by — by — b)) + (b ,)(2b by — b))+ (b~ By)(b— )]
(201)

\1’2 = \@2(6 = bl) = %[(51 o 62)(51 - bg) + (b1 o b2)(bl B b4) + (bl B bg)(b1 - 64)]- (292)

As we have already seen

A

L4
by(B) = —(4b— by — b, — by —b,) (203)

so that

A

- v
By = Wy(b = by) = —H[(b, = by) + (b, — b) + (b, = b,)] (204)
We have that W, is guaranteed to be non-zero. If we have Re(b,) > Re(b,), Re(b,), Re(b,)
or Im(b;) > Im(b,), Im(bs), Im(b,) then W,, ¥, > 0.
A rotation of class I (which does not effect W) we can make W, vanish with appropriate

value of parameter a

U, =V, +4aV, + 6a*V, + 40>V, = 0. (295)

We also have that \ifl is invariant under this rotation and so

~
~

U, =", #0. (296)

Only if the above polynomial (295) has three distinct roots can W, and ¥, be non-zero.

b) Petrov type II. Two roots coincide b, = b, the other two different and distinct
b, # by # b, and by # b,. We have

A

Wo(b) = Wy(b—b;)*(b—bs)(b—b,) (297)
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and under a transformation of class II we have (using (286) with b, =b,)

A

W (b) = Wy (b—by)[2(b— 63)(5 —by)+(b—0b))(b— b3) + (b—b,)(b —b,)]
Setting b = b; we make W, and ¥, vanish simultaneously.

d

i 2
a0, = 0y = by)(b —b,) #0.

[\
Wl =

and from (288)

A

- v
Wy = Wy(b=by) = (26, — by = by)

(298)

(299)

(300)

Under a transformation of class I with parameter a we uneffect the vanishing of ¥, and

VU, while make ¥, vanish if we chose a to be a root of

U, =V, +4a¥, + 64>V, = 0.
Under such a transformation we have

and

We have

d » ~ 2
-0, (a) = ¥y + 3a¥, = Uy

Ny

(301)

(302)

So \113 will vanish if (301) has repeated roots. The condition for the qudratic equation

(301) to have repeated roots reduces to

207 — 30, ¥, = 0.

From (300) we have
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2‘@3 - 2%[(51 - b3) + (bl - b4)]2
= %[(bl - b3)2 + 2(b1 - bg)(b1 - b4) + (b1 - b4)2]7

and from (299) we have

3@2\1’4 = 2Wi(b, — by)(by — by).
We write
1
[

Q\i’g - 3\@2‘1]4 = g (b1 - b3)2 - 14(b1 - b3)(b1 - b4) + (b1 - 64)2]

Put p = b, — b, then look for roots for the quadratic equation in ~,

v: — 14vp + p* = 0.

Say « is a root, if it happens that b, = b; — o then 2\@?,) — 3\@21114 = 0 and (301) has
repeated roots.

c) Petrov type D. We have two distinct double roots b, and b,. And so putting b, = b,
and b, = b, we have

A

By (b) = W, (b — by)2(b — by)? (303)

By (0) = W, (b — b)) (b~ b)(2b b, —b,) (304)
By () = S0~ b,)(b— by) + (20— b, — b)) (305)
U, (b) = %\p4(25 — b, —b,). (306)

U, =0, (307)

With the choice, b = b,
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A 1
1= 0 II12 = 6‘114([71 - 62)2

W,(b, —b,), and V¥, =1, (308)

We now subject the frame to a class I transformation with parameter a. First we also
have

v, = ‘ijl =0 (309)
which follows from
U, = ¥, =0
U, = ¥, +a¥,=0 (310)
Then
U, = U,+ 20, + 0,
= \112
1
= S0 - by)* #0 (311)
Consider
b, — W, + 300,
1 1
= 5‘114([71 —by) + 3a6\114(b1 —b,)”
1
= 5\114(191 = by)[1 +a(b; = by)] (312)
and

U, = U, +4al, + 640,
1 1
= U+ dag W, (b —b,) + 60126\114(51 —b,)?
= U,[1+a(b, — b, (313)
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With the choice

a=—(b,~b,)" (314)

we have

~
~

U, =0, =0. (315)

Thus ¥, ¥,, ¥,, and ¥, have all been reduced to zero with W, the only nonvanishing
scalar.

d) Petrov type III. Three roots coincide b, = b, = by # b,. With a class II transforma-
tion with parameter b, then we can make ¥,, W, , and ¥, vanish. We have

B 1
qj3(b) = qu4(4b — by —3by)

B0 = v, (316)
Putting b = b,
. 1
\113 - Z(bl — b4) 7£ 0
! s = Yy (317)

Then by a subsequent transformation of class I with parameter a we have

U, = U, #£0
b, = b, dab,
— W, +U,a(b, —b,)
= V,(1+a(b, —0,)) (318)
With the choice a = —(b, — b,)~! we can make ¥, vanish. And ¥, is the only non-zero

scalar.

e) Petrov type N. All four roots coincide with on distinct root b,. Then a transformation
of class II with parameter b, we can make ¥, ¥ , ¥,, and ¥, vanish simultaneously and
U, will be the only non-vanishing scalar, as is easily seen from:
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0.1.11 Equivalence of Petrov Classification Schemes

T () = W, b= b)) = (b,
%%@AM:@AhJQQ
L) = w0~ )

%‘i/g(b) =V,

(319)

We are interested in the roots of W 4(b) = 0 which is quartic in b and so can be written,

Wy (b) = W, (b= b)) (b — by)(b— by)(b—b,).

Case (a) First we consider the case where the four roots b, b,, b;, b, are distinct. Write

,0‘14 = o + bliA
py = o + byi?
,0:‘34 = a’ + bgiA

pf = a? + b4iA

Then \ilo = 0 implies the 4 equations for «, 3,7, d:

A B C D
X ABBYOpy PLPYPY PY =

A B C D
X ABBYcOpy Po Py Py Py =

A B C.D
O‘(AﬂB”Yc(SD) P3P3 P3Pz =

A B C D
X ABBYcOpy Py PLPL Py

o o o O

which reduce to the 4 equations:

(320)

(321)



Now we use that for spinors, a ,p* = 0 if and only if « is proportional to p (we write
Q= Apy).

We are considering the case where all the roots b,, by, b5, b, are all different and as such
that the spinors p,, p,, ps, p, are not proportional to each other. Then (322) is zero if and
only if one of at least one of the brackets vanish. Say the first bracket is one that vanishes,
so we can say o, = A p4 = A(0, +byiy). The first bracket in (323) cant then vanish
because p, is not proportional to p,, and so one of the other brackets must vanish. Say
the second bracket is one that vanishes, and so 8, = Ap,, = A\, (04 + byi,). The first
two brackets of (324) cant vanish, so at least one of the other two vanish, say it is the
3rd bracket then v, = A;p;, = A3(0, + bsiy). The first 3 brackets of (325) can’t vanish
and so it must be the last bracket that vanishes, and so 6, = A\;p, 4 = A\, (04 + byiy).
And So ¥, = a(AﬁB’yC(SD) where the spinors a4, 8,4,74,0, are all distinct and each
representing a principal null direction.

Case (b) We consider the case where just two roots coincide, say b, = b,. As p, = p, we
have three independent equations from ¥, = 0:

(40t (Bo?) (ver?) (Gppy) = 0 (326)
(a,408) (Bpes) (VP (0 p05) = 0 (327)
(40 Bpry) (rep)(0ppy) = 0 (328)

Then (326) is zero if and only if one of at least one of the brackets vanish. Say the
first bracket is one that vanishes, so we can say a, = A\;p,, = A\ (0, + b;i,). The first
bracket in (327) cant then vanish because p; is not proportional to p,, and so one of
the other brackets must vanish. Say the second bracket is one that vanishes, and so
Ba = A3pgs = A3(04 + byiy). The first two brackets of (328) cant vanish, so at least one
of the other two vanish, say it is the 3rd bracket then v, = A\ ;p,, = X\, (04 + byiy).

It can easily be shown that with parameter b = b,(= b,) \ilo and \ifl will vanish. So we
also have the equation

auBprc0p) Prorpy i =0

or

A B .
P1(AP3pPacOpy PL PP =0

which reduce to

(P1AiA) (prp?) (940910) (5Dp?) =0
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implying 6, = p; 4 = A\ (04 + by3,). So now we have that ¥, .., = (4B5Vc0p) where
the spinors o, 3,,74,0, each represent a principal null direction with two directions
coinciding.

Case (c) Two distinct double roots b, and b,. As p; = p; and p, = p, we have two
independent equations from ¥, = 0:

(329)
(330)

(a0 Bert) (v (0 pp7)

0
(aap3) (Bps) (vepy ) (G ppy) =0

Then (329) is zero if and only if one of at least one of the brackets vanish. Say the
first bracket is one that vanishes, so we can say a, = A\;p,, = A\ (0, + b;i,). The first
bracket in (330) cant then vanish because p, is not proportional to p,, and so one of
the other brackets must vanish. Say the second bracket is one that vanishes, and so

Ba = Aopos = Ay(04 + byiy).
It is easily shown that with parameter b = b, we have \ill =0
B 1cOp) AT PLET =0

or

A B C-:D
P1(aP25YcOpy PLP PY T =0

which reduces to

(0147 (o) (vepT ) G ppY) = 0

So that at least one of the last two brackets vanish. Say the third bracket vanishes, then
Va = AMPra = A(o4 +byiy).

It is easily shown that with parameter b = b, we have ¥, =0
B 1cOp) Py Py Py 17 =0

or

A B C.D
pl(Ap2Bp105D) Py Pyt =0
which reduces to
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(0142 (poi®) (1005 (6, p2) = 0

So that at least one of the last two brackets vanish. Say the third bracket vanishes, then
04 = Agpas = Ay(04+byi,). So now we have that W ,py = a4 8570 where the spinors
a4, 34,74, 0, each represent a principal null direction with two different pairs repeated.

Case (d) Three roots coincide and b = b,(= b, = b,). As p; = p, = p; we have two
independent equations from ¥, = 0:

(10 Bept) (vep?) (0 pp7)
(a100) Bert) (veps) (0 ppy)

(331)

0
0 (332)

Then (331) is zero if and only if one of at least one of the brackets vanish. Say the
first bracket is one that vanishes, so we can say o, = A\;p, 4 = A, (04 + byi,). The first
bracket in (332) cant then vanish because p, is not proportional to p,, and so one of
the other brackets must vanish. Say the second bracket is one that vanishes, and so

By = APsa = )‘4(0,4 + b4iA)'

A A

It is easily shown that with parameter b = b,(= b, = b,) ¥,, ¥, and ¥, will vanish
simultaneously. So we also have the equations

B0y PP =0 (333)
BRIy P1PTICP =0 (334)

(333) is

A B C:D
PraPaYcOp) PLPLPITT =0

which reduces to

(P14i") (PaP?) (1) (6 o) = 0

This implies that v, = A p;, = A (0, + b,i,). (334) then reads

A B:C.D
P1(AP4BP1C5D) prpri s =0

which reduces to
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(plAiA) (p4Bp119) (pmic) (5DP?) =0

which means that 6, = p,, = A, (0, +byi,). So now we have that W 50 = 48570,
where the spinors a4, 8,74, 0,4 each represent a principal null direction with three direc-
tions coinciding.

Case (e) All roots coincide and we have for b = b, that \ifo U, =0, = \@3 =0. We
have the equations:

aBp1c0py PLoY AT PY =0 (335)
B0y PP AT =0 (336)
aBp1c0p) PLPYICE =0 (337)
a B0y pri%ii" =0 (338)

(335) reduces to

(o) (Bp?) (vep$) (S ppl) = 0

At least one of the brackets vanish, say the first. So that o, = A p,, = A\ (0, + b7 ,).
(336) reduces to

(0147 (Bpr?) (Vep ) (O ppy) = 0.
At least one the last three brackets vanish, say the second bracket vanishes. Then 3, =
Apia = A0, +byiy,). (337) reduces to

(plAiA>(P1BiB)(VCPf)(5DP?) =0.
At least one the last two brackets vanish, say the third bracket vanishes. Then v, =
Apia = A (0, +byiy). (338) reduces to

(plAiA)(plBiB)(plCic)(éDplD> =0.
The last bracket must vanish, therefore 6, = A\;p,, = A (o, + bji,). So now we have

that ¥, p0p = a(AﬁBvcéD) where the spinors o, 8,,7,4,0, each represent a principal
null direction with all four directions coinciding.

Proof of the converse:
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We now prove the converse.

Case (a) Assume

Vipep = O‘(AﬁBVc‘SD)

where

Q0 + Qi y,
Bo04 + Byt g,
= %04 T Nla
8404 + yi g (339)

o 2 @ B
|

are disinct (not proportional to each other). We then wish to show that all roots of

U, — U, + 40V, + 60T, + 46° 0, + 6", = 0

are distinct.

U, — U, u0p,0% +bi*) (0 + bi*) (0 + bi*) (0 + bi?)
= O‘(AﬁgVCfSD)(OA + biA)(oA + biA)(oA + biA)(oA + bz’A)
= a,Bp7:0, (0" + bi%) (0" + bit) (0 + bi) (0 + bi?)
= (0 0" +ba, i) (8507 + b Bgi%) (1.0% + b v,i%) (0,07 + b6 i")
= (—a, +bay) (=B, + bBy) (= + by, (=6, + bd,)
=0 (340)

We see that it has 4 distinct roots.

Case (b) Assume

Vapep = O‘(AO‘BVC%)

where «, (3, are distinct, then
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v, — quBCD(OA + bit) (0 + bi*) (0 + bi?) (0o + i)
oonszC(SD(oA + biA)(oA + biA)(oA + bz’A)(oA + i)
= (e 0" +ba, i) (ago? +bagi®)(y,0° + by i9) (5 po" + bi i)
= (—ay +bay)*(—y, + byy) (=0, + bd,)
= 0 (341)

We see that two roots coincide.

The other cases work through the same way.

0.1.12 Petrov classification via Eigenbivectors of the Weyl Ten-
sor

Eigenbivectors of the Weyl Spinor

1
Given any spin-frame (0?,i“) we can construct a corresponding orthonormal basis § AB
AB
3 a

2
7(5AB7 and 6AB ((5AB§ :601,6) fOl" C(AB)

1 i . 2 1 . 3 : :
0aB= _E(OAOB —iylp), Oap= E(OAOB +iqip), Sap=1V20,ip. (342)
We have

65



« aCD

d4B0

C

SRR

(0405 —i,ig) - ——=(0%" —i%"P)

<

- L cp.,.cnp
+ 0,40 ti,ig) —=(070" +171
( A”B A B) \/5( )
+ (OAZB—FOBZA)-E(OZ +07i")
1
= 5( — 04050707 +0,05i%" +1 4igo%0" — i 4ii%i")
1
+3 (04050°0" 4 0,05ii" +i i zo“ 0P + i i yi%i")
1
+§( - oAiBOCiD — oAiBoDiC - oBiAociD — oBiAoDic)
1
= 3 (voBicz'D - oAiBz'CoD — iAoBOCiD + iAiBocoD
+OBOAiCiD — oBiAz’COD — iBoAOCiD + iBiAOCOD)
L . : . L : : .
= 5(0Azc —i,09) (051" —igzo”) + é(oBzC —i509)(0,4i” — i ,07)
1
= (0505 +6504) (343)
The components of ¢, with respect to the basis (342) are
1 2 1 3
¢= ﬁ(%o — ), 9= ﬁ(%o + o), ¢= Z\/§¢01' (344)
The components of ¥, ;P with respect to the basis (342) are
%(__‘Ijio +2V, \114) ) _Ti(\llo B \114) .(\111 o \113)
(¥, —V,) (v, +0,) -2V,
From (343)
ax O(ABO(
o= ‘I’ABCD 0 dop
1
- ‘I’ABCDi((Sé(Sg + 5?)55)
\IJABAB
= Uypopete””
= 0. (346)
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From (343) we have that the eigen-equation

af
U by = Ao, (347)

can be written:

ag op aABB g ¥
v ¢ﬁ = q]AB 0 dep ¢EF 0

=y, 0§77 Lsesr 4 sEsry
AB 9 C”D DYC EF

oD o AB
= Vg "bcp o
oAB
= Apupd - (348)
Therefore the expressing the eigen-equation
‘I’ABCD¢CD = Adyp (349)

in components according to the basis (342), we see that A is also an eigenvalue in the
normal sense of the matrix W. If A, A,, \; are the three eigenvalues of ¥ we have

AT A A = \IIABAB =
N+ +A = 0P, A=
N4+ A = v, 0P, PRy, AP = (350)

From

0 = (A +X+A)2 =30 X+ X)) AT+ 22+ A))
= A AT AD 3NN, AT+ A0+ A+ AN+ AN, BA AN,
— 3T NS+ (A A)AT+ (A + AN+ (A + A)AY)
= =27+ A+ AY) + 6 AN,
we have

J = 3A M\, (351)
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Note that the eigenvalues A, A,, A; are roots of

6)\3 —3IN—2J =0

as is easily seen from

(A = A)A = A) A =X3) =627 — (A, + Ay + X)A% = 3(AT + A5+ A2)A — 6A, M),

Using

Vigep = Yolalgicip — 4\II1O(AiBiCiD) + 6\1120(AOBiCiD)
— 4V, 04050c0p) + ¥ ,0,05000 (352)

which follows as it gives (259) upon contraction with appropriate combination of o’s and
1’s. For example

Uy pepooPiCiP = (Wyiyigici, — 4V 0 4igicip) + 69,40 405000
— 4W,0,05040p) + U,0,05040,,)0 051"
= 6W,0405icip 0" 0" %"
— 6v,-

241
+ 050005l 4 -+ )0 070 i

— 0, (353)

(- +0p0pisip +0p0s0 4l + 0p0pigl,

A+ A A1 _ s A
where we used 0,0" =1,i" =0 and 0,1" =1 = —i,0".

We obtain

[ =200, — 80, U, + 6V (354)

¥,
J =6det [ ¥,
i

2

[y

S S
S E

(355)

3 4
From (351) we have that the determinant of W is 3./
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We have
IP—6J% = (A, — A\)2 (A, — Ay)*(A3 — ) subject to A, + A, + Ay, =0 (356)

which can be shown by verifying:

()‘f + )‘3 + (_/\1 o )‘2)2)3 - 6()‘? + )‘g + (_)‘1 o )‘2)3)2
= ()‘1 - )‘2)2()‘2 - (_)‘1 - )‘2))2((_)‘1 o )‘2) - )‘1)2- (357)

Equation (356) establishes that two or more of the \’s are equal is equivalent to I3 = 6.J2.

Eigenbivectors of the Weyl Tensor

CadeXcd = IUXab’ (358)
where X, = —X_,. In terms of spinors:
Xop = Gapan t €aplap (359)

where ¢, 5 and §,, 5 are both symmetric. Defing X7,

1
* cd
Xab 2€ab Xcd
and using
€aved = NEAc€BDEA D EBrcr — €ADEBCEACrERiDr)
we obtain
* L. c b p_ D.c,.C_ D
Xapap = §Z(€A €p €ar € — €4 €5 €a € ) Xopoip
1
_ .. ¢ _D_D_ ¢ D C_C_ D
= 571( A €p €ar €p T €4 Ep €y Cp )(¢CDEC'D/ +€CD§C/D/)
1.
= §Z(¢AB€B/A’ +eanépa — Ppa€an — €palan)
= i(expan — Paptarn)- (360)
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As such we have

Xop X5, = 204564 1> Xop =1 Xg, = 26,458 -
The Weyl tensor in terms of spinors is

Cuvea = Yapeptaneop + €aptop¥ apcp

Defining
ot = 21X
abed 2€ab efed
We obtain
o _1~(EFF’ E _ _F_E_FE F’)
ABCDA'B'C'D' — 22 €s €p €ar Epr €q €p €ar Cpr
(\IIEFCDGE’F’EC’D’ + GEFECD\IJE’F/C’D’)
1. —
= 52(\DABCD€B’A’€C’D’ + €apeop¥pacip
~VYpacnCantop — €paop¥Yapcp)
= Z(\DA’B’C’D’EABECD - q]ABCDEA’B’EC’D’>
Then
. * _ — N * —_ T
Copea + 1 C0ea = 2V gpop€arp€orpr Coped = Ced = 2Y yiprorp€ap€con

From (358) we obtain

1 1
(Cade + iéeabefoede)Xcd = M(Xab + i§€abeerf)

which in terms of spinors is

cD c'D’
22U, 5 Ve ppi€ (¢CD€C/D' + GCD§C’D’) = (120 45E 4

or

1
cD
Vap "Ocp = §N¢AB

70

(361)

(362)

(363)

(364)

(365)
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! ! ! !
where we have used ¢“'P €crp = 2 and “'P §corp = 0.

From (358) we obtain

1

=iz, MO Xy = (X, —isey, 7 X)) (367)

(C 2 ab e

a

which in terms of spinors is

T °V cD
2 g €xp€ (¢CD60'D/ + eCDSC'D') = p2€,58 yr

or

= D 1
qu’B’ fC/D/ - i,qu/B/ (368)

cD _ cD _
where we have used €““¢e., =2 and € "¢, = 0.

0.1.13 Focussing and Shearing of Null Curves

\I Ao
p

Figure 1: visualflownull.

[, = 1"V, n* = n’V,1* = 0. (369)
Do” = Dt = 0. (370)
This means that o and ¢ are parallelly propergated along v and so remain a spin basis at

each point of ~.
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recalling that D = [V
1
D(1%n,) = 1Dn, = 1°I"V,n, = 1"7"V,1* = 5n”vb(ﬂ) =0 (371)

We now construct the NP tetrad (I,n, m,m)

“ ul® +zZm" + zm*
= woo? 4 207 + 20 (372)

3
Il

Now, since lbvbn“ = nbvbza we have

Dn* ="V, = n"V,1°, (373)
so that,
Dn® = uDI* + Z81* + 261°. (374)
In terms of spinors this reads
00" Du + 07 4+ 145 = 20100 + oY 50 + 20100” + 254 d0™. (375)
Multipling by 0,7,, gives
—Dz = %0,60" — 20,60, (376)
ie.,
Dz=—pz—o0%Z. (377)

The interpretation of z is as follows. Consider the projection of n* onto the spacelike
surface 2-dimensional subspace 7', as introduced in subsection?? Recall that this surface
was spanned by m®,m*®, or equivalently e;*, e;*. Write the projection as

V2(zey —yes) = x(m+m)/i+y(m—m)/i
= Zm+ 2m, (378)
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where z = x + iy, which is consistent with (372).

Suppose first that o = 0 while p is real, i.e. Dz = —pz, or

Dx = —px, Dy= —py. (379)
This is isotrpic magnificatoin at a rate of —p. Next suppose that ¢ = 0 while p = —iw,
so that Dz = 1wz, or

Dx = —wy, Dy=wz. (380)

This corresponds to a rotation with angular velocity w. Next consider the case where
p =0 and o is real. Then

Dx = —ox, Dy=oy, (381)

which represents a volume-preserving shear at a rate with principle axes along the x and
Y axes.

0.1.14 Goldberg Sachs Theorem

Equivalence relations for geodesic shearfree null congruences

Lemma 0.1.2 The following three conditions are equivalent

— A .
a) 1* = 00" corresponds to geodesic shearfree null congruences;
b) k=0=0;

A B —
c) 070"V 4 05 =0 .

Proof:
b) implies c) and c) implies b):

_ A B-B _ A _B-B .
Recall that k = 0%0"0” V550, and 0 = 0%0°17 V 55,0,. We write

0408V 0, = Op + dig, (382)

then
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_n
R = OAOBOB

and

A _B-B’

_ _ _B'— B
0=0"0"1" Vgpo,=Cl" 0g +di” 1 =c.

so that

voBVBB,oA = 00p — Kig
This establishes the equivalence of b) and c¢).

b) implies a)

A

A _ B—B' _
k=0"Do, =0"0"0" Vggo, =0.

and

A A BB _
o =0%0, =0"0"1" Vggo, =0.

We write

I’V,l, = D(0,0,)
= o,Do, +0,Do,

= 0404 + b0yt + 01,40, +cCl, 1,

Contracting the second and third line on the RHS with 0434 implies ¢ = 0.
contracting the second and third line on the RHS with ¢4 implies

0,40 Do) =r=0=—b=—b.

Next, contracting the second and third line on the RHS with 2474 implies

_/ [ —
ZADOA/+ZADOA:€+€:CL

We find
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Vigpoa = coP Op + do® Iy = —d.

(383)

(384)

(385)

(386)

Next,



I’V,l, =al,. (387)

which the non-affinely parameterised geodesic equation.
a) implies b):

'V, = al, says

D(0,0,) =0,D0, +0,Do, =ao0,0, (388)

Contracting with o? implies

(0" Do) =0,

or
0"Do, =K = 0. (389)
[
Integrability conditions
AN o = f, BV ¢ =g, (390)

where A% B® are locally tranverse vector fields which are surface forming,
AV B’ — BV, A" = a A’ + BB". (391)

Theorem 0.1.3 A necessary and sufficient condition for solutions of the system (390)
to exist is

AN g—B*V f =af + (9. (392)

Proof:

Suppose ¢ is a solution of (390) then (391) implies
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AV (B'V,¢) — BV, (A"V,¢)
= (A°V_ B’ — BV A")V,¢ + (A*B" — B*A")V_V,¢
= (aA*+ BB")V ¢
= af +fyg (393)

No suppose conversely that (399) holds. We choose a special coordinate system such that

0
AN = —
a ayl
Then we may solve A*V ¢ = f via
1 v
o(y',y") = / f(s,y")ds (394)
Yy

where a = 2,...,n. Let B*V ¢ — g = h. We may choose § = §(y®) to set h = 0 on an
intial surface y' = const. Now

AN h = AV, (B'V,$) — A"V g
= BV, (A'V,¢) + (A°V,B" — B°V A"V, — A"V g
= B°V,f+ (aA"+ BBV, ¢ — A"V g
= (aA"+ BB")V, ¢ — (A"V g — B*V,f)
= af+ BBV, 6 —af — B¢
= pBh. (395)

Since h = 0 intially we see that h = 0 and so B*V ¢ = g, i.e. ¢ solves (390).

L]

Theorem 0.1.4 (Sommers 1976) The integrable condition for the equation

fAVAA/.I‘ — OZA/ (396)
in complex x for €4 analytic shearfree null geodesics is
468V May = a, g0V, el (397)
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Proof: We write the equation to be solved in component form relative to some basis
(0?,274),
é—A—A/ A A

0"V 41 = (_)A/ozA/, §M° V01 = ZA/O{A, (398)

putting it into the form (390) where we identify ¢ = x, A® = 464", B* = ¢4, f =
o o 4> and g = o - The integrability condition is then

anA/VAA/ (ZB,OCB/) - fAiA/VAA' (5B/O‘Bf) = OﬁA/O‘A' + ﬂiA/O‘A/' (399)
where o and (3 are given by
E4YV 4 (€7717) = €MV 4, (€70") = a3 4 pePT” (400)

Transvecting (400) with o, and equating to (399), we find

EAEPLONV 40 (P ) =1V 44 (0% )} = ap €YV 4 (€577) =MV, (535](3/)} )
401

or
AP0 — 110"V pap} = ap (@7 -7V €0 (402)

Using 5477 — 7405 = ¢4’ (402) becomes
4PV M ay = a, eV, P (403)

L]

Some relations

If ¢ is geodesic shearfree it satifies

APV s =0 (404)

We define 1), as the proportinality factor in the equation
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SAVAA/fB = fBﬁA/ (405)

Consider

fBgAvAA/ﬁAI = fBSAvAA/ﬁAI+5AﬁA/VAA/§B
= _SAVAA,(SBﬁA’)
MV (E9V M)
= (VY ER)eV 4069 + €46V, Ve,
= (VCAISB)fcﬁA/ + fAfchA/chlfB
= 0+&%°0,.¢4,
= U, pop&tecer. (406)

where we used (221). Therefore we have the first relation

EgEMV Tt = 5 p 0P, (407)

Now taking the derivative of 4¢PV ,4'¢, = 0 gives

0 = Vuu(e%PV,Yey)
gAvaBA’VAAlgD + (VBA’gA)gDVAAISD + (VBA’gD)fAVAA/fD
= OV VL + 2V )NV N, (408)

The first term of the last line
/ 1 !/ / 1 /
fAvaBA'VAA §p = §5A5D(VBA/VAA §p+ VDA’VAA £p) + §5A5D€BDV0A'VAA £¢
]. ! ]. / /
= §fA§DVBA'vAA §p + §[§A§DVDAIVAA §p — fAfBVDA/VAA fD]
which implies

SASDVBA’VAAlgD = SASDVDA’vAA/gB o SASBVDA’VAA/fD (409)

Using (221) and (223)
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PV Ve = €OV oV € — €52V 4V 4 €7 — V40 VM ED)
4670, pep — 264501 pE7 + €065V 4 V1 EP
= \I/ABCDgAfoD + fAvaAA/VDA fD

(410)
We introduce, analogously to (405), the proportinality factor ¢ A
fAZA/ = SBVAA’gB
1
= §5B(VAA'53 +Vpala+ 6DA/VDA/fD)
1. = _
= §€A(CA’ + 70— Vpak?) (411)
Hence
ZA/ =T — VDA/gD‘ (412)
The second term in (408) becomes
’ At —A’
Q(VBA/fD)gAV(AA D) — (VBAlgD)fD(UA +¢ )
- =A
= _§BCA/(UA +¢ )
_ A
= anA/C
- fBﬁA/(ﬁA, - VDA/fD)
- —§BﬁA,VDA SD (413)
The sum of the RHS of (410) and (413) is equal to zero by (408) hence
535AVAA'VDA/5D - 5BﬁA/VDAIfD - _‘IIABCDgAngD‘ (414)

Goldberg Sachs Theorem

Theorem 0.1.5 In a spacetime which satifies the vacuum field equations R, =0 any
two of the following conditions imply the third:
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a) The Weyl tensor V , 5., is algebraically special with n—fold repeated principal spinor
0, (n=2,3,4);

b) either spacetime is flat or o generates a geodesic shearfree congruence;

¢) VAYY oo contracted with (5 —n) o’s vanishes.

Proof:

a) and b) imply c): n = 2.

Assume a), then ¥, ., = §a€pacPp). Obviously
fAfocquBCD =0,

and so

gAfochD/\IJABCD + 3\I,ABCD§A§BvDD’§C —=0. (415)

Now we use b). If spacetime is flat then condition ¢) obviously holds. If instead ¢ is
geodesic and shearfree

a) and c) imply b): n = 2.
Condition a) implies (415). If ¢) holds then (415) imjplies
\IJABCDngBvDD/fC — 0’

which on substitution of ¥, ., = f(AfB@CBD) implies

0 = §ulpapBp)ste?viree

= 21_4[ ot aAﬁB(gch + fpfc) + OtBﬂA(fch + SDSC) + .. ‘]é‘AngDD/é-C

1 !
= (B )y VPTEC (416)
and so
fchVDD/fo =0

which proves b).
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b) and c) imply a): n = 2.

Consider the relation

5A5350\I’A30D = €.

We wish to show that x = 0. Taking derivatives we have

EACBEOVPPW oo 3T o p £ EBVPP Y = ¢ VPP 4 a2V PP (417)

Assuming ¢ (n = 2), the first term on the LHS vanishes. Assume VU, 0/, = £ 1058:7p),
then we have for the second term on the LHS

/ 3
BE Al £ EPVIPEC = Z[an(BﬁcVD)+fBO‘(A507D)
A#FsB— DD’ /C
+ 5004(/1537@) +§DO‘(AﬁB,yC)]£ §°V §

3 ’
- Z[gco‘(AﬁBVD) + 5D0‘(A5370)]§A§BVDD SC

which on using (405) and (411) becomes

3 ! !
151453 [a(AﬁByD)fchD 50 + Oé(AﬁBVc)vaDD 50]
3 Y /
= —E%°EC” 0 Byp) + €T auBicy)

= 32" +7”) (418)

where we used

4o = fAfooa(AﬂBﬁ)/c) (419)

which follows from

1
xfp = fAfocq]ABCD = fAfocf(AaBﬁ07D) = ZfAfoofpg(AﬁBFYc)'

(417) now reads
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—3x(ZD' +77) = ¢, VPP r 4 aVPPe,
/ —=D' Y
= VPP r (¢ -7 (420)

This becomes

€AV o (Inx) = 27, + 48, = 67, — 4V, EP. (421)

To check if a solution [nz of this equation exists we substitute its RHS for oy, = 677, —
4V, €P into the integrability theorem (0.1.4). This yields

_fAfBVAAf((jﬁA,—‘lvDA/fD) = aA’fAvAAlfB

fBO‘A/ﬁA,
= & (67" —4v,MeR)
- 4€BﬁA’VDA 3 (422)
Rearanging this gives
—6EpEMV 44 1Y = —4(E5ENV 40 V€D = €TV 7 ET) (423)

Substitution of the identities (407) and (414) gives

—6 4 pop€ EPEY = —4(— 45 p€ERER)

or

‘I’ABCDSASBSD =0
which says x = 0, contary to our assumption.

L]
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0.1.15 Tetrad Formulism and the Cartan Structure Equations

Th =%, - TP (424)

Tow=ee T (425)

The directional derivative along a tetrad vector is denoted by a comma or by 0,

d .

b... b... ¢
T, =01, =¢e, 8xCT&"' (426)
The tetrad components of the covariant derivative are denoted by a semicolon
b... a b erpb...
T&_'_;é =e’6 e Ta"_;C (427)
They are given by
Tf?.'.'.';c = ch - Fd&aTg,',',' -t FbJ@Tg.'.'.' o (428)
where the F&i)a are the Ricci rotation coefficients
F&iya = —eda;bei)“eéb (429)

and take the place of the Christoffel symbols in the tetradad formulism. The rotation
coefficients also appear in the commutator of two directional derivatives along tetrad
vectors

@b T Tllab cosbl

= 2T I (430)
The tetrad vector determine linear differential forms

83



et da = e, (431)

in terms of which the metric form is given by

ds* = e e’ = e, e dx*dx’ = g ,dr"dz (432)

The exterior product of two linear differential forms A = A dz® and B = B dx® is the
anti-symmetric multiplication

ANB = —BAA
= AaBbdx“/\dxb

= A, Byda Ada® (433)

The exterior derivative of a linear differential form is
dA = A, ,dz® A\ da® = Ay, da® A\ da® (434)

Cartan Structure Equations

We define

Fai) = Fai)éec (435)

a a4 ¢ d

The Cartan structure equations are

de® = €A Fdé = F&Eéez’ A et (437)
a a a f
SRY = dU + T AT (438)
Proof:

First equation
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Second equation:

Consider dFdB

The term e‘ic@aabei)cdx“ A dz® vanishes. Now

e, AT

de® d(e dz®)
= 9,e",da’ A dx*
= —(0,", — T} et Yda" A dx®
= -V, dr" Adx®
= —(V,e",)0%0% da® A dx®
= —(Vbeda)ei)“eébegceéddxc A dz*
= —(Vbe&a)ei)“eébez’ A ef
= F&Béez’ A el
a e p d a b
R% e“Ne :eeERbdeedx/\dx
= e aeb "Re pea TS N dz?
= 2" o€ b(0.0%, 4+ T¢I Ydz® A dx*
dre, = d(Fa e®,dx?)
d[(e“ e,V e )eébdxb]
d(e’ V,e; Cdm )
d([e® 86 + et Lt Yda®)
- [(aae c)(abei) ) +e caaabei) (aae&c)rlc)delgd
+e&cF§d(8aeEd) + edc(aaf“bjd)egd]dxa A da®.
= (" Ve, dx) A (e édvbegddxb)
= [e" 0. —l—eCFZeC]A[aeBd—i- bfb]dx A da®
= [ ( )+€CFZ€C] [aeiy bfb]
= [(0,6%) + e T N0, + Thye, 1da A da”

= —(0, el )(8beg ) —
+e4 T rdf

c ad

(aae c) bd
ei)f]dx“ A da®
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613 +ec ad(@e )

(439)

(440)

(441)
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Combining (441) and (442)

dre, + 0% AT = [e*.I'yy(0, eAd) T (0,e,%)
¢’ (0,T5,)e;" + e Crgdrd Nda® A da®
= [e"(0,T,)e;," + ¢ Te T e, lda® A da®

= 6,00, + 0T )da’ A da?

- —Ra el (443)

L]

Equations (437) determine the anti-symmetric part of F&[Eé] of the rotation coefficients.
Define

Labe = Gadl i (444)

The vanishing of the covariant derivatives of the metric tensor

0 = V.94 = abe — Fgégdb Fd 2Yad
= Yabe — Dise = Date

implies the symmetric part I ;. of the rotation coefficients

1
F(&B)é = 58692113' (445)

The expressions for T'% . and I 4p)e determine all rotation coefficients, and (438) then

[be]
determine all the components of the curvature tensor.

Specialisation to rigid tetrads

When we limit ourselves to the case of rigid tetrads where the g,; are constants. The
rotation coefficients are the anti-symmetric in the first two indicies

abe — Tt baer

and are determined by (437)
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1 1 1
F&iya = é(raiya + Fa&iy) + §(F13@a + Faée) - §(Faai) + FE@@)
1 1 1
= é(F&Bé - Faéi)) + §(Fi)é& - Féaé) - Q(Féaé - Fééa)
= Fa[i)é] + Fé[éa] - Fé[ai)] (446)
The curvature one forms I';; satisfy
Tap = —Tha (447)

and therefore has six independent components. They are obtained from the first Cartan
structure equation (437),

de® = F&B A ei’.

Once we have calculated the curvature one forms, we obtain the Ricci rotation coefficients
using

e =T1% e (448)

b be

We calculate the curvature two forms R&g using the second Cartan structure equation
(438),

1 . ) ) .

Zpa a a f

2R 5 dl’ T r 7 AT ;
which are related to the Riemann tensor as

RO = R p el (449)

b béd

After calculating the Riemann tensor we obtain the Ricci tensor by

Ry, = Ry, = Ré@i)a = géczRa&BJ' (450)

There are 10 independent components. We then calculate the Rici scalar by
R=g¢"R,;. (451)
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0.1.16 Specialisation to Null Tetrads

01 0 O
_ b 10 0 O
Jab=9 =00 0 -1
00 -1 0
ea_g&f)eb
eozei:n, ei:eozl, 62:—63——m, 63:—62

Independent curvature one forms

(452)

(453)

(454)

(455)

There are six independent curvature one forms I';; as it is anti-symmetric. The non-zero

curvature one forms are

Lois Doz Doz Iz, Tig, Tag

However

Lot =Tgis Tos=Tas Ti3 =Ty Tay=-—

The collection (456) is equivalent to the collection

D'ig + Tss, Tg, Tags Tias T'iss I'ig — Dag

This collection is made up of the one forms

Poso Tag+145. s

(456)

(457)

(458)

and their complex cojugates. The colection (458) are taken as our six independent cur-

vature one forms.
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Independent rotation coefficients

Recall the Ricci rotation coefficients are given by

a_ b
p Ce

T.:

abe = “Caap®
1

ko= Tyo €= (g0 +Tag) 7= Tigg
1

o = Tsy 0= 5(lig+Ta) » =T
1

po= Tog a= ;T +Ta) A= Ty

1
T = Tyi v = 5(Tp1 +Tsi) v = Dig (459)

Independent curvature two forms

Before we write down the first Cartan structure equations for these independent one forms
we need the following:

é éd
Loa AT = g T AT
= ¢" T ATi3+ ¢T3 ATy + g% Tos ATgg + 97°Tg A T'sg
= Tog AL — Lo Ao (460)

L5 AT = g"Ty ATy
= "' Tou A5+ g Tag ATgs + g% Ty ATgg + g7 Ta5 ATog
= Fﬁf‘) N Piﬁ - FOQ A Pif‘) (461)

P AT = g T ATy
= ¢"' Ty ATi5+9""Ti3 ATgs + 9% Ty AT35 + 9%Ti5 ATy
= _F()f), N Fiﬁ - F()Q A\ Fif’) (462)
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é ed
Fié/\rg = ¢T3 Ay
= ¢"'Ti ATy +¢"Ti3 ATy + g% Ti5 ATgs + g7°Ti3 ATy
= g AT —Tag Al

The first Cartan structure equations are then

1 I
dlss + T3 A (T35 +Ti) = 5Rogape” N e’
1 S
(T3 +Tip) =203 ATig = 5 (Ragap + Rigap)e” A ¢’
1 D
dliy + (=T + L) ATis = 5 Rigape” A ¢’

Independent components of the Ricci tensor

é éd
Ry = Ry, = R, = 9% Ryapg

ed
Ry = 9" R
o1 io % 3
= g Ry +9 Rigge + 97 Ragss + 97 Rags
= 2R

éd
Ryy = 9" R4
o1 10 53 3
= g Ryzer +9 Rizon + 97 Rages T 97 Ragap
—Rig3 — Rosig-

ed
Ryy = 9" Rod
oi io 2 3
= 9 Booo1 T 9 gy T 97 Ragos + 97 Rgppa
—2R4359-
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(464)
(465)

(466)

(467)

(468)

(469)

(470)



= 9 Rissi

= 9" Rysgi + 9" Risgo + 97 Raggg + 97 Raaas
= gy + Rigg + Hass

= Rszss + Rissy — (Rgsis + Riiss)

= Ragp + Ripgs — 2Rgg05-

where we used the cyclic identity Ryss; + Ryzi5 + Ryias = 0.

Ry,

where we used the same

Ryj

Altogether

_ dp .
= 9" Ripg

6i io 2 3
= 9 Ryipi +9 Rijee + 97 Ragps + 97 Mg

Raspt + Rigip — 2319

cyclic identity again.

ed

= 9 Mg
o1 io 2 3

= 9 Ryiip +9 Rigip + 97 Ragis + 97 i
2Ryi3-

ed

= 9" Rsig
o1 io % 3

= 9 Rysip +9 Rigip + 97 Ragis + 97 Raais
—Rasi5 + Rigis-

02215
Ry = —Rags — Rysips
Ry = 2Rg35,

Ryy = Raggs + Rigas — 2315,
Rig = Ragpr + Rigig — 2319,
Ryp = 2Ry,
R

si = —llasis + Rypis
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where Ry, 53, Ry, Riq are real and Rss, Rsy, Rsq are complex conjugates of Rys, Ry,
Rs;, respectively:

Ry = Ry (483)
We have 10 independent terms altogether.
The Ricci scalar is given by
R = g&BR&[;
= 9" Ry; + 9" Rig + 9% Ry + g* Ry
= 2(Ryp — Ryy). (484)

The Weyl tensor and Petrov classification
0 = C’abcdlamblcmd
1

R. —Z=
[ abed 9
_ a, b, c

- Rabcdeﬁ 6@ 60 6@

R0 (485)

R C
(Roeap — Rogpe — Roclaa + Rbdgac) + E(gacgdb - gadgcb)]lambl m?
d

U, = C,l*miin?
1 R a, bic _d
= [Rypeq — §(Rac9db — R0 — Roe9og + Bia9ue) + = (GacIap — Gaadep) 1m0

6
1
= Rabcdlamblcnd — 5(—Rbcmblc)

1
_ a. b _c_ d - bie
- Rabcalef) 6@ e@ 61 + 2Rbcm l

1
= Rosi + 51 (486)
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Cabcdlambmcnd
1 R a, bjc, d
[Rabcd o i(Racgdb o Radgbc o Rbcgad + Rbdgac) + E(gacgdb - gadgcb)]l m’ln
1
Rabcdlamblcnd - 5(_Rbcmblc)

b
Rabcdeo 62 6 6 + Rbc 2

Rgssi + 5323- (487)

Cabcdl“nbmcnd
1 a, b—c_ d
[Rabcd - i(Racgdb - Radgbc o Rbcgad + Rbdgac> + g(gacgdb - gadgcb)]l nmm

Rabcdl nbm nd - 5( Rbcnb_c)

Rdeebee+R

abc 1 bc 1

Rgsp1 + 5313- (488)

—a, b—c, d
Cpeam m’men

]' R —a, b—c_ d
[Roped — §(Racgdb — R,19 — Rye9ug + Rpaac) + E(gacgdb — aq9ch) | n"men
R,. dmanbmcnd
b d
Rabcd63 61 63 61
Rajs4. (489)
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